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A Pneumonia and HIV/AIDS deterministic co-infection model is constructed and utilized to
assess how the dynamics of Pneumonia and HIV/AIDS impact on each other. In order to

summarize the analysis of Pneumonia and HIV/AIDS co-infection model, the analysis of

Pneumonia and HIV/AIDS sub-models is undertaken. The basic reproduction numbers R0
P for

Pneumonia sub-model, R0
H for HIV/AIDS sub-model and R0 for Pneumonia and HIV/AIDS

co-infection model are computed, the results are then ¯elded to establish the local and global
asymptotic stabilities of the corresponding models' equilibrium points. Sensitivity analysis is

done and results reveal that Pneumonia spreading rate, HIV spreading rate and treatment rates

of the infected sub-populations are the most sensitive parameters. The model is further modi¯ed
to incorporate intervention schemes, namely Pneumonia prevention, screening and treatment

e®orts, HIV/AIDS prevention, screening and treatment e®orts in the form of time-dependent

controls. Numerical simulations portray that prevention and treatment of both diseases averts

the biggest numbers of co-infected individuals. However, in a situation when there are scarce
resources to deploy all intervention schemes, a combination of treatment for both diseases

become a scheme of choice in reducing the co-infection burden.
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1. Introduction

Human immunode¯ciency virus (HIV) has remained a signi¯cant global devastation

even with serious health intervention schemes in opposition to it. The extensive

prevalence of HIV/AIDS has had an impact on increased manifestation of oppor-

tunistic infections such as Tuberculosis, various strains of Pneumonia, Salmonella,

Candidiasis and others. Statistics disclose that approximately 84.2 million have been

infected with HIV and about 40.1 million individuals have lost their lives in relation

to AIDS linked ailments ever since the epidemic began [31]. Of all individuals living

with HIV/AIDS, 95% are in developing countries and the sub-Saharan region has the

biggest share [22]. The major challenge accelerating the HIV infection in the sub-

Saharan sector is that most of the HIV infected individuals do not know their status

and more disturbing, some of those who are aware of their status do not take nec-

essary precautions when engaging in sexual relationships [20].

Pneumonia is recurrent of all opportunistic infections and can be unendurable

among HIV infected individuals as immune system is subdued by the virus [23], and

it is more prevalent in the developing world where HIV is predominant. It can be

fungal which leads to Cryptococcus, Pneumocystis jirovecii and Coccidioides forms

of pneumonia, viral leading to respiratory syncytial virus form of pneumonia and

bacterial which leads to Streptococcus pneumoniae and Haemophilus in°uenzae type

b forms of pneumonia. Pneumonia spreads through the air when an infected indi-

vidual coughs or sneezes in close range with a susceptible individual. The infection

can be cured through drug administration depending on the causative agent [4], steps

can also be taken to lower one's risk for contracting the disease by emphasizing good

hygiene, quitting smoking, keeping one's immune system strong and most valuable

not to contract HIV.

Mathematicalmodeling has become a valuable gear for gauging the impact of several

intervention schemes on the transmission of infectious diseases within a population.

HIV/AIDS models have been studied with optimal strategies targeting prevention of

HIV infection (through condom use, abstinence, limiting sex partners, Pre-Exposure

Prophylaxis, among others) and treatment of infected individuals [1, 6, 20, 24].

Optimal control analysis of Pneumonia that includes control schemes for Pneu-

monia prevention through education, screening and treatment was studied by

Tilahun [30] and results recommended that for e®ective management of Pneumonia,

all strategies were to be implemented.

Considerable e®orts have been invested to understand the dynamics of HIV/

AIDS and Pneumonia co-infection as studied in [5, 26–29]. The studies [5] and [27]

emphasize the role of treatment at each infectious stage whereas studies in [26] and

[28] investigated the role of treatment and vaccination against pneumonia, and ART

against HIV/AIDS in the control of the co-infection burden. An optimal control

model developed and analyzed in [26] catered for HIV protection through condom

use, Pneumonia protection and treatment of both diseases. The speci¯c optimal
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control studies of Pneumonia and HIV/AIDS co-infection models are infrequent in

literature but other optimal co-infection models for di®erent infection

combinations with HIV/AIDS and Pneumonia have been studied extensively for

example see [12, 13, 16, 22].

This study is comparable to the study in [29] by including HIV and Pneumonia

prevention controls through health education campaigns aimed at sensitizing the public

so as to change the behavior of the susceptible and infected individuals. The controls also

include the screening e®orts tohelp identify thePneumonia carriers,Pneumonia infected

individuals, HIV infected individuals and AIDS patients in order to subject them to

immediate treatment. The model also considers the compartment for Pneumonia car-

riage, whose role in the spread of Pneumonia is well stipulated in [5]. Furthermore, the

current model considers standard incidence suitable for large and changing populations

as opposed to mass-action incidence form of pneumonia transmission in [29].

Therefore, with respect to the results of the above scrutinized literatures, we

develop a mathematical model that investigates the possible interaction of Pneu-

monia and HIV/AIDS using dynamical systems theory. The intervention schemes

are incorporated and allowed to vary as functions of time and the model aspires to

weigh the e®ect of di®erent combination intervention schemes on the infected and co-

infected populations.

2. Construction of the Model

In this section, a deterministic mathematical model of Pneumonia and HIV/AIDS

co-infection is constructed. The model constitutes 10 sub-divisions, with the total

population size denoted as NðtÞ. The descriptions of the model sub-divisions are

tabulated in Table 1.

The model construction presupposes that individuals on antiretroviral therapy

(ART) consistently take medication and they have insigni¯cant spreading rate of

HIV since the virus is suppressed by ARTs. It is also presupposed that the HIV-

Pneumonia and AIDS-Pneumonia co-infected individuals have higher transmissi-

bility rates of HIV and Pneumonia infections compared to singly infected individuals.

Table 1. Model sub-divisions.

Sub-division De¯nition

SðtÞ Susceptible individuals at likelihood of getting infected with Pneumonia or HIV

CðtÞ Pneumonia Carriage sub-population capable of transmitting the infection
I1ðtÞ Pneumonia-infected individuals, who have active disease and are infectious

RðtÞ Pneumonia Recovered individuals

I2ðtÞ HIV-infected individuals with no clinical symptoms of AIDS
I3ðtÞ HIV-infected individuals with AIDS clinical symptoms

T1ðtÞ Individuals living on HIV/AIDS therapy

I4ðtÞ Pneumonia and HIV co-infectives

I5ðtÞ Pneumonia and AIDS co-infectives
T2ðtÞ Individuals on dual treatment of Pneumonia and HIV/AIDS

Optimal control analysis of pneumonia and HIV/AIDS co-infection model
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The model is further described by the parameter linkages from one sub-division to

another in Table 2.

2.1. Pneumonia and HIV/AIDS dual infection compartmental diagram

2.2. Equations of the model

By variables, parameters described in Tables1 and 2 and compartmental diagram

(Fig. 1), the deterministic co-infection model is obtained as follows:

dS

dt
¼ �þ �R� ð�1 þ �2 þ �ÞS;

dC

dt
¼ ’�1ðtÞS � ð�2 þ �1ÞC;

Table 2. Parameters used in the model construction and their description.

Parameter De¯nition Value Source

� Constant susceptible recruitment rate 2000 Assumed

� Death rate due to other causes other than Pneumonia, AIDS or

both

0.07 [17]

�2 AIDS induced death rate 0.33 [27]
�3 Co-infection induced death rate 0.42 Assumed

�1 Rate at which HIV infected individuals are treated 0.20 Assumed

�2 Rate at which AIDS patients are treated 0.13 [28]
�3 Dual treatment rate of Pneumonia and HIV co-infected

individuals

0.31 Assumed

�4 Dual treatment rate of Pneumonia and AIDS co-infected

individuals

0.23 [27]

�1 Pneumonia induced death rate 0.10 [17]

� Transfer rate of Pneumonia carriers to infectives 0.011 [19]

’ Fraction of susceptible individuals that join the Pneumonia

carriers

0.34 [5]

	 Recovery rate of Pneumonia carriers 0.012 Assumed

� Rate of loss of treatment induced immunity 0.062 [5]


 Recovery rate of Pneumonia infected individuals 0.2 Assumed

� Likelihood that a contact is e±cient enough to cause a
Pneumonia infection

0.89 [30]

c Contact rate with Pneumonia infected individuals 1–10 Assumed

! Coe±cient of transmission for the Pneumonia carrier
individuals

0.410 Assumed

�1 Progression rate from I2 class to I3 class in the absence of

therapy

0.08 [27]


 Chance that a contact is e±cient enough to cause HIV infection 0.075 [3]
k Rate of contact with HIV infected individuals 1–5 Assumed

� Pneumonia recovery rate in co-infected individuals 0.12 Assumed

�2 Progression rate from I4 class to I5 class in the absence of

treatment

0.3105 Assumed

M. Byamukama, D. Kajunguri & M. Karuhanga
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dI1
dt

¼ ð1� ’Þ�1S þ �C � ð�2 þ �2ÞI1;
dR

dt
¼ 
I1 þ 	C � ð�2 þ �3ÞR;

dI2
dt

¼ �2S þ �2R� ð�1 þ �1ÞI2;
dI3
dt

¼ �1I2 � ð�1 þ �2ÞI3;
dT1

dt
¼ �1I2 þ �2I3 þ �T2 � �T1;

dI4
dt

¼ �2ðC þ I1Þ þ �1I2 � {1I4;

dI5
dt

¼ �1I3 þ �2I4 � {2I5;

dT2

dt
¼ �3I4 þ �4I5 � {3T2;

ð1Þ

where �1 ¼ ð� þ 	 þ �Þ; �2 ¼ ð�1 þ 
 þ �Þ; �3 ¼ ð� þ �Þ; �1 ¼ ð�1 þ � þ �1Þ; �2 ¼
ð�2 þ �2 þ �Þ; {1 ¼ ð�2 þ �3 þ �1 þ �Þ; {3 ¼ ð� þ �Þ and {2 ¼ ð�4 þ �3 þ �Þ: The
Pneumonia acquisition function is given as follows:

�1ðtÞ ¼
�1ð!C þ I1 þ #1I4 þ #2I5Þ

NðtÞ ;

Fig. 1. A compartmental diagram for HIV/AIDS and Pneumonia dual infection model.

Optimal control analysis of pneumonia and HIV/AIDS co-infection model
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where �1 ¼ �c is the Pneumonia spreading rate and #2 > #1 are customized para-

meters implementing increased infectivity due to dual infection. The HIV acquisition

function is given as follows:

�2ðtÞ ¼
�2ðI2 þ �1I4 þ �2I3 þ �3I5Þ

NðtÞ ;

where �2 ¼ 
k is the spreading rate of HIV and parameters �3 > �2 > �1 are modi¯ed

to show that Pneumonia and AIDS co-infected individuals are more infectious of

HIV than AIDS patients and HIV-Pneumonia co-infected individuals due to in-

creased viral load [3, 5].

3. Analysis of the Model

Due to the strong non-linearity of the Pneumonia-HIV/AIDS co-infection model (1),

it is mathematically complex to carry out exhaustive mathematical analysis of the

full co-infection model. Thus the Pneumonia and HIV/AIDS sub-models' analytical

solutions shall be meticulously analyzed in this section.

3.1. Analysis of Pneumonia only model

The Pneumonia only model happens in the absence of HIV, AIDS and co-infected

individuals in system (1) such that

dS

dt
¼ �þ �R� ð�1 þ �ÞS;

dC

dt
¼ ’�1S � �1C;

dIP
dt

¼ ð1� ’Þ�1S þ �C � �2I1;

dR

dt
¼ 	C þ 
I1 � �3R:

ð2Þ

3.1.1. Positivity and boundedness of the solutions

The basic properties of Pneumonia only model of system (2) that are a utility in the

study and proofs of stability of system (2) are demarcated. The model properties are

employed to establish the criteria for positivity of solutions and well-posedness of

system (2).

Theorem 1. The feasible solution set of the Pneumonia only model is

mathematically and epidemiologically well-posed in the domain �1 ¼ fðS;C; I1;RÞ 2
R

4þ : N1 � �
�g:

Proof. Summing up all equations of system (2) gives

dN1

dt
¼ �� �N1 � �1I1 � �� �N1: ð3Þ

M. Byamukama, D. Kajunguri & M. Karuhanga
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Separating variables and integrating (3) with initial condition N1ð0Þ ¼ N10 gives

N1ðtÞ �
1

�
ð�� ð�� �N10Þe��tÞ: ð4Þ

Taking the limit as t ! 1, inequality (4) gives N1ðtÞ � �
� : Therefore, the feasible

so lut i on se t o f sy s t em (2) ente r s and rema in s in the reg ion

�1 ¼ fðS;C; I1;RÞ 2 R
4þ : N1 � �=�g:

Lemma 3.1. Let the initial population be fS0;C0; I10 ;R0 � 0g 2 �1. Then, the

solution set fS;C; I1;Rg of system (2) is positive for t � 0.

Proof. In contrast, let there be a time ta for which 0 < t < ta leading to SðtaÞ ¼
0;S 0ðtaÞ < 0 and SðtÞ > 0;CðtÞ > 0; I1ðtÞ > 0;RðtÞ > 0 or let there be a time tb for

which 0 < t < tb such that CðtbÞ ¼ 0;C 0ðtbÞ < 0 and SðtÞ > 0;CðtÞ > 0; I1ðtÞ >
0;RðtÞ > 0 or let there be a time tc for which 0 < t < tc such that I1ðtcÞ ¼ 0; I 0

1ðtcÞ <
0 and SðtÞ > 0;CðtÞ > 0; I1ðtÞ > 0;RðtÞ > 0 or let there be a time td for which 0 <

t < td such that RðtdÞ ¼ 0;R 0ðtdÞ < 0 and SðtÞ > 0;CðtÞ > 0; I1ðtÞ > 0;RðtÞ > 0.

System (2) becomes

dSðtaÞ
dt

¼ �þ �RðtaÞ � ð�1 þ �ÞSðtaÞ ¼ �þ �RðtaÞ > 0;

dCðtbÞ
dt

¼ ’�1SðtbÞ � �1CðtbÞ ¼ ’�1SðtbÞ > 0;

dIP ðtcÞ
dt

¼ ð1� ’Þ�1SðtcÞ þ �C � �2I1ðtcÞ ¼ ð1� ’Þ�1SðtcÞ þ �CðtcÞ > 0;

dRðtdÞ
dt

¼ 	CðtdÞ þ 
I1ðtdÞ � �3RðtdÞ ¼ 	CðtdÞ þ 
I1ðtdÞ > 0;

ð5Þ

which is a contradiction and hence S;C; I1 and R are non-negative. Thus, the

solutions of Pneumonia only model (2) are non-negative for t � 0.

Thus, the model (2) is mathematically and epidemiologically well-posed, and it is

therefore su±cient to study the dynamics of Pneumonia in �1.

3.1.2. Stability of Pneumonia free equilibrium

This is the event when there is completely no Pneumonia infection in a community,

that is C ¼ I1 ¼ 0 and R ¼ 0 implying that S ¼ �
� : Therefore, the Pneumonia free

equilibrium point symbolized by E 0
P ¼ ðS 0;C 0; I 0

1 ;R
0Þ is E 0

P ¼ ð�=�; 0; 0; 0Þ:
The next-generation matrix method in [32] is used to determine the basic repro-

duction number R 0
P of system (2). Let G be the matrix of terms leading to the Pneu-

monia infection and V be the matrix of other transfer terms in system (2) such that

G ¼ ’�1S

ð1� ’Þ�1S

� �
and V ¼ �1C

��C þ �2I1

� �
: ð6Þ
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The Jacobianmatrices ofG andV evaluated atE 0
P givematricesG andV, respectively,

as follows:

G ¼ ’�1! ’�1

ð1� ’Þ�1! ð1� ’Þ�1

� �
and V ¼ �1 0

�� �2

� �
:

Thus, the Pneumonia basic reproductive number is the dominant eigenvalue ofGV �1

given as follows:

R0
P ¼ �1

�1�2

ð’ð�2!þ �Þ þ ð1� ’Þ�1Þ: ð7Þ

The Pneumonia basic reproductive number is fundamental in stability analysis of

model (2). By Theorem 2 of [32], we have the following result.

Lemma 3.2. The Pneumonia free equilibrium point E 0
P of system (2) is locally

asymptotically stable if R0
P < 1.

By appropriate choice of a Lyapunov function, the following result is established.

Theorem 2. The Pneumonia free equilibrium point E 0
P is globally asymptotically

stable if R0
P < 1:

Proof. Let

L ¼ �1C þ �2I1 ð8Þ
be the Lyapunov function which only considers compartments C and I1, with

positive unvarying terms �1 and �2. Di®erentiating Eq. (8) and substituting for dC
dt

and dI1
dt , we get

dL
dt

¼ �1ð’�1S � �1CÞ þ �2ðð1� ’Þ�1S þ �C � �2I1Þ;
� ð�1ð’�1!� �1Þ þ �2ðð1� ’Þ�1!þ �ÞÞC þ ð�1’�1 þ �2ðð1� ’Þ�1 � �2ÞÞI1;

ð9Þ
for �1 ¼ ð� þ 	þ �Þ; �2 ¼ ð
þ �1 þ �Þ and S

N1
� 1. Setting �1 ¼ ðð1�’Þ�1!þ�Þ�2

�1�’�1!
and

¯xing �2 > 0, inequality (9) simpli¯es to

dL
dt

� �2�1�2

1

’�1

C þ 1

�1 � ’�1

I1

� �
ðR0

P � 1Þ: ð10Þ

It is realized that, dL
dt � 0 given that R0

P � 1. Additionally, dL
dt ¼ 0 only when either

C ¼ I1 ¼ 0 or R0
P ¼ 1 is satis¯ed. This implies that the largest compact invariant

subset of �1 ¼ fSðtÞ;CðtÞ; I1ðtÞ;RðtÞ 2 R
4þ : dL

dt ¼ 0g is the singleton E 0
P and by

Lasalle's Invariance Principle [14], E 0
P is globally asymptotically stable in �1

provided R0
P � 1:
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3.1.3. Stability of Pneumonia endemic equilibrium

The presence of Pneumonia infection in the population leads to the Pneumonia

endemic steady state Ee
P . Equating the right-hand side of system (2) to zero and

solving, the Pneumonia endemic equilibrium point is obtained as

Ee
P ¼ ðSe;Ce; I e

1 ;R
eÞ, such that

Se ¼ �1�2N1

�1ðð1� ’Þ�1 þ ’ð!�2 þ �ÞÞ ;

Ce ¼ ’�2�3ð��1�2N1 � ��1ðð1� ’Þ�1 þ ’ð!�2 þ �ÞÞÞ
K

;

I e
1 ¼ �3ðð1� ’Þ�1 þ ’�Þð��1�2N1 � ��1ðð1� ’Þ�1 þ ’ð!�2 þ �ÞÞÞ

K
;

Re ¼ ð��1�2N1 � ��1ðð1� ’Þ�1 þ ’ð!�2 þ �ÞÞÞ
K

ð	’�2 þ 
ðð1� ’Þ�1 þ ’�ÞÞ;

where

K ¼ �1ðð1� ’Þ�1 þ ’�Þð’�2�	� �1�2�3 þ �
ðð1� ’Þ�1 þ ’�ÞÞ;

N1 ¼
�ðK þ �1�1�3ð1� ’Þ�1 þ ’�Þðð1� ’Þ�1 þ ’ð!�2 þ �ÞÞÞ

�K � �1��1�2�3ðð1� ’Þ�1 þ ’�Þ :

The uniqueness of the endemic equilibrium point is an important tool in deter-

mining its stability and therefore, it is of essence to carry out bifurcation analysis of

Pneumonia only model.

3.1.4. Bifurcation analysis of Pneumonia only model

Let S ¼ z1;C ¼ z2; I1 ¼ z3 and R ¼ z4 such that N1 ¼ z1 þ z2 þ z3 þ z4. Express the

model variables in the vector notation z ¼ ðz1; z2; z3; z4ÞT such that the Pneumonia

only model is represented as dz
dt ¼ ðg1; g2; g3; g4Þ, where

dz1
dt

¼ g1 ¼ �þ �z4 � ð�1 þ �Þz1;
dz2
dt

¼ g2 ¼ ’�1z1 � �1z2;

dz3
dt

¼ g3 ¼ ð1� ’Þ�1z1 þ �z2 � �2z3;

dz4
dt

¼ g4 ¼ 	z2 þ 
z3 � �3z4;

ð11Þ

where �1 ¼ �1ð!z2þz3Þ
z1þz2þz3þz4

:
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The Jacobian matrix of system (11) evaluated at E 0
P gives

JðE 0
P
Þ ¼

�� ��1! ��1 �

0 ’�1!� �1 ’�1 0

0 ð1� ’Þ�1!þ � ð1� ’Þ�1 � �2 0

0 	 
 ��3

2
6664

3
7775: ð12Þ

Making �1 ¼ � �
1 to be the bifurcating parameter such that we investigate for the case

R0
P ¼ 1. This leads to �1 ¼ �1�2

ð1�’Þ�1þ’ð�þ�2!Þ : The characteristic equation of Jacobian

(12) with � ¼ �� and R0
P ¼ 1 is given as follows:

�ð�þ �Þð�þ �3Þð�þ �1 þ �2 � � �
1ðð1� ’Þ þ ’!ÞÞ ¼ 0: ð13Þ

In reference to Eq. (13), it can be seen that, Jacobian (12) has a simple zero eigen-

value and the remaining eigenvalues are less than zero. Hence, it is enough to adopt

the center manifold theorem [8] in order to con¯rm the bifurcation direction of model

(11) when R0
P ¼ 1. The right eigenvector v ¼ ðv1; v2; v3; v4ÞT corresponding to the

zero eigenvalue is computed from JðE 0
P
Þv ¼ 0 which gives

v1 ¼
ð
��1 � � �

1ð�1�3 � �’ð	� 
!ÞÞÞv2
�3�’�

�
1

; v2 ¼ v2 > 0; v3 ¼
ð�1 � ’� �

1!Þv2
’� �

1

;

v4 ¼
ð	’� �

1 þ 
ð�1 � ’� �
1!ÞÞv2

�3’�
�
1

:

In the same way, the left eigenvector u ¼ ðu1;u2;u3;u4Þ is computed such that

uJðE 0
P
Þ ¼ 0 which yields

u1 ¼ 0; u2 ¼ u2 > 0; u3 ¼
ð�1 � ’� �

1!Þu2

ð1� ’Þ� �
1!þ �

; and u4 ¼ 0:

The bifurcation constants a and b are computed and summarized as follows:

a¼
X4

k;i;j¼1

ukvivj
@ 2fk
@zi@zj

¼ ��1u2v
2
2�ð�1ð1�’Þþ’�Þð�1ð�þ�3Þþ’� �

1ðð�3 þ�Þð1�!Þþ	ÞÞ
���3’2� �

1ðð1�’Þ� �
1!�þ �Þ ;

b¼
X4
k;i¼1

ukvi
@ 2fk
@zi@�� ¼

�1u2v2ð�1ð1�’Þþ’�Þ
� �
1’ð�þð1�’Þ� �

1!Þ
:

ð14Þ

By Eq. (14), a < 0 and b > 0, for the fact that 0 < ’; ! < 1. We now deduce

from [8] that Pneumonia only model (11) has a forward bifurcation when

R0
P ¼ 1. Thus, the co-existence of a stable disease-free equilibrium with a stable

endemic equilibrium is not possible in Pneumonia only model. By this fact, we

conclude that the following result holds.
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Theorem 3. The Pneumonia endemic equilibrium E 0
P of system (2) is unique and

locally asymptotically stable if R0
P > 1 and close to one.

3.2. Analysis of HIV/AIDS only model

This is only feasible when there are no Pneumonia cases in a given population. Thus,

the co-infection model (1) reduces to the following HIV/AIDS only model

dS

dt
¼ �� ð�2 þ �ÞS;

dI2
dt

¼ �2S � �1I2;

dI3
dt

¼ �1I2 � �2I3;

dT1

dt
¼ �1I2 þ �2I3 � �T1;

ð15Þ

with �1 ¼ ð�1 þ �1 þ �Þ; �2 ¼ ð�2 þ �þ �2Þ, �2 ¼ �2
ðI2þ�2 I3Þ

N2
and dN2

dt ¼ �� �N2 �
�2I3:

The feasible region for the HIV/AIDS sub-model (15) is �2 ¼ fðSðtÞ; I2ðtÞ; I3ðtÞ;
T1ðtÞ 2 R

þ
4 : N2ðtÞ � �

�g which is positively invariant and attracting, that is, the so-

lution starting in�2 will remain in�2 for all t � 0. Thus, this is enough to consider the

dynamics of model system (15) in �2.

3.2.1. Stability of HIV/AIDS free equilibrium

The HIV/AIDS free equilibrium of model (15) is obtained by solving (15) subject to

dS=dt ¼ dI2=dt ¼ dI3=dt ¼ dT1=dt ¼ 0, to get E 0
H ¼ ðS 0; I 0

2 ; I
0
3 ;T

0
1 Þ ¼ ð �

� ; 0; 0; 0Þ:
By the same method in Sec. 3.1.2, the basic reproduction number corresponding to

E 0
H of model system (15) is determined as follows:

R0
H ¼ �2

�1�2

ð�2 þ �2�1Þ: ð16Þ

From (16), the following result holds.

Lemma 3.3. The disease-free equilibrium E 0
H of system (15) is locally asympto-

tically stable whenever R0
H < 1.

The method in [7] is applied to establish the global stability of the HIV/AIDS free

equilibrium E 0
H . First, we represent the model (15) as follows:

dH1

dt
¼ F ðH1;H2Þ;

Optimal control analysis of pneumonia and HIV/AIDS co-infection model
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dH2

dt
¼ GðH1;H2Þ;

GðH1; 0Þ ¼ 0;

ð17Þ

where H1 ¼ S represents HIV free population and H2 ¼ ðI2; I3;T1Þ represents the

HIV infected populations. The HIV/AIDS free equilibrium is denoted by E 0
H ¼

ðH �
1 ; 0Þ; where H �

1 ¼ ð�� ; 0; 0; 0Þ:

Theorem 4. The HIV/AIDS free equilibrium E 0
H is globally asymptotically stable

whenever R0
H < 1 and the following conditions hold:

(C1) for dH1

dt ¼ F ðH1; 0Þ;H �
1 is globally asymptotically stable,

(C2) GðH1;H2Þ ¼ AH2-~GðH1;H2Þ;~GðH1;H2Þ � 0 for ðH1;H2Þ 2 �2 and A ¼
@GðH �

1 ;0Þ
@H2

is an M-matrix (the o® diagonal elements are non-negative).

Proof. From system (15), it follows that

F ðH1;H2Þ ¼ ½�� ð�2 þ �ÞS�;

GðH1;H2Þ ¼
�2S � �1I2

ð1� �Þ�1I2 � �2I3
�1I2 þ �2I3 � �T1

2
4

3
5: ð18Þ

For F ðH1; 0Þ ¼ ½�� �S�; as t ! 1, then H1 ! E 0
H that is, S ! �=�. Thus there is

convergence in �2 implying that (C1) holds.

Evaluating matrix A at E 0
H gives

A ¼ @GðH1;H2Þ
@H2

����ðH �
1 ;0Þ

¼
�2 � �1 ��2 0

�1 ��2 0
�1 �2 ��

2
4

3
5; ð19Þ

which leads to

~GðH1;H2Þ ¼ AH2 �GðH1;H2Þ ¼
�2I2 1� S

N2

� �
þ ��2I3 1� S

N2

� �

0

0

2
6664

3
7775: ð20Þ

Clearly from (19), A is an M-matrix and from (20), ~GðH1;H2Þ � 0 since S
N2

� 1

implying that (C2) holds. Therefore E 0
H is globally asymptotically stable.
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3.2.2. Stability of endemic equilibrium point of the HIV/AIDS only model

The HIV/AIDS endemic equilibrium point Ee
H ¼ ðSe; I e

2 ; I
e
3 ;T

e
1 Þ is computed by

equating the right-hand side of (15) to zero, such that

Se ¼ N2�1�2

�2ð�2 þ �2�1Þ
; I e

2 ¼ �N2�1�2 � ��2ð�2 þ �2�1Þ
�1�2ð�2 þ �2�1Þ

;

I e
3 ¼ �1ð�N2�1�2 � ��2ð�2 þ �2�1ÞÞ

�1�2�2ð�2 þ �2�1Þ
;

T e
1 ¼ �N2�1�2 � ��2ð�2 þ �2�1Þ

��1�2ð�2 þ �2�1Þ
�1 þ

�2�1

�2

� �
;

where

N2 ¼
��2ð�1�2 þ �2�1Þð�2 þ �2�1Þ
�1�2ð��2ð�2 þ �2�1Þ þ �2�1Þ

:

Lemma 3.4. The endemic equilibrium of HIV/AIDS sub-model (15) is unique

provided that R0
H > 1.

Proof. For endemicity of HIV/AIDS, we have

dI2
dt

¼ �2ðI2 þ �2I3Þ
S

N2

� �1I2 > 0; ð21Þ

dI3
dt

¼ �1I2 � �2I3 > 0: ð22Þ

For all t � 0, S
N2

� 1 and thus inequality (21) becomes

I2 <
�2�2I3
�1 � �2

: ð23Þ

Substituting for I2 in (22) and simplifying results into

1 <
�2

�1�2

ð�2 þ �2�1Þ ¼ R0
H :

Therefore, a distinct HIV/AIDS endemic equilibrium point Ee
H exists if R e

H > 1:

The uniqueness of the HIV/AIDS endemic equilibrium implies that the HIV/

AIDS sub-model (15) does not exhibit the phenomenon of backward bifurcation, the

co-existence of a stable disease-free equilibrium with a stable endemic equilibrium

does not hold if R0
H > 1. Therefore, it is valid to conclude that the endemic equi-

librium point E 0
H is both locally and globally stable if R0

H > 1 [22].

3.3. Analysis of Pneumonia and HIV/AIDS co-infection model

The feasible region for system (1) is given by � ¼ �1 � �2, where �1 and �2 have

been de¯ned in Secs. 3.1 and 3.2, respectively. The feasible region � is positively

Optimal control analysis of pneumonia and HIV/AIDS co-infection model
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invariant and attracting under the °ow induced by system (1). The Pneumonia and

HIV/AIDS co-infection free equilibrium point is given by

E0 ¼ ðS 0;C 0; I 0
1 ;R0; I

0
2 ; I

0
3 ;T

0
1 ; I

0
4 ; I

0
5 ;T

0
2 Þ ¼

�

�
; 0; 0; 0; 0; 0; 0; 0; 0; 0

� �
: ð24Þ

Since the basic reproduction numbers of Pneumonia and HIV/AIDS sub-models

have been derived, the associated reproduction number for the co-infection model (1)

is given by

R0 ¼ maxfR
0

P
;R0

Hg;

where R0
P ¼ �1

�1�2
ð’ð�2!þ �Þ þ ð1� ’Þ�1Þ and R0

H ¼ �2

�1�2
ð�2 þ �2�1Þ:

Theorem 5. The Pneumonia and HIV/AIDS co-infection free equilibrium point E0

of system (1) is locally asymptotically stable ifR0
P < 1 andR0

H < 1 which implies that

R0 < 1, otherwise unstable.

Proof. The Jacobian matrix of model (1) is established and evaluated at E0 to give

JðE0Þ ¼

�� ��1! ��1 � ��2 ��2�2 0 �ð�1#1þ�2�1Þ�ð�1#2þ�2�3Þ 0

0 ’�1!��1 ’�1 0 0 0 0 ’�1#1 ’�1#2 0

0 ð1�’Þ�1!þ� ð1�’Þ�1��2 0 0 0 0 ð1�’Þ�1#1 ð1�’Þ�1#2 0

0 	 
 ��3 0 0 0 0 0 0

0 0 0 0 �2��1 �2�2 0 �2�1 �2�3 0

0 0 0 0 �1 ��2 0 0 0 0

0 0 0 0 �1 �2 �� 0 0 0

0 0 0 0 0 0 0 �{1 0 0

0 0 0 0 0 0 0 �2 �{2 0

0 0 0 0 0 0 0 �3 �4 �{3

2
666666666666666664

3
777777777777777775

:

ð25Þ
The characteristic polynomial corresponding to Jacobian (25) is

P ð�Þ ¼ ð�þ �Þ2ð�þ �3Þð�þ {1Þð�þ {2Þð�þ {3Þð�2 þ d1�þ d0Þð�2 þ h1�þ h0Þ; ð26Þ
where d1 ¼ �1 þ �2 � �1ðð1� ’Þ þ ’!Þ > 0, d0 ¼ �1�2ð1�R0

P Þ > 0, if R0
P < 1;h1 ¼ �1 þ �2�

�2 > 0, and h0 ¼ �1�2ð1�R0
HÞ > 0, if R0

H < 1.

It is deduced from (26) that �1;2 ¼ �� < 0 (repeated), �3 ¼ ��3 < 0;�4 ¼
�{2 ¼< 0;�5 ¼ �{2 < 0;�6 ¼ �{3 and byRouth–Hurwitz stability criteria [5, 13],

the eigenvalues of characteristic equation �2 þ d1�þ d0 ¼ 0 are negative if d0 >

0; d1 > 0 and�2 þ h1�þ h0 ¼ 0 are negative if h0 > 0, h1 > 0 which holds only when

R0
P < 1 and R0

H < 1, respectively. Therefore by eigenvalue method of stability anal-

ysis, we conclude that all the roots of characteristic polynomial (26) are negative

whenever R0 ¼ maxfR0
P ;R 0

Hg < 1, and thus the co-infection free equilibrium of

system (1) is locally asymptotically stable.
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It can be noted that, the dynamics of the co-infection model are driven by that of

its subsequent sub-models. Therefore, since the equilibria of both sub-models are

both locally and globally asymptotically stable, the Pneumonia and HIV/AIDS co-

infection model cannot exhibit the phenomenon of backward bifurcation [22, 25]. It is

therefore valid to conclude that, the disease-free and endemic equilibria of model (1)

exist, are unique, locally and globally asymptotically stable [18].

4. Optimal Control Analysis of the Model

The optimal control model is an extension of the Pneumonia and HIV/AIDS coin-

fection model (1) by including the following four time-dependent controls de¯ned as

follows:

(i) u1: Pneumonia prevention e®ort that protects susceptibles from contracting

the disease.

(ii) u2: Pneumonia screening and treatment e®ort to help identify carriers and

infected individuals and treat them.

(iii) u3: HIV prevention e®ort that protects susceptibles from contracting HIV.

(iv) u4: HIV/AIDS screening and therapy e®ort to help identify HIV infected

individuals and put them on antiretroviral therapy.

The Pneumonia prevention e®ort u1 can be achieved through health educational

campaigns aimed at increasing awareness of the disease and its diverse e®ects when

associated with HIV/AIDS, while the screening and treatment e®ort u2 is achieved in

such a way that all positive tests of Pneumonia start on treatment immediately.

The HIV prevention e®ort u3 is accomplished through health educational cam-

paigns aimed at informing individuals of the available HIV prevention measures and

sensitize those who are already infected not to recklessly spread the disease. The

HIV/AIDS screening and treatment e®ort u4 is achieved in a such a way that all

positive tests of HIV start on therapy. Using the same parameters and sub-divisions

in Tables 1 and 2, and incorporating the above controls in model system (1), we get

the extended model as follows:

dSðtÞ
dt

¼ �þ �RðtÞ � ðð1� u1Þ�1ðtÞ þ ð1� u3Þ�2ðtÞ þ �ÞSðtÞ;
dCðtÞ
dt

¼ ð1� u1Þ’�1ðtÞSðtÞ � ðð1� u3Þ�2 þ � þ ðu2 þ 	Þ þ �ÞCðtÞ;
dI1ðtÞ
dt

¼ ð1� u1Þð1� ’Þ�1SðtÞ þ �CðtÞ � ðð1� u3Þ�2 þ ðu2 þ 
Þ þ �þ �1ÞI1ðtÞ;
dRðtÞ
dt

¼ ðu2 þ 
ÞI1ðtÞ þ ðu2 þ 	ÞCðtÞ � ðð1� u3Þ�2 þ � þ �ÞRðtÞ;
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dI2ðtÞ
dt

¼ ð1� u3Þ�2SðtÞ þ ð1� u3Þ�2RðtÞ � ðð1� u1Þ�1 þ ðu4 þ �1Þ þ �1 þ �ÞI2ðtÞ;
dI3ðtÞ
dt

¼ �1I2ðtÞ � ðð1� u1Þ�1 þ ðu4 þ �2Þ þ �þ �2ÞI3ðtÞ;

dT1ðtÞ
dt

¼ ðu4 þ �1ÞI2ðtÞ þ ðu4 þ �2ÞI3ðtÞ þ �T2ðtÞ � �T1ðtÞ;
dI4ðtÞ
dt

¼ ð1� u3Þ�2ðCðtÞ þ I1ðtÞÞ þ ð1� u1Þ�1I2ðtÞ � ð�2 þ ðu2 þ u4 þ �3Þ

þ�þ �1ÞI4ðtÞ;
dI5ðtÞ
dt

¼ ð1� u1Þ�1I3ðtÞ þ �2I4ðtÞ � ððu2 þ u4 þ �4Þ þ �þ �3ÞI5ðtÞ;
dT2ðtÞ
dt

¼ ðu2 þ u4 þ �3ÞI4ðtÞ þ ðu2 þ u4 þ �4ÞI5ðtÞ � ð�þ �ÞT2ðtÞ:

ð27Þ

4.1. The control problem

In mathematical perspective, for a ¯xed time tT , the goal is to minimize the objective

function

J ðu1;u2;u3;u4Þ ¼
Z tT

0

A1C þA2I1 þ A3I2 þA4I3 þ A5T1 þ A6I4 þ A7I5

�

þ A8T2 þ
1

2

X4
1

Wiu
2
i

!
dt; ð28Þ

where An;n ¼ 1; 2; . . . ; 8 are cost coe±cients and Wi; i ¼ 1; 2; 3; 4 are weight con-

stants. Here, the total cost on a ¯nite time horizon ½0; tT � consists of the cost induced
by the disease itself and the cost induced by the control schemes.

In the objective function (28),
R tT
0
A1Cdt is the cost induced by Pneumonia car-

riers,
R tT
0
A2I1dt is the cost induced by Pneumonia infected population,

R tT
0
A3I2dt is

the cost induced by HIV infected population,
R tT
0
A4I3dt is the cost induced by AIDS

patients,
R tT
0
A6I4dt is the cost induced by HIV-Pneumonia co-infected population ,R tT

0
A7I5dt is the cost induced by AIDS-Pneumonia co-infected population,

R tT
0
A5T1

dt is the cost for maintaining HIV/AIDS infectives under therapy,
R tT
0
A8T2dt is the

cost induced by individuals under dual treatment and
R tT
0

1
2 Wiu

2
i dt is the cost in-

duced by control strategies.

It is assumed that there are practical constraints on the maximum rate at which

individuals may be prevented or treated in a given period of time. Thus we seek
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optimal controls u�
1;u

�
2;u

�
3;u

�
4 2 U such that

J ðu�
1;u

�
2;u

�
3;u

�
4Þ ¼ min

u1;u2;u3;u42U
J ðu1;u2;u3;u4Þ; ð29Þ

where U ¼ fðu1;u2;u3;u4Þg; such that u1;u2;u3;u4 is Lebesgue measurable on ½0; 1�
with 0 � ui � 1; i ¼ 1; 2; 3; 4g.

4.2. The existence of an optimal control

In this subsection, the existence of an optimal control of model system (27) is studied.

The boundedness and positivity of solutions has already been discussed in Sec. 3 and

therefore system (27) is mathematically and epidemiologically well posed.

Theorem 6. There exists an optimal control u ¼ fu1;u2;u3;u4g and corresponding

solution P ¼ fS;C; I1;R; I2; I3;T1; I4; I5;T2g to the state initial value problem (27)

and that (28) minimizes J ðu1;u2;u3;u4Þ over U.
Proof. To prove this theorem, we attend to the conditions of Fleming and Rishel's

theorem in [10] which needs satisfaction of the following conditions

(i) The set of all solutions P ¼ fS;C; I1;R; I2; I3;T1; I4; I5;T2g of system (27)

with corresponding control functions in U of the objective function (28) is

non-empty.

(ii) The state system can be written as a linear function of the control variables

with coe±cients dependent on time and the state variables.

(iii) The integrand J in (28), where

Jðt;P;uÞ ¼ A1C þA2I1 þ A3I2 þA4I3 þ A5T1 þ A6I4 þ A7I5 þ A8T2 þ
1

2

� ðW1u
2
1 þW2u

2
2 þW3u

2
3 þW4u

2
4Þ

is convex on U and that there exists a positive constant " > 1 and positive

numbers p1; p2 such that Jðt;P;uÞ � p1ju1;u2;u3;u4j" � p2.

If the state equations are continuous and its solutions are bounded and

Lipschitz in the state variables, then there is a unique solution corresponding to

every admissible control U: Furthermore, the total population is bounded below

by a positive number N0, above by �=� and all state variables which are a

partition of the total population are bounded. Thus, it is the same as showing

boundedness of the partial derivatives with respect to state variables in sys-

tem (27). Condition (i) is thus completed. Condition (ii) is attested

to ensuring that the state equations on controls u1;u2;u3 and u4 are linearly

dependent [1, 11].

In justifying of condition (iii), we note that any constant, linear and quadratic

functions are convex [2, 11]. To prove the bound on J, observe that W4u
2
4 � W4.
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Since u4 2 ½0; 1�, we have

) 1

2
W4u

2
4 �

W4

2
� 0:

It follows that,

Jðt;P;uÞ ¼ A1C þ A2I1 þ A3I2 þ A4I3 þ A5T1 þA6I4 þ A7I5 þA8T2 þ
1

2

� ðW1u
2
1 þW2u

2
2 þW3u

2
3 þW4u

2
4Þ;

� 1

2
ðW1u

2
1 þW2u

2
2 þW3u

2
3 þW4u

2
4 �W4Þ: ð30Þ

From (30), we have

Jðt;P;uÞ � min
W1

2
;
W2

2
;
W3

2
;
W4

2

� �
ðu2

1 þ u2
2 þ u2

3 þ u2
4Þ �

W4

2

¼ min
W1

2
;
W2

2
;
W3

2
;
W4

2

� �
jjðu1;u2;u3;u4Þjj2 �

W4

2
: ð31Þ

Therefore

Jðt;P;uÞ � p1jðu1;u2;u3;u4Þj" � p2;

where p1 ¼ minðW1

2 ; W2

2 ; W3

2 ; W4

2 Þ; p2 ¼ w4

2 and " ¼ 2 which completes the proof.

4.3. Characterization of an optimal control

Then necessary conditions that an optimal control problem (27) must satisfy are now

derived from Pontryagin's maximum principle [15], also applied in [13]. By this

principle we obtain a Hamiltonian H de¯ned as

H ¼ A1C þ A2I1 þ A3I2 þ A4I3 þ A6T1 þ A6I4 þA7I5 þ A8T2 þ
1

2

X4
1

Wiu
2
i

þ Y1

dS

dt
þ Y2

dC

dt
þ Y3

dI1
dt

þ Y4

dR

dt
þ Y5

dI2
dt

þ Y6

dI3
dt

þ Y7

dT1

dt
þ Y8

dI4
dt

þ Y9

dI5
dt

þ Y10

dT2

dt
;

¼ A1C þ A2I1 þ A3I2 þ A4I3 þ A6T1 þ A6I4 þA7I5 þ A8T2 þ
1

2

X4
1

Wiu
2
i

þ Y1ð�þ �RðtÞ � ðð1� u1Þ�1ðtÞ þ ð1� u3Þ�2ðtÞ þ �ÞSðtÞÞ þ Y2ðð1� u1Þ’
� �1ðtÞSðtÞ � ðð1� u3Þ�2 þ � þ ðu2 þ 	Þ þ �ÞCðtÞÞ þ Y3ðð1� u1Þð1� ’Þ
� �1SðtÞ þ �CðtÞ � ðð1� u3Þ�2 þ ðu2 þ 
Þ þ �þ �1ÞI1ðtÞÞ þ Y4ððu2 þ 
ÞI1ðtÞ
þ ðu2 þ 	ÞCðtÞ � ðð1� u3Þ�2 þ � þ �ÞRðtÞÞ þ Y5ðð1� u3Þ�2SðtÞ
þ ð1� u3Þ�2RðtÞ � ðð1� u1Þ�1 þ ðu4 þ �1Þ þ �1 þ �ÞI2ðtÞÞ þ Y6ð�1I2ðtÞ
� ðð1� u1Þ�1 þ ðu4 þ �2Þ þ �þ �2ÞI3ðtÞÞ þ Y7ððu4 þ �1ÞI2ðtÞ þ ðu4 þ �2Þ
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� I3ðtÞ þ �T2 � �T1ðtÞÞ þ Y8ðð1� u3Þ�2ðCðtÞ þ I1ðtÞÞ þ ð1� u1Þ�1I2ðtÞ
� ð�2 þ ðu2 þ u4 þ �3Þ þ �þ �1ÞI4ðtÞÞ þ Y9ðð1� u1Þ�1I3ðtÞ þ �2I4ðtÞ
� ððu2 þ u4 þ �4Þ þ �þ �3ÞI5ðtÞÞ þ Y10ððu2 þ u4 þ �3ÞI4ðtÞ
þ ðu2 þ u4 þ �4ÞI5ðtÞ � ð�þ �ÞT2ðtÞÞ; ð32Þ

where Yi; i ¼ 1; 2; 3; . . . ; 10 are adjoint variable functions.

Theorem 7. Given u�
i , the set of optimal controls and P ¼ ðS �;C �; I �

1 ;R
�; I �

2 ; I
�
3 ;

T �
1 ; I

�
4 ; I

�
5 ;T

�
2 Þ being associated to solutions that minimize J over U, then there exists

adjoint variables YP such that

dYP

dt
¼ � @H

@P
; adjoint conditions; ð33Þ

YPðtfÞ ¼ 0; transversality conditions: ð34Þ
Furthermore

@H
@ui

¼ 0 at u�
i ¼ 0; optimality conditions: ð35Þ

Proof. The result follows from a direct application of a version of Pontryagin's

maximum principle for bounded controls [15, 21]. The di®erential equations

governing the adjoint variables are obtained by di®erentiation of Hamiltonian

function (32). Then the adjoint system can be written as follows:

dY1

dt
¼ � @H

@S
;

dY2

dt
¼ � @H

@C
;

dY3

dt
¼ � @H

@I1
;

dY4

dt
¼ � @H

@R
;

dY5

dt
¼ � @H

@I2
;

dY6

dt
¼ � @H

@I3
;

dY7

dt
¼ � @H

@T1

;
dY8

dt
¼ � @H

@I4
;

dY9

dt
¼ � @H

@I5
;

dY10

dt
¼ � @H

@T2

:

ð36Þ

Equation (36) leads to the following system

dY1

dt
¼ Y1ðð1� u1Þ�1 þ ð1� u3Þ�2Þ � ðY2’þ Y3ð1� ’ÞÞð1� u1Þ�1

�Y5ð1� u3Þ�2;

dY2

dt
¼ �A1 þ ðY1 � Y2’Þð1� u1Þ!�1

S

N
þ Y2ðð1� u3Þ�2 þ � þ u2 þ 	þ �Þ

�Y3 ð1� u1Þð1� ’Þ!�1

S

N
þ �

� �
� Y4ðu2 þ 	Þ þ ððY5 � Y8ÞI2

þðY6 � Y9ÞI3Þð1� u1Þ!�1

1

N
� Y8ð1� u3Þ�2;
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dY3

dt
¼ �A2 þ ðY1 � Y2’� Y3ð1� ’ÞÞð1� u1Þ�1

S

N
þ Y3ðð1� u3Þ�2 þ u2 þ 


þ�þ �1Þ � Y4ðu2 þ 
Þ þ ððY5 � Y8ÞI2 þ ðY6 � Y9ÞI3Þ�1

1

N
� Y8ð1� u3Þ�2;

dY4

dt
¼ �Y1� þ Y4ðð1� u3Þ�2 þ � þ �Þ � Y5ð1� u3Þ�2;

dY5

dt
¼ �A3 þ Y1

S

N
þ Y2

C

N
þ Y3

I1
N

þ Y4

R

N

� �
ð1� u3Þ�2 þ Y5ðð1� u1Þ�1 þ u4

þ �1 þ �1 þ �Þ � Y5

S

N
þ R

N

� �
ð1� u3Þ�2 � Y6�1 � Y7ðu4 þ �1Þ

�Y8 ð1� u3Þ�2

C

N
þ I1

N

� �
þ ð1� u1Þ�1

� �
;

dY6

dt
¼ �A4 þ Y1

S

N
þ Y2

C

N
þ Y3

I1
N

þ Y4

R

N

� �
ð1� u3Þ�2�2 þ Y6ðð1� u1Þ�1

þ u4 þ �2 þ �þ �2Þ � Y5

S

N
þ R

N

� �
ð1� u3Þ�2�2 � Y7ðu4 þ �2Þ

�Y8

C

N
þ I1

N

� �
ð1� u3Þ��2 � Y9ð1� u1Þ�1;

dY7

dt
¼ �A5 þ Y7�;

dY8

dt
¼ �A6 þ ðY1 � Y2’� Y3ð1� ’ÞÞð1� u1Þ#1�1

S

N
þ ðY1 � Y5Þ

S

N
þ ðY4 � Y5Þ

�

� R

N
þ ðY2 � Y8Þ

C

N
þ ðY3 � Y8Þ

I1
N

�
ð1� u3Þ�2�1 þ ðY5 � Y8Þ

I2
N

�

þðY6�Y9Þ
I3
N

�
#1�1 þ Y8ð�2 þ u2 þ u4 þ �3 þ �þ �1Þ

�Y9�2 � Y10ðu2 þ u4 þ �3Þ;
dY9

dt
¼ �A7 þ ðY1 � Y2’� Y3ð1� ’ÞÞð1� u1Þ#2�1

S

N
þ
�
ðY1 � Y5Þ

S

N

þðY4 � Y5Þ
R

N
þ ðY2 � Y8Þ

C

N
þ ðY3 � Y8Þ

I1
N

�
ð1� u3Þ�2�3

þ ðY5 � Y8Þ
I2
N

þ ðY6 � Y9Þ
I3
N

� �
#2�1 þ Y9ðu2 þ u4 þ �4 þ �þ �3Þ

�Y10ðu2 þ u4 þ �4Þ;
dY10

dt
¼ �A8 � �Y7 þ Y10ð�þ �Þ;

ð37Þ
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with transversality conditions

YiðtfÞ ¼ 0 for i ¼ 1; 2; . . . ; 10: ð38Þ
The time varying controls are determined by taking the partial derivative of the

Hamiltonian equation (32) with respect to ui for i ¼ 1; 2; 3; 4. Thus

@H
@u1

¼ W1u1 þ ðY1 � ’Y2 � ð1� ’ÞY3Þ�1S þ ðY5 � Y8Þ�1I2 þ ðY6 � Y9Þ�1I3;

@H
@u2

¼ W2u2 þ ðY4� Y2ÞC þ ðY4 � Y3ÞI1 þ ðY10 � Y8ÞI4 þ ðY10 � Y9ÞI5;
@H
@u3

¼ W3u3 þ ðY3 � Y5Þ�2S þ ðY2 � Y8Þ�2C þ ðY3 � Y8Þ�2I1 þ ðY4 � Y5Þ�2R;

@H
@u4

¼ W4u4 þ ðY7 � Y5ÞI2 þ ðY7 � Y6ÞI3 þ ðY10 � Y8ÞI4 þ ðY10 � Y9ÞI5:
ð39Þ

From the optimality conditions (35), we get

u�
1 ¼ maxf0;minf1; �1gg;

u�
2 ¼ maxf0;minf1; �2gg;

u�
3 ¼ maxf0;minf1; �3gg;

u�
4 ¼ maxf0;minf1; �4gg;

ð40Þ

where

�1 ¼
�2ðSððY2’þ Y3ð1� ’Þ � Y1Þ þ I2ðY8 � Y5Þ þ I3ðY9 � Y6ÞÞ

W1

;

�2 ¼
CðY2 � Y4Þ þ I1ðY3 � Y4Þ þ I4ðY8 � Y10Þ þ I5ðY9 � Y10Þ

W2

;

�3 ¼
�2ðSðY5 � Y3Þ þ CðY8 � Y2Þ þ I1ðY8 � Y3Þ þ RðY5 � Y4ÞÞ

W3

;

�4 ¼
I2ðY5 � Y7Þ þ I3ðY6 � Y7Þ þ I4ðY8 � Y10Þ þ I5ðY9 � Y10Þ

W4

:

Thus the optimality system formed is given as follows:

dSðtÞ
dt

¼ �þ �RðtÞ � ðð1� u1Þ�1ðtÞ þ ð1� u3Þ�2ðtÞ þ �ÞSðtÞ;
dCðtÞ
dt

¼ ð1� u1Þ’�1ðtÞSðtÞ � ðð1� u3Þ�2 þ � þ ðu2 þ 	Þ þ �ÞCðtÞ;
dI1ðtÞ
dt

¼ ð1� u1Þð1� ’Þ�1SðtÞ þ �CðtÞ � ðð1� u3Þ�2 þ ðu2 þ 
Þ þ �þ �1ÞI1ðtÞ;
dRðtÞ
dt

¼ ðu2 þ 
ÞI1ðtÞ þ ðu2 þ 	ÞCðtÞ � ðð1� u3Þ�2 þ � þ �ÞRðtÞ;
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dI2ðtÞ
dt

¼ ð1� u3Þ�2SðtÞ þ ð1� u3Þ�2RðtÞ � ðð1� u1Þ�1 þ ðu4 þ �1Þ þ �1 þ �ÞI2ðtÞ;
dI3ðtÞ
dt

¼ �1I2ðtÞ � ðð1� u1Þ�1 þ ðu4 þ �2Þ þ �þ �2ÞI3ðtÞ;
dT1ðtÞ
dt

¼ ðu4 þ �1ÞI2ðtÞ þ ðu4 þ �2ÞI3ðtÞ þ �T2ðtÞ � �T1ðtÞ;
dI4ðtÞ
dt

¼ ð1� u3Þ�2ðCðtÞ þ I1ðtÞÞ þ ð1� u1Þ�1I2ðtÞ � ð�2 þ ðu2 þ u4 þ �3Þ

þ�þ �1ÞI4ðtÞ;
dI5ðtÞ
dt

¼ ð1� u1Þ�1I3ðtÞ þ �2I4ðtÞ � ððu2 þ u4 þ �4Þ þ �þ �3ÞI5ðtÞ;
dT2ðtÞ
dt

¼ ðu2 þ u4 þ �3ÞI4ðtÞ þ ðu2 þ u4 þ �4ÞI5ðtÞ � ð�þ �ÞT2ðtÞ;
dY1

dt
¼ Y1ðð1� u1Þ�1 þ ð1� u3Þ�2Þ � ðY2’þ Y3ð1� ’ÞÞð1� u1Þ�1

�Y5ð1� u3Þ�2;

dY2

dt
¼ �A1 þ ðY1 � Y2’Þð1� u1Þ!�1

S

N
þ Y2ðð1� u3Þ�2 þ � þ u2 þ 	þ �Þ

�Y3 ð1� u1Þð1� ’Þ!�1

S

N
þ �

� �
� Y4ðu2 þ 	Þ þ ððY5 � Y8ÞI2

þðY6 � Y9ÞI3Þð1� u1Þ!�1

1

N
� Y8ð1� u3Þ�2;

dY3

dt
¼ �A2 þ ðY1 � Y2’� Y3ð1� ’ÞÞð1� u1Þ�1

S

N
þ Y3ðð1� u3Þ�2 þ u2 þ 


þ�þ �1Þ � Y4ðu2 þ 
Þ þ ððY5 � Y8ÞI2 þ ðY6 � Y9ÞI3Þ�1

1

N
� Y8ð1� u3Þ�2;

dY4

dt
¼ �Y1� þ Y4ðð1� u3Þ�2 þ � þ �Þ � Y5ð1� u3Þ�2;

dY5

dt
¼ �A3 þ Y1

S

N
þ Y2

C

N
þ Y3

I1
N

þ Y4

R

N

� �
ð1� u3Þ�2 þ Y5ðð1� u1Þ�1

þ u4 þ �1 þ �1 þ �Þ � Y5

S

N
þ R

N

� �
ð1� u3Þ�2 � Y6�1 � Y7ðu4 þ �1Þ

�Y8 ð1� u3Þ�2

C

N
þ I1

N

� �
þ ð1� u1Þ�1

� �
;

dY6

dt
¼ �A4 þ Y1

S

N
þ Y2

C

N
þ Y3

I1
N

þ Y4

R

N

� �
ð1� u3Þ�2�2

þY6ðð1� u1Þ�1 þ u4 þ �2 þ �þ �2Þ � Y5

S

N
þ R

N

� �
ð1� u3Þ�2�2
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�Y7ðu4 þ �2Þ � Y8

C

N
þ I1

N

� �
ð1� u3Þ��2 � Y9ð1� u1Þ�1;

dY7

dt
¼ �A5 þ Y7�;

dY8

dt
¼ �A6 þ ðY1 � Y2’� Y3ð1� ’ÞÞð1� u1Þ#1�1

S

N
þ ðY1 � Y5Þ

S

N

�

þðY4 � Y5Þ
R

N
þ ðY2 � Y8Þ

C

N
þ ðY3 � Y8Þ

I1
N

�
ð1� u3Þ�2�1

þ ðY5 � Y8Þ
I2
N

þ ðY6 � Y9Þ
I3
N

� �
#1�1 þ Y8ð�2 þ u2 þ u4 þ �3 þ �þ �1Þ

�Y9�2 � Y10ðu2 þ u4 þ �3Þ;
dY9

dt
¼ �A7 þ ðY1 � Y2’� Y3ð1� ’ÞÞð1� u1Þ#2�1

S

N
þ ðY1 � Y5Þ

S

N

�

þðY4 � Y5Þ
R

N
þ ðY2 � Y8Þ

C

N
þ ðY3 � Y8Þ

I1
N

�
ð1� u3Þ�2�3

þ ðY5 � Y8Þ
I2
N

þ ðY6 � Y9Þ
I3
N

� �
#2�1 þ Y9ðu2 þ u4 þ �4 þ �þ �3Þ

�Y10ðu2 þ u4 þ �4Þ;
dY10

dt
¼ �A8 � �Y7 þ Y10ð�þ �Þ:

ð41Þ

5. Sensitivity Analysis and Numerical Simulations

5.1. Sensitivity analysis

Sensitivity analysis is done to explore which parameters are in°uential in bringing

the disease to an end or in disease proliferation based on the basic reproduction

number. The method in [9] is used to determine the sensitivity index of the basic

reproduction number R0 with respect to a parameter p as �R0
p ¼ @R0

@p � p
R0

: The

sensitivity analysis of R0 is computed based on R0
P and R0

H since

R0 ¼ maxfR0
P ;R0

Hg:

�
R 0

H

�2
¼ @R0

H

@�2

� �2

R0
H

¼ 1 > 0;

�
R 0

H

�2
¼ @R0

H

@�2
� �2
R0

H

¼ �2�1

�2 þ �þ �2 þ �2�1

> 0;

�
R 0

H
�2 ¼ @R0

H

@�2
� �2
R0

H

¼ ��2�1�2
ð�þ �2 þ �2Þð�þ �2 þ �2 þ �2�1Þ

< 0;
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�
R 0

H
�1 ¼ @R0

H

@�1
� �1
R0

H

¼ ��1
�1 þ �þ �1

< 0;

�
R 0

H
�2 ¼ @R0

H

@�2
� �2
R0

H

¼ ��2�1�2
ð�þ �2 þ �2Þð�þ �2 þ �2 þ �2�1Þ

< 0;

�
R 0

H
� ¼ @R0

H

@�
� �

R0
H

¼ ��ðð�þ �2 þ �2Þ2 þ �2�1ð�1 þ 2�þ �1 þ �2 þ �2ÞÞ
ð�1 þ �þ �1Þð�þ �2 þ �2Þð�þ �2 þ �2 þ �2�1Þ

< 0;

�
R 0

P

�1
¼ @R0

P

@�1

� �1

R0
P

¼ 1 > 0;

�
R 0

P

 ¼ @R0

P

@

� 


R0
P

¼ �
ð�1 � ’ð�þ 	ÞÞ
�2ð�1 þ ’ðð!� 1Þ�þ ð
þ �1Þ!� 	ÞÞ < 0;

�
R 0

P
� ¼ @R0

P

@�
� �

R0
P

¼ ��

�
1

�2

þ 1

�1

� ð1� ’Þ þ !’

’ð� þ !�2Þ þ ð1� ’Þ�1

�
< 0;

�
R 0

P
�1 ¼ @R0

P

@�1
� �1
R0

P

¼ ��1ð�1 � ’ð�þ 	ÞÞ
�2ð�1 þ ’ðð!� 1Þ�þ ð
þ �1Þ!� 	ÞÞ < 0;

�RP 0
	 ¼ @R0

P

@	
� 	

R0
P

¼ �	’ð!�2 þ �Þ
�1ð�1 þ ’ðð!� 1Þ�þ ð
þ �1Þ!� 	ÞÞ < 0;

�
R 0

P
! ¼ @R0

P

@!
� !

R0
P

¼ !’�2

’ð� þ !�2Þ þ ð1� ’Þ�1

> 0:

The parameters displaying positive indices lead to increased value of R0 and

increasing these parameter values increases the burden of Pneumonia, HIV/AIDS

and their co-infection. Comparably, parameters with negative indices are important

in reduction of R0 and increasing these parameter values can be strategic in

eradication of Pneumonia, HIV/AIDS and their co-infection. It is observed

that the Pneumonia-spreading rate �1, the HIV-spreading rate �2 and

treatment rates 	, 
�1; �2; �3 and �4 are the most sensitive parameters, and inter-

ventions should focus on reducing the disease spread rates and increase the treatment

rates.

5.2. Numerical simulations

In this section, the optimal control problem (41) is solved numerically using the for-

ward and backward Runge–Kutta scheme coded in MATLAB program. For simula-

tion purposes, the parameter values in Table 2 costs A1 ¼ 20;A2 ¼ 25;

A3 ¼ 36;A4 ¼ 40;A5 ¼ 55;A6 ¼ 30;A7 ¼ 35;A8 ¼ 54 and weights W1 ¼ 20;W2 ¼
15;W3 ¼ 10;W4 ¼ 8 are used. The initial conditions used are Sð0Þ ¼ 30; 000;Cð0Þ ¼
2000; I1ð0Þ ¼ 1050;Rð0Þ ¼ 150; I2ð0Þ ¼ 800; I3ð0Þ ¼ 750;T1ð0Þ ¼ 300; I4ð0Þ ¼ 250;

I5ð0Þ ¼ 150;T2ð0Þ ¼ 150. Single intervention schemes do not give promising results as

already evidenced in [29]. Therefore, the following combination strategies of the
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optimal system (41) are numerically simulated:

(a) Using all intervention e®orts (u1 6¼ 0;u2 6¼ 0;u3 6¼ 0;u4 6¼ 0).

(b) Prevention e®ort and screen-treat e®ort for Pneumonia (u1 6¼ 0;

u2 6¼ 0;u3 ¼ 0;u4 ¼ 0).

(c) Prevention e®ort and screen-treat e®ort for HIV/AIDS (u1 ¼ 0;

u2 ¼ 0;u3 6¼ 0;u4 6¼ 0).

(d) Screening and treatment e®orts for both Pneumonia and HIV/AIDS (u1 ¼ 0;

u2 6¼ 0;u3 ¼ 0;u4 6¼ 0).

(e) Prevention e®ort for both Pneumonia and HIV/AIDS (u1 6¼ 0;

u2 ¼ 0;u3 6¼ 0;u4 ¼ 0).

5.2.1. Control with all intervention strategies

All intervention strategies u1;u2;u3 and u4 are utilized in the combat against

Pneumonia and HIV/AIDS co-infection. The results are manifested in Fig. 2 and

conclusively, the output shows that a combination of all controls curtails the co-

infection burden. About 92% of the HIV-Pneumonia and 93% of AIDS-Pneumonia

co-infected individuals of the initial populations are averted in a period of two years

as estimated from Fig. 2.

5.2.2. Control with prevention, screening and treatment e®orts against pneumonia

The controls u1 and u2 are employed and their contribution is hinged on elimination

of Pneumonia among co-infected individuals as portrayed in Fig. 3. Figure 3 further

estimates that about 52% of HIV-Pneumonia and 40% of AIDS-Pneumonia co-

infected individuals are averted in two years.

Fig. 2. E®ect of all intervention strategies on Pneumonia and HIV/AIDS co-infectives.
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5.2.3. Control with prevention, screening and treatment e®orts against HIV/AIDS

A combination strategy with controls u3 and u4 is taken on and Fig. 4 conveys that

the co-infected individuals are on the decrease. It is estimated that 52% of HIV-

Pneumonia and 26% of AIDS-Pneumonia co-infected individuals are averted in two

years when strategy (c) is ¯elded.

5.2.4. Control with screening and treatment against both pneumonia and HIV/AIDS

Treatment e®orts u2 and u4 against Pneumonia and HIV/AIDS are implemented

here. Figure 5 displays moderate and steady reduction in the number of co-infected

individuals. In the presence of strategy (d), about 84% of HIV-Pneumonia and 73%

of AIDS-Pneumonia co-infected individuals are averted in two years.

Fig. 3. E®ect of u1 and u2 on Pneumonia and HIV/AIDS co-infectives.

Fig. 4. E®ect of u3 and u4 on Pneumonia and HIV/AIDS co-infectives.
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5.3. Control with prevention e®orts against both pneumonia

and HIV/AIDS

A combination of prevention strategies u1 and u3 reveals a decrease in the co-infected

cases as seen in Fig. 6. With strategy (e), about 28% of HIV-Pneumonia and 10% of

AIDS-Pneumonia co-infected individuals of the initial populations are averted in two

years.

6. Conclusion

Pneumonia is a highly opportunistic infection a®ecting mainly the immunocom-

promised individuals and thus HIV infected individuals have an increased risk of

Fig. 5. E®ect of u2 and u4 on Pneumonia and HIV/AIDS co-infectives.

Fig. 6. E®ect of u1 and u3 on Pneumonia and HIV/AIDS co-infectives.
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infection, severe symptoms, re-infection and death due Pneumonia. The ability of

Pneumonia to stay dormant in individuals and its wide geographical coverage is yet

another factor that increases the probability of its interaction with HIV/AIDS.

A mathematical model of Pneumonia and HIV/AIDS is constructed and extended

to include time varying controls. The local and global stability analysis of the sub-

models equilibria is carried out with respect to their underlying basic reproduction

numbers.

Sensitivity analysis of the parameters with respect to the reproduction numbers

emphasizes that maximum e®orts should aim at reducing Pneumonia and HIV

spreading rates and increasing the treatment rates. Therefore, public health e®orts

should concentrate on prevention measures for both HIV/AIDS and Pneumonia, and

further foster early treatment in order to reduce the co-infection burden.

To control the Pneumonia and HIV/AIDS co-infection competently under an

endemic setting, time-dependent controls in the form of Pneumonia prevention,

screening and treatment, HIV/AIDS prevention, screening and treatment are

encompassed in the model and analyzed by Pontryagin's maximum principle to

establish conditions for existence of the optimal control problem and optimality

system for the co-infection model. The numerical simulations portray that each of

the combination schemes have a great contribution towards minimizing the number

of co-infected individuals. It is observed that a combination of all strategies is the

most e®ective scheme of choice in the control of Pneumonia and HIV/AIDS co-

infection. By this result, we recommend that governments and health ministries

invest in educational campaigns aimed at sensitizing communities on the transmis-

sion routes and prevention measures of Pneumonia and HIV/AIDS. Additionally,

screening of both Pneumonia and HIV should be prioritized in high risk communities

and positive tests subjected to instant treatment. In developing countries where

resources might be scarce to adopt all intervention schemes, screening and treatment

e®orts for both Pneumonia and HIV can be maximized to reduce the co-infection

burden. Therefore, the results of this study have permitted a holistic comprehension

of the impact of applying one combination strategy over the other.

The current model can be improved by including new developments in the ¯ght

against HIV/AIDS transmission, for example, Pre-exposure prophylaxis (PrEP) and

Post-exposure prophylaxis (PEP). Pneumonia prevention can also be boosted by

including Pneumonia vaccination for the case of bacterial pneumonia. Most impor-

tantly ¯tting the current model with appropriate real data can improve the

output of the results. Adding these aspects can unquestionably improve our

understanding of the dynamics and control of Pneumonia and HIV/AIDS co-infec-

tion burden.

Data Availability

The data used in support of the study ¯ndings is included in the paper.
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