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Abstract
The HIV/AIDS epidemic has significantly reshaped global public health priorities, 
prompting unprecedented investments in research, treatment programs, and 
prevention strategies. Despite these efforts, the disease continues to place substantial 
pressure on healthcare systems, particularly in resource limited settings. In this 
study, a deterministic dynamical system model is developed to assess the impact of 
key biomedical interventions on the transmission dynamics of HIV/AIDS. The well-
posedness of the proposed model is established using the theory of positivity and 
boundedness of solutions. Analytical results show that the HIV/AIDS-free equilibrium 
is both locally and globally asymptotically stable whenever the effective reproduction 
number is less than unity (R∗

H < 1). Furthermore, the analysis reveals that in 
the presence of antiretroviral therapy (ART) defaulting, the model may exhibit a 
backward bifurcation. Such a result provides a plausible explanation for the sustained 
transmission of HIV at the national level despite achieving the effective reproduction 
number less than unity. In contrast, under conditions of full adherence (100%) to ART, 
the model exhibits a forward bifurcation, whereby the HIV/AIDS-free equilibrium is 
stable whenever R∗

H < 1 and loses stability as R∗
H  exceeds unity. Sensitivity analysis 

of the effective reproduction number highlights the importance of increased ART 
uptake across all stages of infection, together with expanded coverage of pre-
exposure prophylaxis (PrEP) and post-exposure prophylaxis (PEP), as critical strategies 
for reducing HIV transmission. These findings are further supported by numerical 
simulations. A key outcome of the study indicates that ART defaulting has the 
greatest impact in increasing the infectious population. While promoting ART uptake 
remains essential, strengthening community education on sustained adherence to 
ART is even more critical for achieving the World Health Organization (WHO) 90-90-
90 targets.

Keywords  Mathematical model, ART defaulting, PrEP and PEP interventions, Effective 
reproduction number, Bifurcation and stability analysis
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​1  Introduction
More than four decades after its discovery, Human Immunodeficiency virus (HIV) 
infection remains a persistent global health challenge. The virus continues to affect 
millions of people worldwide, with profound implications for public health systems, 
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socioeconomic development and population dynamics [1, 2]. The virus primarily targets 
CD4+ T lymphocytes, mononuclear macrophages, and dendritic cells, leading to pro-
gressive immune suppression and increased susceptibility to opportunistic infections 
and non-communicable comorbidities such as cardiovascular diseases, nephropathy, 
and hepatic insufficiency [3]. HIV is transmitted through contact with infected body 
fluids, most commonly via unprotected sexual intercourse, exposure to contaminated 
blood, and mother-to-child transmission during pregnancy, delivery, or breastfeeding 
[4–6].

The clinical course of HIV infection typically progresses through three stages: acute 
infection, chronic infection, and AIDS, each characterised by distinct viral dynamics 
and levels of infectiousness. Without treatment, immune deterioration ultimately leads 
to severe morbidity and death. However, early initiation of antiretroviral therapy (ART) 
suppresses viral replication, preserves immune function, delays disease progression, and 
substantially improves survival [5, 6]. Importantly, sustained viral suppression through 
ART effectively eliminates sexual transmission, positioning ART as both a therapeutic 
and preventive intervention [2, 7, 8].

Despite the transformative impact of ART, prevention remains essential to control-
ling HIV transmission at the population level. Traditional prevention strategies, includ-
ing condom use, behavioral change interventions, and blood safety programs have been 
complemented by biomedical innovations that have reshaped HIV prevention. Pre-
exposure prophylaxis (PrEP) and post-exposure prophylaxis (PEP) are among the most 
effective biomedical prevention tools currently available [9]. PrEP involves the use of 
antiretroviral medication by HIV-negative individuals prior to potential exposure, while 
PEP entails a short course of antiretroviral drugs initiated after suspected or confirmed 
exposure, ideally within 72  hours, to prevent seroconversion [9–11]. Daily oral PrEP 
based on tenofovir disoproxil fumarate (TDF) combined with emtricitabine (FTC) or 
lamivudine (3TC) has been shown to reduce HIV acquisition by up to 99% when adher-
ence is high [12]. Newer options, including long acting injectable cabotegravir (CAB-
LA) and event driven PrEP for selected populations, further expand prevention choices 
and may mitigate adherence challenges [12]. Standard PEP regimens typically involve a 
28 day course of combination therapy, including tenofovir, emtricitabine, and an inte-
grase inhibitor such as raltegravir or dolutegravir [8, 13].

In recent years, PrEP implementation has expanded rapidly in sub-Saharan Africa. 
By the third quarter of 2022, approximately 76% of global PrEP initiations occurred in 
the region, reflecting substantial programmatic scale up [11]. Nevertheless, coverage 
remains uneven, and challenges related to awareness, uptake, and sustained adherence 
persist. A meta analysis reported an average willingness to use PrEP of 64.2% across 
African populations, with awareness levels varying widely [14, 15]. In contrast, PEP 
remains markedly underutilised in most sub-Saharan African countries, particularly for 
non-occupational exposures, due to limited awareness, restricted access, and logistical 
barriers [16, 17]. Modelling studies suggest that expanding community level access to 
PEP could yield substantial long-term reductions in HIV incidence [18]. These dispari-
ties highlight the need to better understand how biomedical interventions interact with 
behavior, adherence, and stage specific infectiousness.

Mathematical modelling provides a critical framework for examining HIV transmis-
sion dynamics and evaluating intervention strategies. Early models demonstrated that 
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heterogeneity in contact patterns and sexual activity levels plays a decisive role in shap-
ing epidemic outcomes, pointing out the importance of population structure and mixing 
patterns [19, 20]. Subsequent stochastic models incorporated random effects, mobil-
ity, and uncertainty, thereby improving realism and capturing variability inherent in 
HIV transmission [21–25]. As prevention and treatment options expanded, modelling 
efforts increasingly integrated behavioral change and biomedical interventions. Studies 
examining condom use, behavioral modification, and ART demonstrated their poten-
tial to reduce transmission and prevalence, emphasizing prevention alongside treatment 
[26–29]. Time delay models further captured the effects of incubation periods, treat-
ment initiation and delayed AIDS related deaths on epidemic persistence [30–32]. Rivu 
et al. [33] developed deterministic and stochastic HIV/AIDS models to evaluate prog-
ress toward the UNAIDS 95–95–95 targets. The study derived the basic reproduction 
number and examined the stability of disease-free and endemic equilibria, demonstrat-
ing that stochastic models provide a more realistic representation of uncertainty in HIV 
transmission and intervention outcomes. In a related study, Rivu et al. [34] extended 
this approach by developing gender-structured stochastic and deterministic HIV/AIDS 
models to investigate the effects of gender-specific transmission and treatment dynam-
ics. Their findings further confirmed the superiority of stochastic models, particularly 
the stochastic Runge–Kutta method, in capturing random variations in disease progres-
sion and assessing the impact of transmission and treatment parameters on epidemic 
control. The study in [35] examined the combined effects of drug resistance, treatment 
saturation, and vertical transmission, showing that treatment saturation can induce 
backward bifurcation, thereby complicating disease elimination. Their optimal control 
analysis further demonstrated that integrated strategies; enhanced screening, early treat-
ment initiation, and adherence support are more effective than single interventions in 
reducing infection burden. In a related study, [37] used mathematical simulation mod-
els across 77 high-burden countries and reported that achieving the WHO 2025 targets 
could reduce new HIV infections by up to 83% and AIDS-related deaths by 78% relative 
to 2010 levels. Furthermore, [36] developed a gender stratified HIV/AIDS model incor-
porating PrEP, PEP, diagnosis, and treatment, highlighting that viral load undetectability 
under the WHO 90-90-90 strategy plays a crucial role in reducing transmission, with 
notable differences between male and female subpopulations.

Despite these advances, significant gaps remain in the existing modelling literature. 
Many studies focus on single interventions rather than evaluating their combined effects 
within a unified framework. Assumptions of perfect adherence, uniform access, and con-
stant coverage remain common, despite strong evidence of variations in uptake, discon-
tinuation, and programmatic constraints, especially in sub-Saharan Africa. Moreover, 
few models explicitly incorporate adherence dynamics and relatively few are calibrated 
using contemporary, country specific data to inform national policy decisions.

These limitations are particularly relevant in the Ugandan context. In 2024, HIV prev-
alence among adults aged 15–49 years was estimated at 4.9%, with approximately 1.53 
million people living with HIV, 60% of whom were women [38, 39]. Uganda recorded 
about 37,000 new infections and 20,000 AIDS-related deaths, despite ART coverage 
reaching approximately 1.3 million individuals; an estimated 200,000 people remained 
untreated [38, 39]. Although Uganda’s national HIV response adopts a combination pre-
vention strategy, including ART, PrEP, PEP, safe male circumcision, condom promotion, 
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and prevention of mother to child transmission, uptake and retention remain uneven 
across demographic and geographic groups [39, 40]. Access to PEP is particularly lim-
ited in rural areas due to low awareness, stockouts, and logistical barriers [39, 41]. Exter-
nal shocks such as the COVID-19 pandemic further disrupted HIV testing, treatment 
continuity, and prevention services [42].

In response to these challenges, this study develops and analyzes a deterministic math-
ematical model of HIV/AIDS transmission parameterized using demographic and epi-
demiological data from Uganda. The model integrates HIV disease progression stages 
with key biomedical interventions; ART, PrEP, and PEP while accounting for adherence 
influence. The framework is used to derive and analyse the effective reproduction num-
ber under alternative intervention scenarios, conduct sensitivity analysis to identify 
influential parameters, and simulate realistic intervention combinations to project long 
term impacts on HIV incidence and prevalence.

2  Model formulation
The model includes seven classes of individuals. The susceptible population, S(t) is com-
posed of individuals at risk of contracting HIV infection. The susceptible class increases 
by a constant recruitment rate, Λ. It is assumed that all individuals who join the popu-
lation are susceptible, this is attributed to improved health care surveillence where all 
expectant mothers are subjected to strict antenatal care. The induced increment of sus-
ceptible population is due to individuals who have left PrEP at a rate ω and those who 
have survived an HIV infection after exposure due to PEP intake at a rate τ . The pro-
tected class, P(t) comprises of individuals taking PrEP to prevent HIV infection due to 
their sexual behaviour. The exposed class HE(t) represents individuals who have expe-
rienced a potentially infectious HIV exposure and are in the post-exposure period dur-
ing which PEP may be initiated. Individuals in this compartment are assumed to have 
received an infectious challenge, although infection has not yet progressed to the acute 
HIV stage. Successful completion of PEP prevents establishment of infection and returns 
individuals to the susceptible class, whereas non-adherence, incomplete adherence, or 
PEP failure results in progression to acute HIV infection at rate β. The acute class, HA(t) 
consists of individuals with acute HIV infection weeks after a successful exposure to the 
virus. These individuals progress to the chronic stage, HC(t) at a rate δ if they are not 
treated. The chronic stage progresses to AIDS class, A(t) if no therapy is administered 
at a rate θ. Administering ART in classes HA(t), HC(t) and A(t) at rates ϵ1, ϵ2 and ϵ3 
respectively improves the health of infected individuals and they progress to the treated 
class, T(t). The treated class, T(t) includes individuals on ART whose adherence is suf-
ficient to achieve an undetectable viral load. Individuals in T(t) class who default on ART 
are assumed to experience a rapid deterioration of their immune system, ultimately pro-
gressing to the AIDS class. Detection of such defaults is difficult until the onset of AIDS 
symptoms. The total population is given as

	 N(t) = S(t) + P (t) + HE(t) + HA(t) + HC(t) + A(t) + T (t).

Table 1 below shows the parameters of the model and their description.
From compartmental diagram 1, the HIV/AIDS model equations are outlined below.
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dS(t)
dt

= Λ + τHE(t) + ωP (t) − (λ(t) + µ + ϕ)S(t),

dP (t)
dt

= ϕS(t) − (ω + µ)P (t),

dHE(t)
dt

= λ(t)S(t) − (τ + β + µ)HE(t),

dHA(t)
dt

= βHE(t) − (δ + ϵ1 + µ)HA(t),

dHC(t)
dt

= δHA(t) − (θ + ϵ2 + µ)HC(t),

dA(t)
dt

= θHC(t) + ψT (t) − (ν + ϵ3 + µ)A(t),

dT (t)
dt

= ϵ1HA(t) + ϵ2HC(t) + ϵ3A(t) − (ψ + µ)T (t),

dN(t)
dt

= Λ − µN(t) − νA(t).

� (1)

The rate at which an individual acquires HIV is defined as

	
λ(t) = kξ

(HC(t) + aHA(t) + bA(t)
N

)
,

Table 1  Parameters used in the model formulation and their description
Parameter Definition
Λ Constant increase rate of the susceptible population

µ Natural mortality rate across all subdivisions

τ Rate of PEP intake to prevent HIV infection after exposure

ϕ Rate of PrEP intake to prevent HIV infection before exposure

β Progression rate to acute HIV infection after exposure

ω Rate at which the protected individuals abandon PrEP to become susceptible to HIV

ϵ1 ART intake rate of acute infected individuals

ϵ2 ART intake rate of chronic infected individuals

ϵ3 ART intake rate of AIDS patients

δ Rate of progression from acute infection to chronic infection

θ Rate of progression from chronic infection to AIDS stage

ψ Rate at which individuals default ART

ν AIDS induced mortality rate

λ(t) HIV force of infection

Fig. 1  A compartmental diagram for HIV/AIDS model
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where k is the contact rate, ξ is the probability that a contact is efficient to cause an 
infection, a and b are amplification parameters implying increased infectivity in HA and 
A classes compared to HC  class. HIV infectivity is highest during the acute stage up to 
10 to 26 times greater than in the chronic phase, moderate and stable during the chronic 
stage, and increases again during the AIDS stage, though generally remaining lower than 
the acute phase [43, 44].

3  Analytical solution of the HIV/AIDS model
The theoretical analysis of the model aims to establish its feasibility, identify the HIV/
AIDS equilibrium points, calculate the effective reproduction number, and assess the 
stability of the equilibria.

3.1  Basic properties of the model

The model’s solutions are analyzed for positivity and boundedness to confirm the epide-
miological relevance and stability of the system.

Lemma 3.1  The HIV/AIDS model solution (S(t), P (t), HE(t), HA(t), HC(t), A(t), T (t)) 
uniquely exists and is positive for all t ≥ 0 for a given initial population (S0, P0, HE0, HA0,

HC0, A0, T0).

Proof  From equation one of system (1)

	
dS(t)

dt
+ (λ(t) + µ + ϕ)S(t) = Λ + τHE(t) + ωP (t).� (2)

If S(t1) tends to zero in equation (2) for some time t1, where 0 < t < t1, such that

	
dS(t1)

dt
= Λ + τHE(t1) + ωP (t1) > 0.� (3)

This implies that S(t) is positive. Applying the same technique we can show that all other 
state solutions are positive. � □

Lemma 3.2  The closed set 
Ω = {(S(t), P (t), HE(t), HA(t), HC(t), A(t), T (t)) ∈ R7

+ : N(t) ≤ Λ
µ } is a biologically 

feasible region.

Proof  From the eighth equation of system (1)

	
dN(t)

dt
= Λ − µN(t) − νA.� (4)

By Lemma 3.1, A(t) ≥ 0, which leads to the inequality

	
dN(t)

dt
+ µN(t) ≤ Λ.� (5)

With initial condition N(0) = N0, integrate (5) to get

	
N(t) ≤ Λ

µ
+

(
N0 − Λ

µ

)
e−µt.� (6)
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As t → ∞, we have 0 ≤ N(t) ≤ Λ
µ . The positive solution set is an invariant set of model 

(1) given by Ω = {(S(t), P (t), HE(t), HA(t), HC(t), A(t), T (t)) ∈ R7
+ : N(t) ≤ Λ

µ }. 

Thus, the solution of model (1) is bounded. � □
Hence, all state variables remain non-negative and bounded for all t ≥ 0. Therefore, 

the model is mathematically and epidemiologically well posed, and its solutions exist 
uniquely and remain within the biologically feasible region Ω for all time.

3.2  Disease-free equilibrium point of the HIV/AIDS model

The HIV/AIDS-free equilibrium state is possible when the community is free of HIV 
infection, that is in absence of HIV infected individuals and AIDS patients. This could be 
due to maximum protection effort (PrEP) or due to complete absence of HIV pathogens 
in a community. To obtain HIV/AIDS-free state, equate system (1) to zero and solve;

	

Λ + τHE(t) + ωP (t) − (λ(t) + µ + ϕ)S(t) = 0,

ϕS(t) − (ω + µ)P (t) = 0,

λ(t)S(t) − (τ + β + µ)HE(t) = 0,

βHE(t) − (δ + ϵ1 + µ)HA(t) = 0,

δHA(t) − (θ + ϵ2 + µ)HC(t) = 0,

θHC(t) + ψT (t) − (ν + ϵ3 + µ)A(t) = 0,

ϵ1HA(t) + ϵ2HC(t) + ϵ3A(t) − (ψ + µ)T (t) = 0.

� (7)

In absence of infected individuals, that is, HA = HC = A = 0, we obtain 
HE = T = λ(t) = 0, such that system (7) reduces to

	 Λ + ωP (t) − (µ + ϕ)S(t) = 0, � (8)

	 ϕS(t) − (ω + µ)P (t) = 0. � (9)

Solving equations (8) and (9) simultaneously leads to S = Λ(ω+µ)
µ(ω+µ+ϕ)  and P = ϕΛ

µ(ω+µ+ϕ) . 

Thus, the HIV/AIDS-free state is

	
H0 =

( Λ(ω + µ)
µ(ω + µ + ϕ)

,
ϕΛ

µ(ω + µ + ϕ)
, 0, 0, 0, 0, 0

)
.� (10)

3.2.1  Derivation of the HIV/AIDS effective reproduction number

In this context, the effective reproduction number, RH
∗ is the average number of sec-

ondary HIV infections caused by an acute HIV or chronic HIV or AIDS infectious indi-
vidual during his or her entire period of infectiousness in presence of ART, PEP and 
PrEP interventions. We use the next-generation matrix method as applied in [29, 45, 46], 
to determine the effective reproduction number RH

∗ of system (1). Let F  denote the 
matrix of HIV infection terms and V  be the matrix of the remaining transfer terms from 
one compartment to the other in system (1). Now, define the HIV/AIDS dynamics with 
the following infected subsystem;
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dHE(t)
dt

= λ(t)S(t) − (τ + β + µ)HE(t),

dHA(t)
dt

= βHE(t) − (δ + ϵ1 + µ)HA(t),

dHC(t)
dt

= δHA(t) − (θ + ϵ2 + µ)HC(t),

dA(t)
dt

= θHC(t) + ψT (t) − (ν + ϵ3 + µ)A(t),

dT (t)
dt

= ϵ1HA(t) + ϵ2HC(t) + ϵ3A(t) − (ψ + µ)T (t).

� (11)

The exposed class HE(t) is included in the infected subsystem because it represents 
individuals who have entered the infection progression process, even though some may 
eventually return to susceptibility through successful PEP intervention. From subsystem 
(11),

	

F =




kξ(HC +aHA+bA)S
N
0
0
0
0


 , V =




(τ + β + µ)HE

−βHE + (δ + ϵ1 + µ)HA

−δHA + (θ + ϵ2 + µ)HC

−θHC − ψT + (ν + ϵ3 + µ)A
−ϵ1HA(t) − ϵ2HC(t) − ϵ3A(t) + (ψ + µ)T (t)


 . � (12)

Evaluating the Jacobian matrix of F  at HIV/AIDS-free state, we obtain

	

F =




0 kξa S0

N0 kξ S0

N0 kξb S0

N0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


 .� (13)

At HIV/AIDS-free state N0 = S0 + P 0, where S0 = Λ(ω+µ)
µ(ω+µ+ϕ) , P 0 = ϕΛ

µ(ω+µ+ϕ)  and 

thus, the expression S0

N0  reduces to ω+µ
ω+µ+ϕ . Jacobian (13) leads to

	

F =




0 kξa (ω+µ)
ω+µ+ϕ kξ (ω+µ)

ω+µ+ϕ kξb (ω+µ)
ω+µ+ϕ 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0


 .� (14)

In the same way the Jacobian matrix of V  is evaluated at HIV/AIDS-free state to obtain

	

V =




(τ + β + µ) 0 0 0 0
−β (δ + ϵ1 + µ) 0 0 0
0 −δ (θ + ϵ2 + µ) 0 0
0 0 −θ (ν + ϵ3 + µ) −ψ
0 −ϵ1 −ϵ2 −ϵ3 (ψ + µ)


 .� (15)

The next generation matrix FV −1 is obtained from matrices (14) and (15) and used to 
give the characteristic polynomial

	
P (λ) = λ4

(
λ −

kξβ(ω + µ)
(
ak3k4(ψ + µ) + k4δ(ψ + µ) + bµδθ + bψ(ϵ1k1 + ϵ2δ + θδ) − ψϵ3(ak3 + δ)

)

(ω + ϕ + µ)k1k2k3
(
k4(ψ + µ) − ϵ3ψ

)
)

,� (16)

where k1 = (τ + β + µ), k2 = (δ + ϵ1 + µ), k3 = (θ + ϵ2 + µ) and k4 = (ϵ3 + ν + µ). 
The leading eigenvalue of characteristic polynomial (16) gives the HIV/AIDS effective 
reproduction number
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	 RH
∗ = RA + RC + RD,� (17)

where

	

RA =
kξβ(ω + µ)

(
ak3k4(ψ + µ)

)

(ω + ϕ + µ)k1k2k3
(
k4(ψ + µ) − ϵ3ψ

) ,

RC =
kξβ(ω + µ)

(
k4δ(ψ + µ)

)

(ω + ϕ + µ)k1k2k3
(
k4(ψ + µ) − ϵ3ψ

) ,

RD =
kξβ(ω + µ)

(
bµδθ + bψ(ϵ1k3 + ϵ2δ + δθ) − ψϵ3(ak3 + δ)

)

(ω + ϕ + µ)k1k2k3
(
k4(ψ + µ) − ϵ3ψ

) .

RA is the expected number of secondary infections generated by individuals in the acute 
infection stage, RC  is the contribution from individuals in the chronic infection stage, 
and RD  is the contribution from individuals in the AIDS stage, including the effects of 
treatment interruption.

With 100% ART adherence (ψ = 0), expression (17) reduces to

	
RH = kξβ(ω + µ)

(ω + ϕ + µ)k1k2k3k4

(
ak3k4 + δk4 + bδθ

)
.� (18)

The terms k1, k2, k3 and k4 represent the total exit rates from exposed, acute, chronic 
and AIDS stages respectively. The infection generating potential is represented by the 
term kξβ(ω + µ) whereas (ω + ϕ + µ) is the total rate out of susceptible or protected 
class. The weighted contributions to secondary infections from acute infections, transi-
tions from acute to chronic and chronic to AIDS are ak3k4, δk4 and bδθ respectively. 
The relative importance of each parameter in RH

∗ will be examined through sensitivity 
analysis, as presented in Sect. 3.4.

In absence of PrEP (ϕ = 0, ω = 0), (18) simplifies to

	
RH1 = kξβ

k1k2k3k4
(ak3k4 + δk4 + bδθ),� (19)

representing the reproduction potential when only PEP and ART are implemented.

Proposition 3.3  For any positive parameters, RH < RH1.

Proof  Since 0 < ω+µ
ω+ϕ+µ < 1. It follows that,

	
RH = ω + µ

ω + ϕ + µ
RH1 < RH1.

� □
When PEP is absent (τ = 0), (18) reduces to

	
RH2 = kξβ(ω + µ)

(ω + ϕ + µ)k∗
1k2k3k4

(
ak3k4 + δk4 + bδθ

)
� (20)

with k∗
1 = (β + µ), representing the reproduction threshold under PrEP and ART inter-

ventions only. If both PrEP and PEP are absent, the threshold further reduces to
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RH0 = kξβ

k∗
1k2k3k4

(ak3k4 + δk4 + bδθ),� (21)

representing the baseline reproduction number under ART alone.

Proposition 3.4  For any positive parameters, RH2 < RH0.

Proof  Since 0 < ω+µ
ω+ϕ+µ < 1. It follows that,

	
RH2 = ω + µ

ω + ϕ + µ
RH0 < RH0.

� □
By propositions 3.3 and 3.4, it follows that;

	 RH < RH0.

This ordering demonstrates that the simultaneous implementation of PEP, PrEP, and 
ART achieves the greatest reduction in HIV transmission potential. The absence of 
either prevention strategy leads to a higher reproduction number, while the absence of 
both results in the maximum transmission potential for HIV infection.

3.2.2  Local and global stability of HIV/AIDS-free equilibrium point

Lemma 3.5  The HIV/AIDS-free equilibrium H0 is locally asymptotically stable if 
RH

∗ < 1 and unstable otherwise.

Proof  To prove that H0 is locally asymptotically stable, it is prudent to identify the rel-
evant subsystem, that consists of the infected compartments; x = (HE , HA, HC , A, T )T

. The subsystem is

	
dx

dt
= Jx,� (22)

where J is the Jacobian evaluated at H0 to give

	

JH0 =




−k1 kξa (ω+µ)
(ω+µ+ϕ) kξ (ω+µ)

(ω+µ+ϕ) kξb (ω+µ)
(ω+µ+ϕ) 0

β −k2 0 0 0
0 δ −k3 0 0
0 0 θ −k4 ψ
0 ϵ1 ϵ2 ϵ3 −(ψ + µ)


 .� (23)

We decompose JH0  as

	 JH0 = F − V,� (24)

where F and V are defined in equations (14) and (15) respectively.
It is clear that F ≥ 0. Now, observe that all off-diagonal entries of V are 

non-positive. Hence V is a Z-matrix and its leading principal minors are 
D1 = k1 > 0, D2 = k1k2 > 0, D3 = k1k2k3 > 0 and D4 = k1k2k3k4 > 0. Thus,

	
det(V ) = k1k2k3

(
k4(ψ + µ) − ϵ3ψ

)
= k1k2k3

(
k4µ + ψ(ν + µ)

)
> 0.� (25)
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Therefore, all principal minors of V are positive, and hence V is a nonsingular M-matrix 
implying that V −1 ≥ 0. Since F ≥ 0 and V −1 ≥ 0, it follows that FV −1 ≥ 0 and the 
associated reproduction number is given by RH

∗ = ρ(FV −1), where ρ(·) denotes the 
spectral radius.

By Theorem 2 of [46], for a matrix of the form F − V  with F ≥ 0 and V a nonsingular 
M-matrix,

	 s(F − V ) < 0 ⇐⇒ ρ(FV −1) < 1,� (26)

where s(F − V ) = max{ℜ(λ) : λ ∈ σ(F − V )}. Since JH0 = F − V , (26) leads to

	 s(JH0) < 0 ⇐⇒ RH
∗ < 1.

Hence, all eigenvalues of JH0  have negative real parts whenever RH
∗ < 1, and therefore 

H0 is locally asymptotically stable. � □

Theorem 1  The HIV/AIDS-free equilibrium point H0 is globally asymptotically stable if 
RH

∗ < 1 and unstable otherwise.

Proof  Following the method of Castillo-Chavez et al. [48], system (1) is partitioned 
into the uninfected and infected subsystems. Let X = (S, P ) represent the uninfected 
compartments and Z = (HE , HA, HC , A, T ) represent the infected compartments. The 
uninfected subsystem is given by

	

dS(t)
dt

= Λ + τHE(t) + ωP (t) − (λ(t) + µ + ϕ)S(t),

dP (t)
dt

= ϕS(t) − (ω + µ)P (t),
� (27)

which can be written as dX
dt = F (X, Z). The infected subsystem is

	

dHE(t)
dt

= λ(t)S(t) − k1HE(t),

dHA(t)
dt

= βHE(t) − k2HA(t),

dHC(t)
dt

= δHA(t) − k3HC(t),

dA(t)
dt

= θHC(t) + ψT (t) − k4A(t),

dT (t)
dt

= ϵ1HA(t) + ϵ2HC(t) + ϵ3A(t) − (ψ + µ)T (t),

� (28)

denoted by dZ
dt = G(X, Z). For Z = 0, subsystem (27) reduces to

	
F (X, 0) =

[
Λ + ωP − (µ + ϕ)S

ϕS − (ω + µ)P

]
� (29)

Solving subsystem (29) yields the unique equilibrium X0 = (S0, P 0), where 
S0 = Λ(ω+µ)

µ(ω+µ+ϕ)  and P 0 = Λϕ
µ(ω+µ+ϕ) . Standard linear stability analysis shows that all 

eigenvalues of Jacobian (29) have negative real parts. Therefore X0 is globally asymptoti-
cally stable which satisfies the first condition (H1) of Castillo-Chavez method [48].

Next we verify condition two. The infected subsystem can be written as
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	 G(X, Z) = AZ − Ĝ(X, Z),� (30)

where A = DZG(X0, 0). Since S0

N0 = ω+µ
ω+µ+ϕ , with N0 = Λ

µ , it follows that

	

A =




−k1 kξa (ω+µ)
(ω+µ+ϕ) kξ (ω+µ)

(ω+µ+ϕ) kξb (ω+µ)
(ω+µ+ϕ) 0

β −k2 0 0 0
0 δ −k3 0 0
0 0 θ −k4 ψ
0 ϵ1 ϵ2 ϵ3 −(ψ + µ)


 .� (31)

Since all off-diagonal entries of A are non-negative, A is a Metzler matrix. Furthermore,

	

Ĝ(X, Z) = AZ − G(X, Z) =




kξ
(

ω+µ
ω+µ+ϕ − S

N

)
(aHA + HC + bA)
0
0
0
0


 .

Since the feasible region Ω is positively invariant and S ≤ S0, we obtain 
S
N ≤ S0

N0 = ω+µ
ω+µ+ϕ . Hence Ĝ(X, Z) ≥ 0, for all (X, Z) ∈ Ω. Therefore, condition (H2) 

of [48] is satisfied. Since conditions (H1) and (H2) hold, and RH
∗ < 1, it follows from 

Theorem 4.1 [48] that HIV/AIDS-free equilibrium H0 is globally asymptotically stable in 
Ω. � □

3.3  Existence of the HIV/AIDS endemic state

The endemic state of HIV/AIDS corresponds to a situation where the disease remains 
continuously present in the population. Refer to system (7) together with dN

dt = 0 and 
solve to obtain the endemic equilibrium point He = (S∗, P ∗, H∗

E , H∗
A, H∗

C , A∗, T ∗), 
where

	

S∗ =
ϕ(ω + µ)

(
Λβδν

(
k3ϵ1 + (ϵ2 + θ(ψ + µ))δ

)
+ τδ(Λ − µN∗)

(
ϵ3 + (ψ + µ)k4

)
k2k3

ϕβδν
(
(λ + µ + ϕ)(ω + µ) − ω

)(
k3ϵ1 + (ϵ2 + θ(ψ + µ))δ

) ,

P ∗ =
ϕ

(
Λβδν

(
k3ϵ1 + (ϵ2 + θ(ψ + µ))δ

)
+ τδ(Λ − µN∗)

(
ϵ3 + (ψ + µ)k3

)
k2k3

βδν
(
(λ + µ + ϕ)(ω + µ) − ω

)(
k3ϵ1 + (ϵ2 + θ(ψ + µ))δ

) ,

H∗
E =

δ(Λ − µN∗)
(
ϵ3 + (ψ + µ)k4

)
k2k3

βδν
(
k3ϵ1 + (ϵ2 + θ(ψ + µ))δ

) , H∗
A =

δ(Λ − µN∗)
(
ϵ3 + (ψ + µ)k4

)
k2

δν
(
k3ϵ1 + (ϵ2 + θ(ψ + µ))δ

) ,

H∗
C =

δ(Λ − µN∗)
(
ϵ3 + (ψ + µ)k4

)

ν
(
k3ϵ1 + (ϵ2 + θ(ψ + µ))δ

) , A∗ = Λ − µN∗

ν
,

T ∗ = k4(Λ − µN∗)
ν

−
θδ(Λ − µN∗)

(
ϵ3 + k4(ψ + µ)

)

ν
(
k3ϵ1 + (ϵ2 + θ(ψ + µ))δ

) ,

where

	

N∗ = ηΛβ(ω + µ)C
ηµβ(ω + µ)C + ν(k1k2k3(ω + µ + ϕ) − νβη(ω + µ)C

and

C =
b
(
k3ϵ1 + δ(ϵ2 + θ(ψ + µ)

)
+ (a + δ)

(
ϵ3 + (ψ + µ)k4

)

k3ϵ1 + δ
(
ϵ2 + (ψ + µ)

)
θ

.

� (32)
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3.3.1  Local bifurcation analysis at RH
∗ = 1

In this sub-section, we investigate the qualitative behavior of system (1) near the HIV/
AIDS-free equilibrium and establish the existence of a bifurcation when the effec-
tive reproduction number crosses unity. Particularly, the center manifold theory [35, 
47, 49, 50] is applied to determine the type of bifurcation exhibited by the model. 
Let the critical bifurcation value occur at η = kξ = η∗ such that RH

∗ = 1, then 

η∗ = (ω+ϕ+µ)k1k2k3

(
k4(ψ+µ)−ϵ3ψ

)
β(ω+µ)

(
ak3k4(ψ+µ)+k4δ(ψ+µ)+bµδθ+bψ(ϵ1k1+ϵ2δ+θδ)−ψϵ3(ak3+δ)

) .

The Jacobian matrix of system (1) evaluated at the HIV/AIDS-free equilibrium point 
H0 is given as

	

JH0 =




−(µ + ϕ) ω τ − ηa(ω+µ)
(ω+µ+ϕ) − η(ω+µ)

(ω+µ+ϕ) − ηb(ω+µ)
(ω+µ+ϕ) 0

ϕ −(ω + µ) 0 0 0 0 0
0 0 −k1

ηa(ω+µ)
(ω+µ+ϕ)

η(ω+µ)
(ω+µ+ϕ)

ηb(ω+µ)
(ω+µ+ϕ) 0

0 0 β −k2 0 0 0
0 0 0 δ −k3 0 0
0 0 0 0 θ −k4 ψ
0 0 0 ϵ1 ϵ2 ϵ3 −(ψ + µ)




� (33)

with k1 = τ + β + µ, k2 = δ + ϵ1 + µ, k3 = θ + ϵ2 + µ, k4 = ν + ϵ3 + µ. The 
Jacobian (33) is block lower triangular with the uninfected block

	
J1 =

(
−(µ + ϕ) ω

ϕ −(ω + µ)

)
,

whose eigenvalues have strictly negative real parts since tr(J1) = −(ϕ + ω + 2µ) < 0 
and det(J1) = µ(ω + µ + ϕ) > 0.

The remaining eigenvalues are those of the infected block

	

J2 =




−k1
ηa(ω+µ)
(ω+µ+ϕ)

η(ω+µ)
(ω+µ+ϕ)

ηb(ω+µ)
(ω+µ+ϕ) 0

β −k2 0 0 0
0 δ −k3 0 0
0 0 θ −k4 ψ
0 ϵ1 ϵ2 ϵ3 −(ψ + µ)


 .� (34)

Let RH
∗ be given by (17). The characteristic polynomial corresponding to Jacobian (34) 

evaluated at η∗ is given as

	 P (λ) =λ
(
λ4 + A1λ3 + A2λ2 + A3λ + A4

)
, � (35)

where

	

A1 =k1 + k2 + k3 + k4 + ψ + µ,

A2 =k1(k2 + k3 + k4) + k2(k3 + k4) + k3k4 + (ψ + µ)
(
k1 + k2 + k3 + k4

)
− ψϵ3,

A3 =k1k2(k3 + k4) + k3k4(k1 + k2) + (ψ + µ)
(
k1(k2 + k3 + k4) + k2(k3 + k4) + k3k4

)

− ψϵ3(k1 + k2 + k3) − k1k2k3k4M

K

(
(a + 1)(k4 + ψ + µ) + b(k3 + ψ + µ)

)
,

A4 =k1k2k3

(
k4(ψ + µ) − ψϵ3 − k4M

K

(
(ψ + µ)((a + 1)k4 + bk3)

− ψ((a + 1)ϵ3 + bϵ2) + bθϵ1
))

,

M =k4(ψ + µ) − ϵ3ψ,

K =k4µδ + ak3k4µ + bµδθ + ψ(k4δ + bϵ1k3 + ak3k4 + bϵ2δ + bδθ − aϵ3k3 − ϵ3δ).
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At RH
∗ = 1, the characteristic polynomial (35) possesses a simple zero eigenvalue. 

The remaining eigenvalues have negative real parts if and only if the associated quartic 
polynomial satisfies the Routh–Hurwitz stability criteria. Specifically, this occurs when 
A1 > 0, A2 > 0, A3 > 0, A4 > 0, A1A2 > A3, and A1A2A3 > A2

3 + A2
1A4.

Under these conditions, all non-zero eigenvalues lie strictly in the left half of the com-
plex plane, ensuring local asymptotic stability of the system on the center manifold. The 
next step is to compute the Center manifold coefficients. Let v be the right eigenvector 
associated with the simple zero eigenvalue of the Jacobian (33), then

	

v7 =
β

(
k4(ϵ1k3 + ϵ2δ) + ϵ3θδ

))

k2k3
(
k4(ψ + µ) − ϵ3ψ

) v3,

v6 =
β

(
θδ(ψ + µ) + ψ(ϵ1k3 + δϵ2)

)

k2k3
(
k4(ψ + µ) − ϵ3ψ

) v3, v5 = δβ

k2k3
v3, v4 = β

k2
v3, v3 = v3,

v2 = ϕ

ω + µ
v1, v1 = ω + µ

µ(ω + µ + ϕ)

(
τ + η∗β(ω + µ)

ω + µ + ϕ

( a

k2
+ δ

k2k3

+ θδ(ψ + µ) + ψ(ϵ1k3 + δϵ2

k2k3
(
k4(ψ + µ) − ϵ3ψ

) ))
v3.

An associated left eigenvector w is chosen as such that

	

w1 = w2 = 0, w3 = w3, w4 = k1

β
w3,

w5 =
(k1

β
− η∗a(ω + µ)

ω + µ + ϕ
− (η∗b(ψ + µ)(ω + µ)

(ω + µ + ϕ)
(
k4(ψ + µ) − ϵ3ψ

)
)

w3,

w6 = η∗b(ψ + µ)(ω + µ)
(ω + µ + ϕ)

(
k4(ψ + µ) − ϵ3ψ

)w3, w7 = ψη∗b(ω + µ)
(ω + µ + ϕ)

(
k4(ψ + µ) − ϵ3ψ

)w3.

The normalisation condition wT v = 1 gives the normalisation constant as

	
w = 1

N
,

where

	

N = 1 + β

k2
N1 + δβ

k2k3
N2 +

β
(
θδ(ψ + µ) + ψ(ϵ1k3 + ϵ2δ)

)
k2k3M

N3

+
β

(
k4(ϵ1k3 + ϵ2δ) + ϵ3θδ

)
k2k3M

N4,

N1 = 1
k2

(η∗a(ω + µ)
ω + µ + ϕ

+ δN2 + ϵ1ψ

ψ + µ
N3

)
,

N2 = η∗(ω + µ)
k3(ω + µ + ϕ)

(
1 + b(θ(ψ + µ) + ϵ2ψ)

M

)
,

N3 = η∗b(ω + µ)(ψ + µ)
(ω + µ + ϕ)M

, N4 = ψ

ψ + µ
N3.

Following the approach of Castillo-Chavez and Song [49], the bifurcation constants are 
defined as
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m1 =

∑
k,i,j

vkwiwj
∂2hk

∂xi∂xj
(H0, η∗), m2 =

∑
k,i

vkwi
∂2hk

∂xi∂ρ
(H0, η∗),� (36)

where hk denotes the kth component of the vector field. The only nonlinear term in the 
system is the incidence function h3(x, η) = η (HC +aHA+bA)S

N . At HIV/AIDS-free equi-
librium point, we obtain the following expressions of the second derivatives;

	

∂2h3

∂S∂HA
= ηaµϕ

Λ(ω + µ + ϕ)
,

∂2h3

∂S∂HC
= ηµϕ

Λ(ω + µ + ϕ)
,

∂2h3

∂S∂A
= ηbµϕ

Λ(ω + µ + ϕ)
,

∂2h3

∂H2
A

= −2ηa2µ(ω + µ)
Λ(ω + µ + ϕ)

,
∂2h3

∂H2
C

= −2ηµ(ω + µ)
Λ(ω + µ + ϕ)

,
∂2h3

∂A2 = −2ηb2µ(ω + µ)
Λ(ω + µ + ϕ)

,

∂2h3

∂HA∂HC
= −ηµ(a + 1)(ω + µ)

Λ(ω + µ + ϕ)
,

∂2h3

∂HA∂A
= −ηµb(a + 1)(ω + µ)

Λ(ω + µ + ϕ)
,

∂2h3

∂HC∂A

= 2bηµ(ω + µ)
Λ(ω + µ + ϕ)

,

∂2h3

∂HA∂η
= a(ω + µ)

ω + µ + ϕ
,

∂2h3

∂HC∂η
= ω + µ

ω + µ + ϕ
,

∂2h3

∂A∂η
= b(ω + µ)

ω + µ + ϕ
.

� (37)

The Center manifold coefficients in (36) are obtained as

	

m1 = 2ηµ

Λ(ω + µ + ϕ)

(
ϕv1(av4 + v5 + bv6) − (ω + µ)A

)
,

m2 = ω + µ

ω + µ + ϕ

(
av4 + v5 + bv6

)
,

� (38)

where A = a2v2
4 + v2

5 + b2v2
6 + +(a + 1)v6v5 + b(a + 1)v4v6 + 2bv5v6. Since w3 > 0, 

v4 > 0, v5 > 0, and v6 > 0, it follows that m2 > 0. The sign of m1 is determined by the 
expression ϕv1(av4 + v5 + bv6) − (ω + µ)A. Consequently,

	 m1 > 0 if ϕv1(av4 + v5 + bv6) > (ω + µ)A,

whereas

	 m1 < 0 if ϕv1(av4 + v5 + bv6) < (ω + µ)A.

Since m2 > 0, the bifurcation behavior is completely determined by the sign of m1. By 
the Center Manifold Theorem of Castillo-Chavez and Song [49], 

(a)	 if m1 > 0, then the model undergoes a backward (subcritical) transcritical bifurcation 
at R∗

H = 1, and a stable endemic equilibrium may coexist with the disease-free 
equilibrium for some values of 0 < R∗

H < 1;
(b)	 if m1 < 0, then the model undergoes a forward (supercritical) transcritical bifurcation 

at R∗
H = 1, and the endemic equilibrium exists only when RH

∗1.

Thus, the following theorem holds.

Theorem 2  Suppose that all parameters of the model are positive such that m1 > 0 and 
m2 > 0. Then the HIV/AIDS model undergoes a backward transcritical bifurcation at 
RH

∗ = 1. Consequently, there exists a range of values 0 < RH
∗ < 1 for which both the 

HIV/AIDS-free equilibrium and an endemic equilibrium coexist.
In this case, even when the effective reproduction number satisfies RH

∗ < 1
, HIV/AIDS may not be eliminated from the population, as illustrated in Fig.  2. This 
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phenomenon arises due to the presence of backward bifurcation, where a stable endemic 
equilibrium coexists with the disease-free equilibrium when the reproduction number is 
below unity. Consequently, reducing the threshold parameter below one is not sufficient 
to guarantee disease eradication, which may partly explain the continued persistence 
and spread of HIV at the national level despite the effective reproduction number being 
less than one. The bifurcation Fig. 2 was generated using the parameter values listed in 
Table 3. For each value of the bifurcation parameter η, the corresponding reproduction 
number R∗

H  was computed and the equilibrium solutions of the model were determined 
numerically. The endemic equilibrium branches were obtained by numerically solving 
the steady-state equations of system (1) using MATLAB.

The occurrence of backward bifurcation indicates that high rates of ART default rela-
tive to treatment initiation among AIDS patients can undermine disease control efforts. 
Consequently, HIV may persist in the population even when the reproduction number 
is below unity, owing to the existence of a residual pool of infectious individuals main-
tained through treatment interruption.

Consider the case of strict adherence to ART, that is, ψ = 0. Under this assumption, 
the effective reproduction number becomes

	
RH = ηβ(ω + µ)

(ω + ϕ + µ)k1k2k3k4

(
δk4 + ak3k4 + bδθ

)
.

At RH = 1, the bifurcation value is η∗ = (ω+ϕ+µ)k1k2k3k4
β(ω+µ)(ak4+δk3k4+bδθ) . The center manifold 

coefficients are computed and obtained as;

	

m1 =−2η(ω + µ)w3

Λ(ω + µ + ϕ)

( ϕ(ω + µ)
ω + µ + ϕ

(av4 + v5 + bv6) + µB
)

,

m2 = ω + µ

ω + µ + ϕ

(
av4 + v5 + bv6)w3,

� (39)

where

Fig. 2  Backward bifurcation in HIV/AIDS Model
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v4 = β

k2
v3, v5 = δβ

k2k3
v3, v6 = θδβ

k2k3k4
v3,

B =
(aβ

k2

)2 +
( δβ

k2k3

)2 +
( bθδβ

k2k3k4

)2 + (a + 1)δβ2

k2
2k3

+ b(a + 1)θδβ2

k2
2k3k4

+ 2bθδ2β2

k2
2k2

3k4
.

It is evident from (39) that m2 > 0 and m1 < 0, since all model parameters are positive. 
This implies that the system undergoes a forward transcritical bifurcation at RH = 1 for 
ψ = 0.

Theorem 3  Suppose ψ = 0. Then, the HIV/AIDS model undergoes a forward transcriti-
cal bifurcation at RH = 1. In particular, when RH > 1, the HIV/AIDS-free equilibrium 
loses stability and a unique endemic equilibrium emerges. Moreover, this endemic equi-
librium is locally asymptotically stable for RH sufficiently close to unity.

3.4  Sensitivity analysis

Sensitivity analysis provides a systematic way for identifying the key parameters that 
significantly influence HIV transmission dynamics and control. By assessing the relative 
contributions of these parameters, it facilitates the identification of effective strategies 
for mitigating HIV transmission, as well as reducing associated morbidity and mortality. 
In this study, the methodology applied in [36, 50, 51] is adopted. Specifically, the sensi-
tivity index of the effective reproduction number, RH

∗, with respect to a model param-
eter P  is defined as

	
SRH

∗

P = ∂RH
∗

∂P
× P

RH
∗ .� (40)

Using expression (40) together with the parameter values listed in Table  3, the corre-
sponding sensitivity indices are computed and presented in Table 2.

The sensitivity indices in Table  2 identify the parameters that most strongly influ-
ence the effective reproduction number RH

∗. The parameters k and ξ exhibit sensitivity 
indices of +1, indicating that they are the most influential drivers of HIV transmission. 
A proportional increase in either parameter leads to an equivalent increase in RH

∗, 
pointing out the importance of interventions that reduce their associated transmission 
pathways.

It is also revealed that the parameter ψ has a strongly positive influence on the model 
outcome, implying that higher rates of ART defaulting are associated with an increase 
in new HIV infections. This emphasizes the critical role of sustained adherence to ART 
in reducing HIV transmission. Moderate positive sensitivity indices are observed for 
parameters a, b, and θ, implying that increases in these parameters contribute to higher 

Table 2  Numerical values of sensitivity indices of RH
∗

Parameter Sensitivity index Parameter Sensitivity index
k 1.0000 ϵ1 −0.0155

ξ 1.0000 ϵ2 −0.4756

β 0.0014 ϵ3 −0.7092

ω 0.0099 δ −0.3789

a 0.3948 ϕ −0.0099

b 0.1982 ν −0.0616

θ 0.0715 τ −0.0010

ψ 0.5781
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transmission potential, albeit to a lesser extent. Parameters related to prevention, treat-
ment, and disease progression, including ϵ1, ϵ2, ϵ3, ϕ, τ , δ, and ν, have negative sensi-
tivity indices, indicating that increases in these parameters reduce RH

∗. Among these 
parameters, the ART initiation rates (ϵ2 and ϵ3) exhibit greater magnitudes, highlighting 
its significant impact in reducing HIV transmission from individuals in the chronic and 
AIDS stages. Enhanced ART uptake across all infection stages, together with increased 
coverage of PrEP and PEP, represent positive results for controlling HIV transmission, 
progression and reducing AIDS related deaths.

4  Numerical solution of the HIV/AIDS model
In this section, numerical simulations are performed to investigate the impact of vari-
ous control strategies on the transmission dynamics of HIV/AIDS. The initial condi-
tions were chosen to reflect the HIV/AIDS situation in Uganda in mid-2024. According 
to the 2024 National Population and Housing Census, Uganda’s total population was 
estimated at N0 = 45, 905, 417 [52]. The Uganda AIDS Commission Annual Joint 
AIDS Review (JAR) report for 2022/2023 estimated the number of people living with 
HIV (PLHIV) at 1,433,337, of whom 1,403,603 were receiving antiretroviral therapy 
(ART) [54]. The same report recorded approximately 51,516 new HIV infections dur-
ing the reporting period. Assuming an average duration of one month in both the 
exposed and acute infection stages, the corresponding initial populations were taken 
as HE0 = HA0 = 51,516

12 ≈ 4, 293. Although no official national estimate of active PrEP 
users was publicly available, HIV prevention programme reports indicate substantial 
expansion of PrEP services, with more than 500,000 cumulative initiations by 2023 and 
continued growth through 2024 [54]. Consequently, the initial PrEP population was 
assumed to be 600,000. Furthermore, the sustained decline in AIDS-related mortality 
and the high ART coverage reported by national HIV programmes suggest that untreated 
AIDS cases constitute a relatively small proportion of PLHIV. Accordingly, the initial 
AIDS population was taken as 10,000. The remaining infected population was assigned 
to the chronic HIV compartment according to HC0 = PLHIV − T0 − HA0 − A0, 
which gives HC0 = 15, 441. The susceptible population was then obtained from the 
population balance relation S0 = N0 − (P0 + HE0 + HA0 + HC0 + A0 + T0), yield-
ing S0 = 43, 867, 787. Hence, the initial conditions used in all simulations were 
S0 = 43, 867, 787, P0 = 600, 000, HE0 = 4, 293, HA0 = 4, 293, HC0 = 15, 441, A0 = 10, 000, T0 = 1, 403, 603. 
These values represent the baseline distribution of the Ugandan population across the 
model compartments.

Table 3  Parameter values used in numerical simulations
Parameter Value (year−1) Source Parameter Value (year−1) Source

Λ 0.0352N0 [52] ω 2.000 Assumed

µ 0.01471 [53] k 106.80 Assumed

τ 0.0125 [54] ξ 0.0011 Assumed

ϕ 0.020 [54] a 12.000 Assumed

β 12.000 [55] b 4.000 Assumed

ϵ1 0.200 [54] ν 0.500 [43]

ϵ2 0.840 [54] ψ 0.050 [54]

ϵ3 0.900 [54] θ 0.125 [55]

δ 12.000 [55]
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The model was parameterized using demographic and epidemiological data for 
Uganda obtained from the Uganda Bureau of Statistics (UBOS), the World Bank, and 
the Uganda AIDS Commission (UAC) [52–54]. For example, the treatment initiation 
rate for chronically infected individuals was estimated from Uganda’s reported ART 
coverage of approximately 84% among people living with HIV. Assuming that individu-
als who are diagnosed and linked to care initiate treatment within one year, the treat-
ment initiation parameter was taken as ϵ2 ≈ 0.84 yr−1. Similarly, the progression rate 
from chronic HIV infection to AIDS was derived from the average duration of untreated 
chronic HIV infection. Studies indicate that untreated individuals typically remain in the 
chronic stage for approximately 8 years before progressing to AIDS. Using the reciprocal 
of the mean duration, θ = 1

8 = 0.125 yr−1. Parameters for which direct estimates were 
unavailable were assigned values based on epidemiological considerations and assump-
tions consistent with the HIV/AIDS literature. The parameter values used in the simula-
tions are presented in Table 3.

Table 4  Compartment values evaluated at t = 2 years under different intervention strategies
Intervention strategy HE HA HC A
All interventions 988 972 13408 47331

ART + PrEP 1214 1200 15968 47548

ART + PEP 2052 2004 21416 47845

ART only 2246 2189 23053 47975
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The resulting system of ordinary differential equations was solved numerically in 
MATLAB using built-in ODE solvers, and the simulations were used to assess the effects 
of the proposed intervention strategies on HIV/AIDS transmission, disease progression, 
and treatment outcomes.

4.1  Simulating the role of biomedical interventions on the dynamics of HIV/AIDS

Figures 3 and 4 illustrate the effects of the different intervention strategies, while the 
corresponding numerical outcomes are summarized in Table 4. The results indicate 
that implementing multiple interventions simultaneously leads to a substantial reduc-
tion in HIV transmission compared to single-intervention strategies. In particular, the 
number of exposed individuals decreases markedly when at least two control measures 
are combined, with the greatest reduction observed when all interventions are applied 
concurrently. This outcome is primarily attributable to the enhanced prevention of new 
infections through the combined use of PrEP and PEP, together with improved treat-
ment coverage. The simulations also demonstrate a sustained decline in the populations 
of acutely infected, chronically infected, and AIDS individuals under combined inter-
vention strategies. As shown in Table 4, the simultaneous implementation of all control 
measures produces the largest reduction in disease burden after two years of inter-
vention. This strategy yields the lowest numbers of exposed, acutely infected, chroni-
cally infected, and AIDS individuals, highlighting the benefits of an integrated HIV 
prevention and treatment approach. The next most effective strategy is the combined 
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implementation of ART and PrEP, which also achieves substantial reductions across the 
infected compartments.

4.2  Simulating the effect of defaulting ART on the dynamics of HIV/AIDS

The consequences of defaulting on HIV medication are clearly illustrated in Figs. 5 and 
6. A default rate of ψ = 0.25 indirectly leads to an increase in the number of exposed, 
acutely infected, and chronically infected individuals, while directly increasing the num-
ber of individuals progressing to the AIDS class. Since ART suppresses viral load and 
consequently reduces the probability of HIV transmission, individuals who default on 
treatment experience an increase in viral load, which enhances their infectiousness and 
contributes to a higher rate of disease spread within the population. Conversely, when 
full compliance with ART (ψ = 0) is achieved, the number of individuals in all infected 
classes decline substantially. The simulation results suggest that sustained ART adher-
ence could substantially reduce HIV transmission and progression to AIDS. Under the 
model assumptions, the number of AIDS cases declines to very low levels within approx-
imately five years, indicating the potential effectiveness of long-term ART programs in 
reducing the burden of HIV/AIDS.
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4.3  Simulating the role of PrEP on HIV/AIDS dynamics

Figure 7 demonstrates that increased uptake of PrEP significantly reduces HIV exposure. 
As a result, the number of individuals with acute and chronic HIV infections declines, 
which subsequently leads to a reduction in the number of AIDS cases, as illustrated in 
Fig. 8.

4.4  Simulating the role of PEP on HIV/AIDS dynamics

The impact of PEP is evident in Figs. 9 and 10, where its application results in a decline 
in the number of exposed, acutely and chronically infected individuals. Furthermore, an 
indirect reduction in the number of AIDS cases is observed, largely due to the preven-
tion of infection at the exposure stage and subsequent progression through effective PEP 
intervention.

4.5  Simulating the role of ART in the dynamics of HIV/AIDS

Figures 11, 12,  and 13 demonstrate the impact of ART initiation at different stages of 
HIV infection. Increasing ART initiation during the acute stage (ϵ1) results in only a 
modest reduction in the infected classes. This limited impact can be attributed to the 
brief duration of the acute infection phase, which often remains unnoticed. When ART 
initiation is increased at the chronic stage (ϵ2), a more pronounced reduction is observed 
in the chronically infected population and in AIDS cases, accompanied by an increase in 
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the number of individuals on ART. Furthermore, initiating ART at the AIDS stage (ϵ3) 
significantly reduces the number of AIDS patients while increasing the number of indi-
viduals receiving treatment. This intervention also indirectly contributes to a reduction 
in the number of chronically infected individuals.

5  Conclusion
This study developed and analysed a mathematical model for HIV/AIDS transmission 
to investigate the role of ART, PrEP, and PEP in controlling the epidemic. The model 
was shown to be epidemiologically well posed through the establishment of the posi-
tivity and boundedness of its solutions. The effective reproduction number (RH

∗) was 
derived and used as the threshold parameter for evaluating the dynamics of HIV/AIDS. 
Both the HIV/AIDS-free and endemic equilibrium states were established. The analy-
sis revealed that the HIV/AIDS-free equilibrium is locally and globally asymptotically 
stable whenever RH

∗ < 1. The bifurcation analysis revealed the possible occurrence of 
a backward transcritical bifurcation when the effective reproduction number is equal to 
unity. This phenomenon implies that HIV infection persists in the population even when 
the effective reproduction number is less than one. Consequently, this result provides 
a possible explanation for the continued persistence and spread of HIV at the national 
level despite significant progress in reducing the effective reproduction number through 
treatment and prevention strategies. Interestingly, under full compliance with ART 
(ψ = 0), the model exhibits a forward bifurcation, indicating the existence of a unique 
endemic equilibrium that is stable whenever RRH > 1. From a public health perspec-
tive, this result highlights the need for more aggressive and sustained control measures 
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capable of reducing the reproduction number well below unity while simultaneously 
addressing factors that sustain endemic transmission.

Sensitivity analysis identified HIV acquisition related parameters as the key drivers 
of disease transmission within the community. In contrast, prevention and treatment 
related parameters were found to play a crucial role in controlling the epidemic. Specifi-
cally, ART was shown to reduce the progression of HIV infection to AIDS, PrEP lowered 
the susceptibility of individuals to HIV infection, and PEP increased the likelihood of 
survival following potential HIV exposure. Overall, the sensitivity results suggest that 
public health policies should prioritize strengthening ART programs alongside preven-
tive interventions such as PrEP and PEP. At the same time, targeting key transmission 
related parameters could yield significant reductions in HIV transmission, AIDS-related 
morbidity, and mortality.

The numerical simulations further demonstrate that ART remains central to com-
bating the HIV/AIDS epidemic. A key finding of this study is that adherence to ART is 
critical if Uganda, and the global community at large, are to achieve the goal of ending 
the AIDS pandemic. While individual strategies ART, PrEP, and PEP each contribute to 
reducing the number of people living with HIV/AIDS, the results emphasize that a com-
bined implementation of these interventions produces the greatest impact.

This study recommends strengthening interventions that enhance sustained adher-
ence to ART, since the results demonstrate that ART plays a central role in reducing 
HIV progression and transmission. Public health authorities should therefore reinforce 
programs that promote long term ART adherence through improved patient follow up, 
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community based adherence support systems, and uninterrupted access to antiretrovi-
ral medications. Achieving high levels of ART adherence will significantly reduce AIDS 
related morbidity and mortality. In addition, access to PrEP should be expanded among 
high risk populations, while ensuring the timely availability of PEP following any poten-
tial HIV exposure. Integrating these preventive strategies with improved treatment pro-
grams will enhance the overall effectiveness of HIV prevention and control efforts.

This study has some limitations. It does not incorporate parameter fitting, likeli-
hood-based estimation, or validation against longitudinal HIV/AIDS surveillance data. 
In addition, the model assumes homogeneous mixing of the population and does not 
account for heterogeneity in age, gender, or risk groups in HIV transmission dynamics.
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