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A Pneumonia and HIV/AIDS deterministic co-infection model is constructed and utilized to
assess how the dynamics of Pneumonia and HIV/AIDS impact on each other. In order to
summarize the analysis of Pneumonia and HIV/AIDS co-infection model, the analysis of
Pneumonia and HIV/AIDS sub-models is undertaken. The basic reproduction numbers R % for
Pneumonia sub-model, RY for HIV/AIDS sub-model and R, for Pneumonia and HIV/AIDS
co-infection model are computed, the results are then fielded to establish the local and global
asymptotic stabilities of the corresponding models’ equilibrium points. Sensitivity analysis is
done and results reveal that Pneumonia spreading rate, HIV spreading rate and treatment rates
of the infected sub-populations are the most sensitive parameters. The model is further modified
to incorporate intervention schemes, namely Pneumonia prevention, screening and treatment
efforts, HIV/AIDS prevention, screening and treatment efforts in the form of time-dependent
controls. Numerical simulations portray that prevention and treatment of both diseases averts
the biggest numbers of co-infected individuals. However, in a situation when there are scarce
resources to deploy all intervention schemes, a combination of treatment for both diseases
become a scheme of choice in reducing the co-infection burden.
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1. Introduction

Human immunodeficiency virus (HIV) has remained a significant global devastation
even with serious health intervention schemes in opposition to it. The extensive
prevalence of HIV/AIDS has had an impact on increased manifestation of oppor-
tunistic infections such as Tuberculosis, various strains of Pneumonia, Salmonella,
Candidiasis and others. Statistics disclose that approximately 84.2 million have been
infected with HIV and about 40.1 million individuals have lost their lives in relation
to AIDS linked ailments ever since the epidemic began [31]. Of all individuals living
with HIV/AIDS, 95% are in developing countries and the sub-Saharan region has the
biggest share [22]. The major challenge accelerating the HIV infection in the sub-
Saharan sector is that most of the HIV infected individuals do not know their status
and more disturbing, some of those who are aware of their status do not take nec-
essary precautions when engaging in sexual relationships [20].

Pneumonia is recurrent of all opportunistic infections and can be unendurable
among HIV infected individuals as immune system is subdued by the virus [23], and
it is more prevalent in the developing world where HIV is predominant. It can be
fungal which leads to Cryptococcus, Pneumocystis jirovecii and Coccidioides forms
of pneumonia, viral leading to respiratory syncytial virus form of pneumonia and
bacterial which leads to Streptococcus pneumoniae and Haemophilus influenzae type
b forms of pneumonia. Pneumonia spreads through the air when an infected indi-
vidual coughs or sneezes in close range with a susceptible individual. The infection
can be cured through drug administration depending on the causative agent [4], steps
can also be taken to lower one’s risk for contracting the disease by emphasizing good
hygiene, quitting smoking, keeping one’s immune system strong and most valuable
not to contract HIV.

Mathematical modeling has become a valuable gear for gauging the impact of several
intervention schemes on the transmission of infectious diseases within a population.
HIV/AIDS models have been studied with optimal strategies targeting prevention of
HIV infection (through condom use, abstinence, limiting sex partners, Pre-Exposure
Prophylaxis, among others) and treatment of infected individuals [1, 6, 20, 24].

Optimal control analysis of Pneumonia that includes control schemes for Pneu-
monia prevention through education, screening and treatment was studied by
Tilahun [30] and results recommended that for effective management of Pneumonia,
all strategies were to be implemented.

Considerable efforts have been invested to understand the dynamics of HIV/
AIDS and Pneumonia co-infection as studied in [5, 26-29]. The studies [5] and [27]
emphasize the role of treatment at each infectious stage whereas studies in [26] and
[28] investigated the role of treatment and vaccination against pneumonia, and ART
against HIV/AIDS in the control of the co-infection burden. An optimal control
model developed and analyzed in [26] catered for HIV protection through condom
use, Pneumonia protection and treatment of both diseases. The specific optimal
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control studies of Pneumonia and HIV/AIDS co-infection models are infrequent in
literature but other optimal co-infection models for different infection
combinations with HIV/AIDS and Pneumonia have been studied extensively for
example see [12, 13, 16, 22].

This study is comparable to the study in [29] by including HIV and Pneumonia
prevention controls through health education campaigns aimed at sensitizing the public
so as to change the behavior of the susceptible and infected individuals. The controls also
include the screening efforts to help identify the Pneumonia carriers, Pneumonia infected
individuals, HIV infected individuals and AIDS patients in order to subject them to
immediate treatment. The model also considers the compartment for Pneumonia car-
riage, whose role in the spread of Pneumonia is well stipulated in [5]. Furthermore, the
current model considers standard incidence suitable for large and changing populations
as opposed to mass-action incidence form of pneumonia transmission in [29].

Therefore, with respect to the results of the above scrutinized literatures, we
develop a mathematical model that investigates the possible interaction of Pneu-
monia and HIV/AIDS using dynamical systems theory. The intervention schemes
are incorporated and allowed to vary as functions of time and the model aspires to
weigh the effect of different combination intervention schemes on the infected and co-
infected populations.

2. Construction of the Model

In this section, a deterministic mathematical model of Pneumonia and HIV/AIDS
co-infection is constructed. The model constitutes 10 sub-divisions, with the total
population size denoted as N(t). The descriptions of the model sub-divisions are
tabulated in Table 1.

The model construction presupposes that individuals on antiretroviral therapy
(ART) consistently take medication and they have insignificant spreading rate of
HIV since the virus is suppressed by ARTs. It is also presupposed that the HIV-
Pneumonia and AIDS-Pneumonia co-infected individuals have higher transmissi-
bility rates of HIV and Pneumonia infections compared to singly infected individuals.

Table 1. Model sub-divisions.

Sub-division Definition

S(t) Susceptible individuals at likelihood of getting infected with Pneumonia or HIV
C(t) Pneumonia Carriage sub-population capable of transmitting the infection
L(t) Pneumonia-infected individuals, who have active disease and are infectious
R(t) Pneumonia Recovered individuals

L(t) HIV-infected individuals with no clinical symptoms of AIDS

I;(t) HIV-infected individuals with AIDS clinical symptoms

T (¢) Individuals living on HIV/AIDS therapy

Iy(t) Pneumonia and HIV co-infectives

I5(t) Pneumonia and AIDS co-infectives

Ty (¢) Individuals on dual treatment of Pneumonia and HIV/AIDS
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Table 2. Parameters used in the model construction and their description.

Parameter  Definition Value  Source

A Constant susceptible recruitment rate 2000 Assumed

1 Death rate due to other causes other than Pneumonia, AIDS or  0.07 [17]
both

Vy AIDS induced death rate 0.33 [27]

Vs Co-infection induced death rate 0.42 Assumed

1 Rate at which HIV infected individuals are treated 0.20 Assumed

Ty Rate at which AIDS patients are treated 0.13 28]

T3 Dual treatment rate of Pneumonia and HIV co-infected 0.31 Assumed
individuals

T4 Dual treatment rate of Pneumonia and AIDS co-infected 0.23 [27]
individuals

vy Pneumonia induced death rate 0.10 [17]

¢ Transfer rate of Pneumonia carriers to infectives 0.011 [19]

® Fraction of susceptible individuals that join the Pneumonia 0.34 [5]
carriers

T Recovery rate of Pneumonia carriers 0.012 Assumed

v Rate of loss of treatment induced immunity 0.062 [5]

€ Recovery rate of Pneumonia infected individuals 0.2 Assumed

p Likelihood that a contact is efficient enough to cause a 0.89 [30]
Pneumonia infection

c Contact rate with Pneumonia infected individuals 1-10 Assumed

w Coeflicient of transmission for the Pneumonia carrier 0.410 Assumed
individuals

AL Progression rate from I, class to I3 class in the absence of 0.08 [27]
therapy

n Chance that a contact is efficient enough to cause HIV infection  0.075 3]

k Rate of contact with HIV infected individuals 1-5 Assumed

L Pneumonia recovery rate in co-infected individuals 0.12 Assumed

A2 Progression rate from I, class to I class in the absence of 0.3105  Assumed

treatment

The model is further described by the parameter linkages from one sub-division to
another in Table 2.

2.1. Pneumonia and HIV/AIDS dual infection compartmental diagram

2.2. Equations of the model

By variables, parameters described in Tablesl and 2 and compartmental diagram

(Fig. 1), the deterministic co-infection model is obtained as follows:

ds

E:A'f‘VR— (a1 + ay + p)S,
dcC

P e (t)S — (ag + £1)C,

24500006-4
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dl

= (1= Q)8 +£0 — (ay + m)1y,
dR

E = 6]1 + 7TC — (OZQ + /€3)R,

dl

d_t2 = a8 + R — (ay + ¢1) 15,

dl.

2=\ — (g + o),

p
d—tl =111y + 71ol5 + T — plh,

dl

d_t4 =a(C+ L) +ayly — o1y,

dl.

d_t5 =aqly + NIy — 3515,

dT:

CT; =T13dy + 74l5 — 37T,

where k) = (§+ 7+ p) kg = (v +et+p), iy = (Y+ )01 = (T +p+ ), ¢y =
(o + 7y + ), 500 = (Ng + 73 + vy + ), 505 = (0 + p) and s, = (74 + v3 + ). The
Pneumonia acquisition function is given as follows:

ﬂl(w0+11+191]4+192.75)
N(t) ’

a(t) =

I.“"‘l’l l u

Fig. 1. A compartmental diagram for HIV/AIDS and Pneumonia dual infection model.
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where §; = pc is the Pneumonia spreading rate and vy > v}; are customized para-
meters implementing increased infectivity due to dual infection. The HIV acquisition
function is given as follows:

~ Bolly + 611y + 6515 + 6515)
a2(t) - N(t) )

where 35 = nk is the spreading rate of HIV and parameters 03 > 85 > §; are modified
to show that Pneumonia and AIDS co-infected individuals are more infectious of
HIV than AIDS patients and HIV-Pneumonia co-infected individuals due to in-
creased viral load [3, 5].

3. Analysis of the Model

Due to the strong non-linearity of the Pneumonia-HIV /AIDS co-infection model (1),
it is mathematically complex to carry out exhaustive mathematical analysis of the
full co-infection model. Thus the Pneumonia and HIV /AIDS sub-models’ analytical
solutions shall be meticulously analyzed in this section.

3.1. Analysis of Pneumonia only model

The Pneumonia only model happens in the absence of HIV, AIDS and co-infected
individuals in system (1) such that

dsS
—:A+7R—(O{1+M)S,
dt
E = pa; S — K C,
dt
(2)
dIp
o (1—-9)ayS+£C — koI,
dR
o 7C + eI} — K3 R.

3.1.1. Positivity and boundedness of the solutions

The basic properties of Pneumonia only model of system (2) that are a utility in the
study and proofs of stability of system (2) are demarcated. The model properties are
employed to establish the criteria for positivity of solutions and well-posedness of
system (2).

Theorem 1. The feasible solution set of the Pneumonia only model is
mathematically and epidemiologically well-posed in the domain Q, = {(S,C, I}, R) €
RY:N; < %}

Proof. Summing up all equations of system (2) gives

dN,

p7 =A—uNy —vily <A—puNy. (3)
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Separating variables and integrating (3) with initial condition N;(0) = Ny, gives

Ni(t) < %(A — (A = aNyg)e ™). (4)

Taking the limit as t — oo, inequality (4) gives N;(t) < % Therefore, the feasible

solution set of system (2) enters and remains in the region
O ={(S,C,11,R) e RY : Ny < A/u}. .

Lemma 3.1. Let the initial population be {Sy,Cy,I;,, Ry > 0} € Q. Then, the
solution set {S,C, I, R} of system (2) is positive fort > 0.

Proof. In contrast, let there be a time ¢, for which 0 < ¢t < ¢, leading to S(t,) =
0,5"(t,) <0 and S(t) > 0,C(t) > 0,1;(t) > 0, R(t) > 0 or let there be a time ¢, for
which 0 <t <, such that C(t,) =0,C'(t,) <0 and S(t) >0,C(t) > 0,I;(t) >
0, R(t) > 0 or let there be a time t, for which 0 < ¢ < t, such that I;(t.) = 0, I{(t.) <
0 and S(t) > 0,C(t) > 0,1;(¢t) > 0, R(t) > 0 or let there be a time ¢; for which 0 <
t <ty such that R(t;) =0,R'(t;) <0 and S(¢) > 0,C(t) > 0,1;(t) > 0, R(t) > 0.
System (2) becomes

ds(t
I5Ua) _ A 4 3R(t,) (04 + 1)S(E) = A+ 7R(L,) >
dC(t
) p0uS(t) — mC(ts) = pans(t) >0,
dIP(tc) (5)
dt = (1 - (p)als(tc) +&C — HZIl(tc) = (1 - @)als(tc) + go(tu) > 0,
dR(t
% = WC(td) + EII (td) - IigR(td) = WC(td) + Ell(td) > 0,
which is a contradiction and hence S,C,I; and R are non-negative. Thus, the
solutions of Pneumonia only model (2) are non-negative for ¢ > 0. m|

Thus, the model (2) is mathematically and epidemiologically well-posed, and it is
therefore sufficient to study the dynamics of Pneumonia in €2;.

3.1.2. Stability of Pneumonia free equilibrium

This is the event when there is completely no Pneumonia infection in a community,
that is C' = I; = 0 and R = 0 implying that S = % Therefore, the Pneumonia free
equilibrium point symbolized by E% = (59, C°, 1Y R%) is E% = (A/1,0,0,0).

The next-generation matrix method in [32] is used to determine the basic repro-
duction number RY% of system (2). Let G be the matrix of terms leading to the Pneu-
monia infection and V be the matrix of other transfer terms in system (2) such that

o pay S o K C
g‘[(l—so)als} and V_[—£C+n211} ©)

2450006-7
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The Jacobian matrices of G and V evaluated at E% give matrices Gand V, respectively,
as follows:

_ oPw b } _ [“1 0 ]
G = d V= .
1-@)Bw A—p)f] —€ ky

Thus, the Pneumonia basic reproductive number is the dominant eigenvalue of GV !
given as follows:

R =L (gl + ) + (1= o). @

The Pneumonia basic reproductive number is fundamental in stability analysis of
model (2). By Theorem 2 of [32], we have the following result.

Lemma 3.2. The Pneumonia free equilibrium point E?; of system (2) is locally
asymptotically stable if RY% < 1.

By appropriate choice of a Lyapunov function, the following result is established.

Theorem 2. The Pneumonia free equilibrium point EY% is globally asymptotically
stable if RY < 1.

Proof. Let

L:(I)10+(I)2I]_ (8)
be the Lyapunov function which only considers compartments C and I;, with
positive unvarying terms ®; and ®,. Differentiating Eq. (8) and substituting for %
and %, we get
ac
o P (pa1S — £10) + Po((1 = @) S + £C — Ko Iy),

< (1 (pBw — k1) + Po((1 = ) Biw + £))C + (21981 + P2((1 — )81 — Ka)) ],
(9)

for ki = (E+ 7+ p), k0 = (e+v, +p) and N%S 1. Setting @, :% and
fixing ®, > 0, inequality (9) simplifies to

ac

1
=< —C
ar = 2H1K2<cpﬁ1 +

1

0
Mh) (R —1). (10)

It is realized that, % < 0 given that R% < 1. Additionally, % = 0 only when either
C=1I=0or R% =1 is satisfied. This implies that the largest compact invariant
subset of Q; = {S(t),C(t),I;(t),R(t) € R} : £ = 0} is the singleton E} and by
Lasalle’s Invariance Principle [14], E% is globally asymptotically stable in €
provided R% < 1. a
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3.1.3. Stability of Pneumonia endemic equilibrium

The presence of Pneumonia infection in the population leads to the Pneumonia
endemic steady state F'%. Equating the right-hand side of system (2) to zero and
solving, the Pneumonia endemic equilibrium point is obtained as
E% = (S¢,C¢ I7, R?), such that

ge — K1 ke N7

B = @)k + p(wrg +8))’
e — kg kg (ki ke Ny — AB1((1 — )k + p(wky +£)))

= i 7
I = kg (1 — @)ky + &) (k1 ko Ny — AB1 (1 — @)ky + p(wks +§)))

K bl
R¢ = (MKIKQNl - Aﬂl((l ;{¢)K1 + SO(WHZ +€))) (W(PHQ + 6((1 _ @)Hl + 905))7
where

K = B1((1 — p)ky + p&)(proym — Kykgkig + ve((1 — @)ky + ¢E)),
A(K + v 8153(1 — p)ky + 0) (1 — @)ky + p(wks +§)))
pK — vypsg ko kg (1 — @)ky + ¢6) .

le

The uniqueness of the endemic equilibrium point is an important tool in deter-
mining its stability and therefore, it is of essence to carry out bifurcation analysis of
Pneumonia only model.

3.1.4. Bifurcation analysis of Pneumonia only model

Let S = z1,C = 29, I; = z3 and R = z, such that Ny = z; + 25 + 23 + 24. Express the
model variables in the vector notation z = (21, 2s, 23, 24) T such that the Pneumonia
only model is represented as % = (g1, 92, 93, 94), where

dz

d—tlzgl = Atz — (g + p)z,
dZQ

—= =gy = QYO 2] — K12

dt go = P 21 — K129,

. (1)
z
d—;’:ggz(l—w)alz1+§zQ—/~;Qz3,
dZ4 +

—— =gy = T2y + €23 — K32

dt 9a 2 3 324,

B1(wzo+23)

where a; = Zitztagtag
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The Jacobian matrix of system (11) evaluated at E% gives

—U —GLw -5 Y
J(ED) _ 0 pPw — Ky P 0 (12)
? 0 (1-¢)pw+é (I1-9)Bi—kKy O
0 7r € —K3

Making 3, = (7 to be the bifurcating parameter such that we investigate for the case
0 __ : _ K1 K .. . .
Rp = 1. This leads to §; = m The characteristic equation of Jacobian

(12) with 8 = #* and R% = 1 is given as follows:
A+ @)X+ £3)(A+ k1 + £y = B1((1 — ) + w)) = 0. (13)

In reference to Eq. (13), it can be seen that, Jacobian (12) has a simple zero eigen-
value and the remaining eigenvalues are less than zero. Hence, it is enough to adopt
the center manifold theorem [8] in order to confirm the bifurcation direction of model
(11) when R% = 1. The right eigenvector v = (v;,vs,v5,v,)T corresponding to the
zero eigenvalue is computed from J poyv =0 which gives

(k1 — pBiw)vy
0B} ’

v, = (evhi1 — Bi(k1r3 — yo(m — ew)))vy
K3ppB]
(mpB7 + e(ky — pBiw))vy
K3pB] .

) 1)2:'1)2>0, U3 =

Vy =

In the same way, the left eigenvector u = (uq,uy,us, uy) is computed such that
UJ(E;‘,) = 0 which yields

(k1 — pBiw)uy

'LL:O7 Uy = U >0, U3 = -,
1 2 2 3 (1_90)6TW+§

and wuy =0.

The bifurcation constants a and b are computed and summarized as follows:

o i o 0%y —riugvip(ri (1= @) + &) (k1 (4 K3) + 0B (k3 + p) (1 —w) + )

= V. = s

W2y 020z Aprz?B1((1—¢)Biwp+§)

b=§4:ukv 0%fi,  miugua(ky (1 — )+ 9f)

= 0m0pt T Bie(E+ (1—¢)Biw)

(14)

By Eq. (14), a< 0 and b > 0, for the fact that 0 < p,w < 1. We now deduce
from [8] that Pneumonia only model (11) has a forward bifurcation when
RY = 1. Thus, the co-existence of a stable disease-free equilibrium with a stable
endemic equilibrium is not possible in Pneumonia only model. By this fact, we
conclude that the following result holds.

2450006-10
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Theorem 3. The Pneumonia endemic equilibrium E% of system (2) is unique and
locally asymptotically stable if RY% > 1 and close to one.

3.2. Analysis of HIV/AIDS only model

This is only feasible when there are no Pneumonia cases in a given population. Thus,
the co-infection model (1) reduces to the following HIV/AIDS only model

ds
a5 _
dI,
r
RN
dT,

dt

A— (042+M)S,

= @S — P11y,

=111y + 7ol3 — pli,

with ¢ = (71 + A1+ 1), dy = (T + p+12), :52% and %:A—#Nz—
vols.

The feasible region for the HIV/AIDS sub-model (15) is Qy = {(S(¢), I1(¢), I3(¢),
Ti(t) ERY : No(t) < %} which is positively invariant and attracting, that is, the so-
lution starting in 2, will remain in 2, for all£ > 0. Thus, this is enough to consider the
dynamics of model system (15) in €25.

3.2.1. Stability of HIV/AIDS free equilibrium

The HIV/AIDS free equilibrium of model (15) is obtained by solving (15) subject to
dS/dt = dl,/dt = dI3/dt = dTy/dt =0, to get Ey = (S°,13,13,T7) = (4,0,0,0).
By the same method in Sec. 3.1.2, the basic reproduction number corresponding to
EY of model system (15) is determined as follows:
Ba
¢a + 03 A1). 16
o1, P2 T 82M) (16)

From (16), the following result holds.

RY =

Lemma 3.3. The disease-free equilibrium EY of system (15) is locally asympto-
tically stable whenever RY < 1.
The method in [7] is applied to establish the global stability of the HIV/AIDS free
equilibrium EY. First, we represent the model (15) as follows:
dH,

dt = F(HlvHZ),
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dH,
W - G(HlaHZ)a (17)
G(Hlvo) = 07

where H; = S represents HIV free population and H, = (I, I3, T}) represents the
HIV infected populations. The HIV/AIDS free equilibrium is denoted by EY =
(H%,0), where Hf = (%,0,0,0).

Theorem 4. The HIV/AIDS free equilibrium EY is globally asymptotically stable
whenever RY < 1 and the following conditions hold:

(C1) for dgl = F(H,,0), H{ is globally asymptotically stable,
(C2) G(Hy,H,) = AHy-G(H,,H,),G(H,,Hy) >0 for (H,Hy) €Q, and A=
OG(H: 0)
o,

is an M-matriz (the off diagonal elements are non-negative).
Proof. From system (15), it follows that

F(Hy, Hy) = [A — (g + p) S,
QS — @115
G(Hy, Hy) = | (1 =M, — ¢o15
Tl + 7ol — pTy

(18)

For F(H;,0) = [A — uS], as t — oo, then H; — EY that is, S — A/u. Thus there is
convergence in ), implying that (C1) holds.
Evaluating matrix A at EY gives

a(;r(_H-17 H2) ﬁ? - (bl 6ﬁ2 0
A - T . - )\1 *¢2 O ) (19)
2 (H1,0) T1 Ty —W
which leads to

S S

Bolo|1——— )+ 602 3(1——

- N, N,
G(Hy, Hy) = AHy — G(Hy, Hy) = 0 - (20)

0

Clearly from (19), A is an M-matrix and from (20), G(H,, Hy) > 0 since N% <1
implying that (C2) holds. Therefore EY is globally asymptotically stable. O
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3.2.2. Stability of endemic equilibrium point of the HIV/AIDS only model

The HIV/AIDS endemic equilibrium point Ef = (S¢,15,15,T7) is computed by
equating the right-hand side of (15) to zero, such that

ge — Ny¢1 92 Ie — UNo D1 Py — ABo (P 4 65 )1)
Ba(pg + 2 A1) 2 $1B2(p2 + O3N1) ’
76— A (Ny 1 py — ABo (g 4 62 01))
’ $162 B2 (2 + 631 ’
e Nyd1 By — ABo (¢ + 62 )) ( 72>\1>
T —
! w1 Ba(da + b3 A1) n by )’

where

~ ABy (P12 + oA )(dy + 63 \1)

N, = .
? b1 P9 (B2 (Pa 4 69 M1) 4+ o A1)

Lemma 3.4. The endemic equilibrium of HIV/AIDS sub-model (15) is unique
provided that RY > 1.

Proof. For endemicity of HIV/AIDS, we have

dI S
d—tzzﬁz(h +62]3)E_¢)112 >0, (21)
dl.
=3\ — ¢ol3 > 0. (22)
dt
For all t > 0, N% < 1 and thus inequality (21) becomes
Bada I3
I, < . 23
27— B (23)
Substituting for I, in (22) and simplifying results into
1< b (g + 630) = RY.

D162

Therefore, a distinct HIV/AIDS endemic equilibrium point E'f exists if R > 1. O

The uniqueness of the HIV/AIDS endemic equilibrium implies that the HIV/

AIDS sub-model (15) does not exhibit the phenomenon of backward bifurcation, the

co-existence of a stable disease-free equilibrium with a stable endemic equilibrium

does not hold if RY > 1. Therefore, it is valid to conclude that the endemic equi-
librium point EY is both locally and globally stable if RY > 1 [22].

3.3. Analysis of Pneumonia and HIV/AIDS co-infection model

The feasible region for system (1) is given by Q = Q; X ,, where Q; and Q, have
been defined in Secs. 3.1 and 3.2, respectively. The feasible region (2 is positively
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invariant and attracting under the flow induced by system (1). The Pneumonia and
HIV/AIDS co-infection free equilibrium point is given by

A
EO = (SOJ007‘[?7ROﬂIgﬂI§)7T107I27IE?7T20) = <_707070707070707070>' (24)
1

Since the basic reproduction numbers of Pneumonia and HIV/AIDS sub-models
have been derived, the associated reproduction number for the co-infection model (1)
is given by

0
Ry = maX{E,R(}{},

where R = 2 (p(row + &) + (1 — @)ry) and RY = %(% +63A1).

K1Ko

Theorem 5. The Pneumonia and HIV/AIDS co-infection free equilibrium point Fy
of system (1) is locally asymptotically stable ifR(I); < 1land ROH < 1 which implies that
Ry < 1, otherwise unstable.

Proof. The Jacobian matrix of model (1) is established and evaluated at E, to give

- —Hw =5 Y —=Bo —P26y 0 —(B191+261)— (8102 + B265) 0 ]
0 phw—r b 0 0 0 0 oB1Y 0B, 0
0 (1-p)Bw+l (L1-—p)Bi—Ky 0 0 0 0 (I-p)pd (1-9)pdy 0
0 ™ ¢ ks O 0 0 0 0 0
T = 0 0 0 0 Bo—¢1 B0y 0 B261 B203 0
: 0 0 0 0 N -6 0 0 0 0
0 0 0 0 1 Ty —W 0 0 0
0 0 0 0 0 0 0 — 0 0
0 0 0 O 0 0 0 Ay oy 0
| 0 0 0 0 0 0 0 T3 Ty — 3 |

The characteristic polynomial corresponding to Jacobian (25) is

P(0) = (U + p)2(P + £3) (¥ + 50 (U + 565) (¥ + 5¢3) (U2 + ¥ + dy) (P2 + 1y ¥ + hy),  (26)
where dy = k1 4 Ky — B1((1 — @) + ow) >0, dy = K1ko(1 = RY) >0, if RY <1,k = ¢y + do—
By >0, and hy = ¢ (1 — RY) >0, if RY < 1.

It is deduced from (26) that Wy, = —u <0 (repeated), W3 = —k3 <0,¥, =
—y =< 0,U5 = —3y < 0, ¥ = —33 and by Routh-Hurwitz stability criteria [5, 13],
the eigenvalues of characteristic equation W2 + d, ¥ + dy = 0 are negative if d; >
0,d;, > 0and U2 + h; ¥ + hy = 0 are negative if by > 0, h; > 0 which holds only when
RY% < 1and RY < 1, respectively. Therefore by eigenvalue method of stability anal-
ysis, we conclude that all the roots of characteristic polynomial (26) are negative
whenever Ry = max{R% R%} < 1, and thus the co-infection free equilibrium of
system (1) is locally asymptotically stable. m|
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It can be noted that, the dynamics of the co-infection model are driven by that of
its subsequent sub-models. Therefore, since the equilibria of both sub-models are
both locally and globally asymptotically stable, the Pneumonia and HIV/AIDS co-
infection model cannot exhibit the phenomenon of backward bifurcation [22, 25]. It is
therefore valid to conclude that, the disease-free and endemic equilibria of model (1)
exist, are unique, locally and globally asymptotically stable [18].

4. Optimal Control Analysis of the Model

The optimal control model is an extension of the Pneumonia and HIV/AIDS coin-
fection model (1) by including the following four time-dependent controls defined as
follows:

(i) u;: Pneumonia prevention effort that protects susceptibles from contracting
the disease.
(ii) uy: Pneumonia screening and treatment effort to help identify carriers and
infected individuals and treat them.
(iii) ug: HIV prevention effort that protects susceptibles from contracting HIV.
(iv) ug: HIV/AIDS screening and therapy effort to help identify HIV infected
individuals and put them on antiretroviral therapy.

The Pneumonia prevention effort u; can be achieved through health educational
campaigns aimed at increasing awareness of the disease and its diverse effects when
associated with HIV /AIDS, while the screening and treatment effort u, is achieved in
such a way that all positive tests of Pneumonia start on treatment immediately.

The HIV prevention effort us is accomplished through health educational cam-
paigns aimed at informing individuals of the available HIV prevention measures and
sensitize those who are already infected not to recklessly spread the disease. The
HIV/AIDS screening and treatment effort wu, is achieved in a such a way that all
positive tests of HIV start on therapy. Using the same parameters and sub-divisions
in Tables 1 and 2, and incorporating the above controls in model system (1), we get
the extended model as follows:

%Et) = A+AR() = (1 = u)en(t) + (1 = ug)as(t) + 1) S(¢),

%Et) = (I —w)par (t)S(t) — (1 —ug)ag + £+ (up + 1) + p)C(2),

dfcf) = (1 —u)(1 = @)y S(t) + £C (1) — (1 — uz) s + (up + €) + p+ v1) L1 (2),
%it) = (up + )L (t) + (up + m)C(t) — (1 — ug)ag + v + ) R(2),
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dlfl—;t) = (1= ug)ayS(t) + (1 — ug)ayR(t) — (1 = uy)en + (ug +71) + M + p) (1),
%ft) = MD(t) — (1= w)ay + (ug +79) + 1+ ) Iy(8),
) — (gt ) aft) + (s + 7)) + T2(0) — T3 1),
%t(t) = (1 — u)a(C(t) + L (1) + (1 — w)a () — (Ag + (ug +uy +73)
)LL), (27)
djflit) = (1= u)onI3(t) + Ao Iy(t) — ((up +ug + 74) + p + v3)I5(2),
djst(t) = (ug + uy + 73) Ly (t) + (ug +uy + 74)I5(t) — (0 + p)To(2).

4.1. The control problem

In mathematical perspective, for a fixed time tp, the goal is to minimize the objective
function

tp
T (uy, ug, uz, uy) = / <A10+ Aoy + Agly + Ayl + ATy + Agly + Az
0

1< )

where A,,n=1,2,...,8 are cost coefficients and W;,i = 1,2, 3,4 are weight con-
stants. Here, the total cost on a finite time horizon [0, t7] consists of the cost induced
by the disease itself and the cost induced by the control schemes.

In the objective function (28), gT A, Cdt is the cost induced by Pneumonia car-
riers, [ ST A, I dt is the cost induced by Pneumonia infected population, féT A Lydt is
the cost induced by HIV infected population, fST A, Idt is the cost induced by AIDS
patients, féT AgI,dt is the cost induced by HIV-Pneumonia co-infected population ,
féT Ay I5dt is the cost induced by AIDS-Pneumonia co-infected population, féT ATy
dt is the cost for maintaining HIV/AIDS infectives under therapy, féT AgThydt is the

cost induced by individuals under dual treatment and féT%VV,-u?dt is the cost in-

duced by control strategies.
It is assumed that there are practical constraints on the maximum rate at which
individuals may be prevented or treated in a given period of time. Thus we seek
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optimal controls uj,us,u%, u; € U such that

j<u>{7u§?u§7u1) = min \7(“17u27u37u4)5 (29)
Uy ,Ug, Uz, Uy EU
where U = {(uq, uy, uz, uy)}, such that uy, uy, us, u, is Lebesgue measurable on [0, 1]
with 0 < u; < 1,4 =1,2,3,4}.

4.2. The existence of an optimal control

In this subsection, the existence of an optimal control of model system (27) is studied.
The boundedness and positivity of solutions has already been discussed in Sec. 3 and
therefore system (27) is mathematically and epidemiologically well posed.

Theorem 6. There exists an optimal controlu = {uy, uy, us, uy} and corresponding
solution P ={S,C,I,,R, I, I3, T\, I, I5s, Ty} to the state initial value problem (27)
and that (28) minimizes J(uy, Uy, us, uy) over U.

Proof. To prove this theorem, we attend to the conditions of Fleming and Rishel’s
theorem in [10] which needs satisfaction of the following conditions

(i) The set of all solutions P = {S,C,I,, R, I,, I3, T}, 1, I5,T,} of system (27)
with corresponding control functions in U of the objective function (28) is
non-empty.

(if) The state system can be written as a linear function of the control variables
with coefficients dependent on time and the state variables.

(iii) The integrand J in (28), where

1
Jt,Pu)= A\C+ AL + AsTy + Ayl + ATy + Agly + Ar Iy + AgTh +§
X (Wlu% + qug + W3’LL:2), + W4U;Z)

is convex on U and that there exists a positive constant € > 1 and positive
numbers p;, py such that J(¢, P, u) > p;lu, ug, ug, uy|® — po.

If the state equations are continuous and its solutions are bounded and
Lipschitz in the state variables, then there is a unique solution corresponding to
every admissible control U. Furthermore, the total population is bounded below
by a positive number N, above by A/u and all state variables which are a
partition of the total population are bounded. Thus, it is the same as showing
boundedness of the partial derivatives with respect to state variables in sys-
tem (27). Condition (i) is thus completed. Condition (ii) is attested
to ensuring that the state equations on controls w;,us,u3 and u, are linearly
dependent [1, 11].

In justifying of condition (iii), we note that any constant, linear and quadratic
functions are convex [2, 11]. To prove the bound on J, observe that W,u3 < W,.
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Since uy € [0,1], we have

W4u 1—
It follows that,

1
J(t,P,u) = A10+ Ale =+ A3]2 + A4Ig + A5T1 + AGI4 =+ A7I5 + AgTQ +§
X (Wyui 4+ Wyus + Wyuj + Wyud),

1
> o (Wiui + Waus + Wyud + Wyul — W), (30)
From (30), we have
(W Wy, Wy W, W,
J(t,P,u) > min (71;72’73774)( ui +uj 4 uj + uf) _74
. (W Wy Wy W, W,
= min (%5 52 T v w7 - 56D
Therefore
J(t,P,u) > p1|(u1,u2,u37u4)|5 — P2,
where p; = min(% , % , % , %), py = 5+ and € = 2 which completes the proof. 0O

4.3. Characterization of an optimal control

Then necessary conditions that an optimal control problem (27) must satisfy are now
derived from Pontryagin’s maximum principle [15], also applied in [13]. By this
principle we obtain a Hamiltonian H defined as

1 4
H = A10+ AQII =+ A3]2 + A4Ig 4+ A6T1 + A614 + A7I5 + A8T2 =+ 5 ZVVluf

dl,
+y1 —|—:))2 +y3 at —1—3)4 +y5 dt yﬁ at +y7 dt + Vs— a

dI5 dT2
+Vo— p7 +Vio— PR

14
= A C+ Ay + Azly + Ay Iy + AgTh + Agly + Arls + AgTh + ) Z Wiu?

+ V1A +yR(t) — (1 —up)aq(t) + (1 — ug)ay(t) + p)S(t)) + y2((1 —uy)p
x ar(t)S(t) — (1 —ug)ay + &+ (ug +m) + p)C(t)) + Vs((1 — ) (1 — )
x a1S(t) +EC(t) — (1 —ug)ay + (ug +€) + p+ v1) 11 (1) + Val(ug + €)11(¢)
+ (uy + m)C(t) — (1 —ug)ay + v+ p)R(t)) + V5((1 — uz)aS(t)

+ (1 —ug)apR(t) — (1 —uy)ay + (ug +71) + Ay + ) Io(t)) + Ve (M L(t)

— (1 —w)ayg + (ug +79) + pp+ v9)I3(t)) + V7 ((ug + 71) L (t) + (ug + 72)
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x I3(t) + Ty — pTy(t) + Vs ((1 — ug)an(C(t) + 11 (1)) + (1 — uy)an Ir(t)

— (Ao + (ug tug +73) + p+v1)14(#) + Vo (1 — ) I3(t) + A 1y(t)

— ((ug +uy +74) + p+v3) (1) + Vip((ug + ug + 73)14(2)

+ (ug + ug +79)I5(t) — (L + w)Ta(1)), (32)

where Y;,i =1,2,3,...,10 are adjoint variable functions.

Theorem 7. Given u?, the set of optimal controls and P = (S*,C*, I, R*, I, I},
T, 15,1%,T5) being associated to solutions that minimize J over U, then there exists
adjoint variables Yp such that

d
% = —g—g, adjoint conditions, (33)
Vp(ty) =0, transversality conditions. (34)
Furthermore
0
auH =0 atwu; =0, optimality conditions. (35)

Proof. The result follows from a direct application of a version of Pontryagin’s
maximum principle for bounded controls [15, 21]. The differential equations
governing the adjoint variables are obtained by differentiation of Hamiltonian
function (32). Then the adjoint system can be written as follows:

Wy oW Y, OH A% oM AV oM dVy oM

d 9SS’ 4  oC’ dt oI, dt QR dt 9L’

Ve  OM  dY;  OH dVs  OH dYy  OH dYy  OH

dt oL’ 4t  on, dt oI, dt  ol; dt = 0Ty
(36)

Equation (36) leads to the following system

% = V(1 —up)a; + (1 —uz)ay) — (Vo + V3(1 — ) (1 — uy)oy

—V5(1 —ug)as,

4y,

S
7 —Ay + (V1 = Vo) (1 — Ul)‘“@ﬁ + Vo (1 —ug)ay + &4 ug + 7+ )

-V ((1 —up)(1 - @)w@%‘f' 5) — Va(ug +m) + (V5 — Ve) I

+ (Vs = Vo) I3)(1 — up)wpy % = Vs(1 — ug)ay,
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O A+ (1~ Do = Va1 — )L~ )y e+ V(1 — )y + g e
Fpt ) = Val + ) (V5 = V) (Vs = )I5)fa = Va1~ ug)as,

% = V17 + Vul(1 = ug)ag + v+ p) — V5(1 — ug)as,

% = A+ (JA +a gy Ciwh N TV N)(l —ug)0y + Vs5((1 — )y +uy
+Ti+H M ) = Vs <Ji + ]]\%[) (1 —u3)By — VoA — Vr(ug +71)
y8<(1u3)52<f[ f\}) (1u1)a1>,

Db — At (M Ve + Ve 4 i) (- )t 4 (1 - e
g+ vs) = Vs <%+%>(1 — 3)Baby — Vil + 1)

(g + 35 0w = 91 =

% = —A5 + Vi,

B = Ayt (= Vg = D= )1 w90 e 0= %)
x %4‘ (Vs — ys)%"i‘ (Vs — ys)%) (1—ug)Ba6; + ((34, - ys)%

+ (V6—s) )19151 + Vs(Ag +ug +uy + 75+ p+ 1)
— Vo Ay — Vig(ug + ug + 73),

B = Aot 0= Ve - Ml ) - w4 (0 -0y
+ (Ve yg,)% + (2 - ys)g + (Vs - yg)l—]\l,) (1 — ug)Ba0s
(= D)5+ O = D) )81+ s+ w7y v
— Vio(ug + uy + 74),

Do _ =+ Vet ),

(37)
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with transversality conditions
yi(tf):() fori=1,2,...,10. (38)

The time varying controls are determined by taking the partial derivative of the
Hamiltonian equation (32) with respect to wu; for ¢ = 1,2,3,4. Thus

OH
duy Wiy + (V1 — 9Ys = (1 = 9)V3)anS + (Vs — Vs)an Ly + (Vs — Vo) I,
OH
T, = Wete + 4= D2)C+ s = Vo)l + V1o = Vo)L + V1o = Do),
0
8_2 = Wy + (Vs = ¥5)aoS + (Vo = V)€ + (Vs = Vo)ao Ty + (Vs = Vs)az R,
OH
u, = Wata+ (7 = V)l (Ve = Yo)ls + Vo = Y)la + Vo = Vo) s
(39)
From the optimality conditions (35), we get
ui = max{0, min{1, ¢ }},
uy = max{0, min{1, ¢} }, (40)

u} = max{0, min{1, ¢3}},
U’Z = maX{O, min{la ¢4}}7

where
b1 = @y (S(Vap + V3(1 =) = V1) + (Vs — V5) + 13(Vg — V)
1 — Wl )
by = CVy = Vi) + L(YV3 — Vi) + Li(Vs — V1g) + I (Vo — V1p)
2 — WQ )
by = @y (S(Vs = V3) + C(Vs = Vo) + (Vs — V3) + R(Vs5 — Vy))
3 — W3 )
b, = L(YVs — V) + I5(Vs — V7) + 1,(Vs — Vig) + 15(Vy — Vi)
1= W, .
Thus the optimality system formed is given as follows:
S
A5 AR~ (L~ w)ay(8) + (L~ wg)au(t) + 1)S(0),
O _ (1 o (D5(8) — (1~ wa)ews + € + (4 ) + p)O(E),
d
I (1)1 - 9)onS() + €00) — (1~ w)o + (g + ) + 1+ w)4(8),
RO — (g + OL0) + ( + 1)) — (1~ w)ag +7 + WD),
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= (L —ug)pS(t) + (1 —ug)an R(t) — (1 — wy)an + (ug + 71) + A + p)Ix(2),

= ML) = (T —uy)ag + (ug +72) + p + 1) I3(2),

— = (uy + 1) () + (uy + 79)3(2) + (To(t) — pTy(2),

= (L= ug)ax(Ct) + L () + (1 — uy)on Ip(t) — (Ap + (ug + uy + 73)

+p+ VI)I4(t)7

= (1 —u)og I3(t) + ALy (t) — ((ug +ug + 74) + p+ v3)I5(1),

E) oty g )y (8) + (g + g + ) I(8) — (o + ) Ta(0),

—= = Vi((1 —u)ag + (1 —ug)ay) — (Vo + Vs(1 — ) (1 — uy)ey

4y,
dt

Vs
dt
a5
dt

4y

a

- yS(l - u3)a27

S
= —A; + (V1 = Vo) (1 — uy)wpy ~ 7t Vo((1 —ug)ay + &+ ug + 7+ )
S
-V ((1 —up)(1 = p)wpy ﬁ+ §> — Va(uy + 1) + (V5 — Vs) I
O = PI)(1 — )y o~ V(1 — )

S
= Ay + (V1 = Voo = Vs5(1 — ¢))(1 — ul)ﬂlﬁ + V3 ((1 —ug)ay +uy + €

1
Futvy) = Valug +€) + (Vs = Vs) I + (Vs — Vo) I3) 51 N Vs(1 = ug)ay,

= =1y + Va1 —ug)ag + v+ p) — V5(1 — ug)ay,
S C I R
= —A;+ (3}1N+3}2N+y3ﬁ1+ y4ﬁ>(1 —u3)fy + V5 ((1 —uy)oy

S R
Fug+ T+ AN A p) — y5<N N

C I
(- (g + - wa),
S I R
—As+ (ylﬁer?N’L ysﬁl—F y4ﬁ) (1 —u3)Ba0s

)(1_U3)ﬂ = Ve M — Vr(ug +71)

S R
+V6((1 —up)ag +ug + 1o+ p+v5) = Vs (N N>(1 — ug)B20,
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I
—Vr(ug +79) — ys( 1)(1113)552379(1“1)0417

N N
d
% = _A5+y7ﬂl7
d S g
% = —Ag+ (V1 =Yoo = Vs(1 = 9))(1 —w)th fr o5 + ((yl V)
R
Vi o) (Vy = Ye) o+ (Vs = %) )(1 )b
I
+ ((y5 - yS)NQ'i' (Vs — Vo) )ﬂlﬁl + V(Ao +ug +uy + 73+ p+14)
—VoAy — Vio(ug + ug + 73),
d S g
% = —Ar+ (1 = Voo = V3(1 = @)L —w)0a 51 5 + (m - V)
R C I
Q= Vi) 5+ D= V) 5+ O —yg)ﬁl)(l — up)Bobs
I
+ ((y5 - yB)ﬁ2+ (Y6 — Vo) >192ﬁ1 + Vo(us +uy + 74+ p+v3)
—Vio(ug +uy +74),
d:c);tm = —Ag — V7 + Vit + ).
(41)
O

5. Sensitivity Analysis and Numerical Simulations
5.1. Sensitivity analysis

Sensitivity analysis is done to explore which parameters are influential in bringing
the disease to an end or in disease proliferation based on the basic reproduction
number. The method in [9] is used to determine the sensitivity index of the basic
reproduction number R, with respect to a parameter p as A;a“‘ = a;; R . The
sensitivity analysis of R, is computed based on RY% and RY since

Ry = max{R% RY}.
RY _ ORY  Bs

AT = x——=1>0,
B2 00 ROH
AR‘;I _ aROH w22 62 62)\1 O
0 862 RH 72+M+1/2+(52)\1
AR — ORy 72 _ —6y M1 <0,

oy RY  (n+ve+7To)(u+ve+ T2+ 62N)
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AR R, n_ Th
ory Ry M+u+m

AZUH = aROH *V—%: 752)\1]/2 < 07
vy RY  (u+ve+ 7o) (+ vy + To 4+ 037)

AZ\’,UH _ aROH*LO: _,Uz((,u+7-2+l/2)2+52>\1()\1+2[1,+7'1+I/2+7'2)) <07
o Ry (M A+ p+ 7)) (1 vo + 7o) (1 + vg + To + 62 0)

RY 873% b1
ARP = 2130
o 05 Ry |
0 J— —

AR 87313*%: €(r1 — p(p + 7)) <0,
de  RY  kKo(ky +o((w—1)p+ (e +v))w—))
ORY 1 1 1-—

ARY = P*LOZ_M(_JF__ (L—p) twp )<o,
op  Rp Ky K1 @(§+wky) + (1 — @)k

ARY 573%*”_10: —v1(k1 — @(p + 7)) <0,
o Rp  ka(kr+o((w—1pu+ (e+v)w—m))

0

ARro — IR P *L(): —mp(wrs + §) <0,
o *RY " w9 — Vit (e + v)o— 7))

ARb = Rb, @ it > 0.
dw " RY T (€4 why) + (1 - p)m

The parameters displaying positive indices lead to increased value of R, and
increasing these parameter values increases the burden of Pneumonia, HIV/AIDS
and their co-infection. Comparably, parameters with negative indices are important
in reduction of R, and increasing these parameter values can be strategic in
eradication of Pneumonia, HIV/AIDS and their co-infection. It is observed
that the Pneumonia-spreading rate [3;, the HIV-spreading rate [, and
treatment rates m, €7y, 79,73 and 7, are the most sensitive parameters, and inter-
ventions should focus on reducing the disease spread rates and increase the treatment
rates.

5.2. Numerical simulations

In this section, the optimal control problem (41) is solved numerically using the for-
ward and backward Runge-Kutta scheme coded in MATLAB program. For simula-
tion purposes, the parameter values in Table 2 costs A; =20, A, = 25,
Az =36,A, =40, A5 =55, Ag = 30, A; = 35, Ay = 54 and weights W, =20, W, =
15, W53 = 10, W, = 8 are used. The initial conditions used are S(0) = 30,000, C(0) =
2000, I;(0) = 1050, R(0) = 150, I,(0) = 800, I5(0) = 750,77 (0) = 300, I,(0) = 250,

I5(0) = 150, T5(0) = 150. Single intervention schemes do not give promising results as
already evidenced in [29]. Therefore, the following combination strategies of the
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optimal system (41) are numerically simulated:

(a) Using all intervention efforts (u; # 0,uy # 0,us # 0,uy # 0).

(b) Prevention effort and screen-treat effort for Pneumonia (u; #0,
Uog # O,U3 = 0,’U,4 = O)
(c) Prevention effort and screen-treat effort for HIV/AIDS (u; =0,

uy = 0,ug # 0,uy # 0).
(d) Screening and treatment efforts for both Pneumonia and HIV/AIDS (u; = 0,
uy # 0,uz = 0,uy # 0).
(e) Prevention effort for
uy = 0,ug # 0,uy = 0).

and HIV/AIDS (u; #0,

both  Pneumonia

5.2.1. Control with all intervention strategies

All intervention strategies wu;,us,us and wu, are utilized in the combat against
Pneumonia and HIV/AIDS co-infection. The results are manifested in Fig. 2 and
conclusively, the output shows that a combination of all controls curtails the co-
infection burden. About 92% of the HIV-Pneumonia and 93% of AIDS-Pneumonia
co-infected individuals of the initial populations are averted in a period of two years
as estimated from Fig. 2.

5.2.2. Control with prevention, screening and treatment efforts against pneumonia

The controls u; and u, are employed and their contribution is hinged on elimination
of Pneumonia among co-infected individuals as portrayed in Fig. 3. Figure 3 further
estimates that about 52% of HIV-Pneumonia and 40% of AIDS-Pneumonia co-
infected individuals are averted in two years.
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Fig. 2. Effect of all intervention strategies on Pneumonia and HIV/AIDS co-infectives.
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5.2.3. Control with prevention, screening and treatment efforts against HIV/AIDS

A combination strategy with controls us and u, is taken on and Fig. 4 conveys that
the co-infected individuals are on the decrease. It is estimated that 52% of HIV-
Pneumonia and 26% of AIDS-Pneumonia co-infected individuals are averted in two
years when strategy (c) is fielded.

5.2.4. Control with screening and treatment against both pneumonia and HIV/AIDS

Treatment efforts u, and u, against Pneumonia and HIV/AIDS are implemented
here. Figure 5 displays moderate and steady reduction in the number of co-infected
individuals. In the presence of strategy (d), about 84% of HIV-Pneumonia and 73%
of AIDS-Pneumonia co-infected individuals are averted in two years.
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Fig. 4. Effect of uy and u, on Pneumonia and HIV/AIDS co-infectives.
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5.3. Control with prevention efforts against both pneumonia
and HIV/AIDS

A combination of prevention strategies u; and us reveals a decrease in the co-infected
cases as seen in Fig. 6. With strategy (e), about 28% of HIV-Pneumonia and 10% of
AIDS-Pneumonia co-infected individuals of the initial populations are averted in two
years.

6. Conclusion

Pneumonia is a highly opportunistic infection affecting mainly the immunocom-
promised individuals and thus HIV infected individuals have an increased risk of
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infection, severe symptoms, re-infection and death due Pneumonia. The ability of
Pneumonia to stay dormant in individuals and its wide geographical coverage is yet
another factor that increases the probability of its interaction with HIV/AIDS.

A mathematical model of Pneumonia and HIV /AIDS is constructed and extended
to include time varying controls. The local and global stability analysis of the sub-
models equilibria is carried out with respect to their underlying basic reproduction
numbers.

Sensitivity analysis of the parameters with respect to the reproduction numbers
emphasizes that maximum efforts should aim at reducing Pneumonia and HIV
spreading rates and increasing the treatment rates. Therefore, public health efforts
should concentrate on prevention measures for both HIV/AIDS and Pneumonia, and
further foster early treatment in order to reduce the co-infection burden.

To control the Pneumonia and HIV/AIDS co-infection competently under an
endemic setting, time-dependent controls in the form of Pneumonia prevention,
screening and treatment, HIV/AIDS prevention, screening and treatment are
encompassed in the model and analyzed by Pontryagin’s maximum principle to
establish conditions for existence of the optimal control problem and optimality
system for the co-infection model. The numerical simulations portray that each of
the combination schemes have a great contribution towards minimizing the number
of co-infected individuals. It is observed that a combination of all strategies is the
most effective scheme of choice in the control of Pneumonia and HIV/AIDS co-
infection. By this result, we recommend that governments and health ministries
invest in educational campaigns aimed at sensitizing communities on the transmis-
sion routes and prevention measures of Pneumonia and HIV/AIDS. Additionally,
screening of both Pneumonia and HIV should be prioritized in high risk communities
and positive tests subjected to instant treatment. In developing countries where
resources might be scarce to adopt all intervention schemes, screening and treatment
efforts for both Pneumonia and HIV can be maximized to reduce the co-infection
burden. Therefore, the results of this study have permitted a holistic comprehension
of the impact of applying one combination strategy over the other.

The current model can be improved by including new developments in the fight
against HIV/AIDS transmission, for example, Pre-exposure prophylaxis (PrEP) and
Post-exposure prophylaxis (PEP). Pneumonia prevention can also be boosted by
including Pneumonia vaccination for the case of bacterial pneumonia. Most impor-
tantly fitting the current model with appropriate real data can improve the
output of the results. Adding these aspects can unquestionably improve our
understanding of the dynamics and control of Pneumonia and HIV/AIDS co-infec-
tion burden.

Data Availability
The data used in support of the study findings is included in the paper.
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