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Abstract

We explore cosmological perturbations in a modified Gauss-Bonnet f(G) gravity, using a 143
covariant formalism. In such a formalism, we define gradient variables to get perturbed linear
evolution equations. We transform these linear evolution equations into ordinary differential
equations using a spherical harmonic decomposition method. The obtained ordinary differen-
tial equations are time-dependent and then transformed into redshift dependent. After these
transformations, we analyse energy-density perturbations for two fluid systems, namely for a
Gauss-Bonnet field-dust system and for a Gaus-Bonnet field-radiation system for three different
pedagogical f(G) models: trigonometric, exponential and logarithmic. For the Gauss-Bonnet
field-dust system, energy-density perturbations decay with increase in redshift for all the three
models. For the Gauss-Bonnet field-radiation system, the energy-density perturbations decay
with increase in redshift for all of the three f(G) models for long wavelength modes whereas for
short wavelength modes, the energy-density perturbations decay with increasing redshift for
the logarithmic and exponential f(G) models and oscillate with decreasing amplitude for the
trigonometric f(G) model.

keywards: f(G) gravity; Covariant formalism; Cosmological perturbations.

1 Introduction

The discovery of cosmic acceleration [1, 2, 3] motivated enormously the long way to achieve
the current standard model in Cosmology. This model called ACDM still relies on general
relativity with a cosmological constant, to account for such acceleration and, a hypothetical
cold dark matter. The success of this model relies on its ability to describe a wide range of
different cosmological observations with the most important in this context to be: the spec-
trum of fluctuations in the cosmic microwave background (CMB), the clustering of galaxies, the
gravitational lensing observables, the formation and distribution of large scale structures, the
Big Bang Nucleosynthesis (BBN) [3, 4, 5, 6, 7, 8, 9]. However, the standard model of cosmology
(ACDM) has suffered with the explanation of the cause of the acceleration of the expansion of
the universe at least without inclusion of cosmological constant. Moreover, there are important
open questions in active theoretical and observational cosmology such as the horizon problem,



the flatness problem, the monopole problem, the origin and fate of the universe, the formation
of the primordial universe, the inhomogeneity and anisotropy of the universe [10, 11, 12, 13],
the way cosmological perturbations and primordial fluctuations of the early universe produced
the large scale structures, and how the astropysical objects such as stars, galaxies were formed
and how they have evolved [14, 15, 16, 17, 18].

The current concordance cosmological (A CDM) model [19] assumes that the universe had
to go through different epochs such as inflation, radiation-dominated, matter-dominated and
dark energy-dominated. The decay of energy-density perturbations with an increase in red-
shift is the main reason behind the inhomogeneity and large scale structure formation of
the universe. There are different literatures for both GR [20] and modified gravity theories
[21, 22, 23, 24, 11, 25, 26, 27, 28] talking about cosmological perturbations. However, we can
study different aspects of cosmology in modified theories of gravity including f(G) gravity.
[11] studied cosmology of modified Gauss-Bonnet gravity and showed how the f(G) models
are highly constrained by cosmological data. In this work, the study of cosmological perturba-
tions in modified Gauss-Bonnet f(G) gravity using a 1+3 covariant formalism is the main focus.

In this context, we define the gradient variables of Gauss-Bonnet fluid in addition to the gra-
dient variables of the physical standard matter fluids to derive the perturbation equations. For
further analysis, we use the quasi-static approximation where we compare very slow temporal
fluctuations in perturbations of both Gauss-Bonnet energy-density and momentum with the
fluctuations of matter energy-density, as such, we neglect the time derivative terms of the fluc-
tuations of Gauss-Bonnet energy-density and momentum.

Moreover, we consider different pedagogical models namely,

fi(G) = \;‘—C% arctan(%)—oz)\\/@ 26], fo(G) = —M3A(1—a exp~©0) [29] and f3(G) = In(a %)
[30] for analysis. Finally, we analyse the growth of energy-density perturbations with redshift for
both f(G) = G and f(G) gravity approaches. The energy-density perturbations in a Gauss-
Bonnet-dust system decay with increase in redshift for all the three models. For radiation-
dominated universe, the energy-density perturbtions for long wavelength modes decay with
increase in redshift for all the three models whereas the energy-density perturbations for short
wavelength modes decay with increase in redshift for all the three models and oscillate with a

decreasing amplitude for the trigonometric model.

The roadmap of this paper is as follow: In the following section, we review the 1 + 3 covariant
formalism within an f(G) gravity framework. We derive the linear evolution equations for mat-
ter and Gauss-Bonnet perturbations in Section 3 whereas in Section 4, we explore second-order
evolution equations. In Section 5, we apply the harmonic decomposition method for scalar
perturbation equations where partial differential equations are reduced to ordinary differential
equations. Section 6 is devoted to matter energy-density fluctuations in f(G) gravity. In Sec-
tion 7, we apply the redshift transformation method, and we then consider specific pedagogical
f(G) models and numerical results in Section 8. In Section 9, we discuss our results which
finally leads to the conclusion in Section 10.

The adopted spacetime signature is (—, +, +, +) and unless stated otherwise, we use a,b... =
0,1,2,3 and 87Gy = ¢ = 1, where Gy is the gravitational constant and c is the speed of light
and we consider Friedmann-Robertson-Walker (FRW) space-time background.



2 The 1+ 3 covariant formalism in f(G) gravity theory

The main idea behind the 1 + 3 covariant formalism is to make spacetime splits of physical
quantities with respect to the 4-velocity u® of an observer.

Some authors like [31] considered perturbations of several quantities like the energy-density
parameter, expansion parameter and those of curvature and [18] applied the 1 + 3 covariant
formalism to study linear perturbation in general relativity and f(R) gravity. In f(G) gravity,
we study the 1+ 3 covariant linear perturbation under FRW background. We divide spacetime
into foliated hypersurfaces with constant G (where G is the Gauss-Bonnet parameter) and a
perpendicular 4-vector field in the vicinity of f(G) gravity theory. We decompose the cosmo-
logical manifold (M, g) into the submanifold (M, h) with a perpendicular 4-velocity field vector
u®. The 4-velocity field vector u® is defined as

dx®
u® = 1
cay (1
where 7 is the proper time such that u®u, = —1. The metric g, is related to the projection
tensor hgp, via:
Gab = hab — UgUp.- (2)

Here, the parallel projection tensor is defined as

Ul = —uguy = UUS = UL, U = 1, ugpu’ = uy, (3)
and the orthogonal projection tensor as

Bap = Gap + Ugty = h2hE = b, h% = 3, hgu® = 0. (4)

The tensor uj projects parallel to the 4-velocity vector u® and the hy is responsible for the metric
properties of instantaneous restspaces of observers moving perpendicularly with 4-velocity u®.
The derivatives also follow with respect to those projectors. The covariant time derivative (for
a given tensor T%) is given as

T3 = us T (5)

The action of modified f(G) gravity is given by

S =5 [ oV=AHG) + D) ©)

where k = 871G is a constant, f(G) is a differentiable function of the Gauss-Bonnet term and
L is lagrangian. The Gauss-Bonnet term is given by

G = R* — 4R, R" + R, R, (7)

where R, R,, and R, are the Ricci scalar, Ricci tensor and Riemann tensor respectively.
Varying this action with respect to the metric g, gives modified Einstein field equations.

Einstein field equations of GR provide a specific way in which the metric is determined from the



content of the spacetime. The information about the content is contained within the energy-
momentum tensor Ty,. Einstein field equations of GR relate Gy, and Ty, linearly [32],

Gab = 87TGNTab, (8)
with !
Gab = Rab - égabRa (9)

the Einstein tensor obtained after combining the Ricci tensor and Ricci scalar. In the 1 + 3
approach, the kinematic quantities which are obtained from irreducible parts of the decomposed
Valp are given as [28]

~ 1
Va U = Volp — Ugliy = gehab + Oab + Wap — Uglp, (10)

where 6 = @au“ is the volume expansion rate of the fluid, with 6 = 3H, o4 = §<aub> is the
symmetric, trace-free rate of shear tensor (o = o(ap), ot =0, 0% = 0) and describes the
rate of distortion of the fluid flow, and wy, = @[aub] is the skew-symmetric vorticity tensor
(Wap = W[ap), waptt® = 0), describing the rotation of the fluid relative to a non-rotating frame.
The relativistic acceleration vector a, = u, = ua;bub represents the effects of non-gravitational
forces (such as pressure) and vanishes for a particle moving under gravitational or inertial
forces. The representative length scale is the cosmological scale factor a(7) defined in terms of
the expansion # and the hubble parameter H(7) as

S_t-m (11)

These are the quantities that tell us about the overall spacetime kinematics, it means the ex-
pansion, shear and vorticity of the fundamental worldlines.

The matter energy-momentum tensor 7y, is also decomposed with the 1+ 3 covariant approach
and it is given as [33, 34]

Ty = pugUpy + Gathy + UaQp + Phap + Tap, (12)

where p = T utub is the relativistic energy density, ¢* = —T,,u’h® is the relativistic momentum
density (energy flux relative to u® ), p = %(Tabh“b) is relativistic isotropic pressure and m,, =
T.ah¢(ahd) is the trace-free anisotropic pressure of the fluid (7¢ = 0,7, = W(ab),ﬂ'abub = 0).
These are the dynamical quantities obtained from the energy-momentum tensor. The energy—
momentum tensor for the perfect fluid can be recovered by setting (g, = 7, = 0) and that
tensor T, leads to

Tab = PUyUp + phab, (13)

where the equation of state (EoS) for perfect fluid is p,, = wp,. The trace of the energy
momentum tensor above is given by

T=T1;=3p—0p, (14)
which is used in the derivation of evolution equations.

In the effective energy-momentum tensor approach, the Einstein field equations preserve their
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forms, but the dynamical quantities should be replaced with the effective total p'* = p™ + p©,
p° = p™ + p in which a superscript G means the contribution from the Gauss-Bonnet cor-
rection. We present the modified Einstein field equations in the form

1
Gap = Rap = 5901 = STGNTY = 8rGN (T + TS). (15)

We assume that the non-interacting matter fluid (p = p,, + pg) with Gauss-Bonnet fluid in the
entire universe and the growth of the matter energy density perturbations have a significant
role for large scale structure formation. We define gradient variables for matter fluids and
Gauss-Bonnet fluids in the next subsection in order to derive evolution equations.

2.1 Matter fluids

Considering a homogeneous and isotropic expanding (FRW) cosmological background, let us
define spatial gradient variables such as those of energy density and the volume expansion of
the fluid as

XCL = %algm' (16)
Then from this quantity, we can define the following gauge invariant variable
D(Zn = g)(a = g%zygmu (17)
p p

here m is not a running index, it only specifies matter. The ratio 2 helps to evaluate the
magnitude of energy density perturbations relative to the background.

Further, we define another quantity [21, 35], the spatial gradient of the volume expansion
Z, = axy,0. (18)

These two gradient variables define comoving fractional density gradient and comoving gradient
of the expansion respectively and can in principle be measured observationally [22].

2.2 Gauss-Bonnet fluids

Analogously to the 1 + 3 cosmological perturbations treatment for f(R) gravity theory, let
us define extra key variables resulting from spatial gradient variables which are connected
with the Gauss-Bonnet fluids for f(G). We define two other gradient variables G, and G,
that characterize perturbations due to Guass-Bonnet parameter G and its momentum G and
describe the inhomogeneities in the gauss-Bonnet fluid

ga = (Z@QG, (19)

and .
G, =aV,G. (20)

All these gradient variables defined in Eq. 17 through to Eq. 20 shall be considered to develop
the system of cosmological perturbation equations for f(G) gravity in the (1 + 3) covariant



formalism. Moreover, for each non-interacting fluid, the following conservation equations for
the energy momentum tensor

p = —9(p+p), (21)
Vb + (p+ p)itg = 0, (22)

hold, and for non-interacting fluids, we consider the equation of state to be

p=wp, (23)

where w is the equation of state parameter. We also consider the propagation equation for

expansion

. ~ 1 1
Q_Vaua:_ge_i(p—i_?)p)a (24)

which is the Raychaudhuri equation [36] for which it is the basic equation of gravitational
attraction. This equation can be obtained from the decomposition of the Riemann tensor and
make use of Einstein equations. The term p+3p represents the active gravitational mass density.
We use the set of equation Eq. 17 through to Eq. 24 to derive linear evolution equations in
the next subsection.

3 Linear evolution equations for matter and Gauss-Bonnet
fluid perturbations

3.1 General equations

In this section, we derive first order linear evolution equations for the defined gradient variables.
In the energy frame of matter fluid, these evolution equations for the cosmological perturbations
are given as

Dm = — (1 4+ w) Zy + 6wD™. (25)

This equation is also obtained in many works such as [18, 37] and it depicts how the expansion
hinders the growth of the density perturbations.

The linear evolution equation for comoving volume expansion

. w w
Zy=——r ;D" —— Q) D™+ G, + {f” 0
o= D (ko 0) D +{f( +or - G)
o 20°G 3GG 46°G 20°G\ | [ ( +9_2+1—3w
3 20 3 3 1662 T 6 g Pm
. 20°G? 20 9 1
—f+Gf—Tf) 1692}ga+{ Pm — & +4—02—2—0

49G2 P 892G 3GG 49G 9GG
—f - "+ f (

0 Tz T 3 202 >}Z‘“ (26)

is obtained by taking into account the trace part of the Einstein’s field equations and that of
energy momentum tensor.



The derivation of evolution equation for G, is straightfoward and yields

Ga = Ga (1 +w)G Dy (27)

Finally, we obtain the evolution equations for G, by taking the spatial gradient of the trace
equation

. 3(1=3w) Py 6 9G _f"G 1 21 3.,
Go =A{ 4 ng//}Da {g 463 2f// }Ga+{92f// 3202 5/

021G 62 3(1—3w) 3. 3 .. o\ 3.
Tep\Tne 1 1 o TGS GO ) =gt
3 9 . G2f"’“ 27 3(1—3w)pm 3, 3.,
NET T }ga”ezf/f(‘@‘wa‘@Gf)
G 27 .

—§+4—94GG}Za+aGua. (28)

We get the linear evolution equations (Eq. 25 through to Eq. 28) after differentiating the
gradient variables (Eq. 17 through to Eq. 20) with respect to cosmic time and make use of
linear covariant identity for any scalar quantity f,

.. h- .
<Vaf) = Vaf - §Vaf + fua7 (29)
and linealized form of the propagation equations (Eq. 21, Eq. 22 and Eq. 24).

Eq. 26 through to Eq. 28 are new, together with Eq. 25, they describe the evolution of
the gradient variables and inhomogeneities in the matter for a general f(G) theory of gravity.

3.2 Scalar decomposition

The vector gradient variable equations described are general evolution equations of the per-
turbations, but only scalar part of the gradient variables are understood to play a key role
in matter clustering and hence in structure formation. The linear temporal scalar evolution
equations are therefore given as

A™ = —(1 +w)Z + whA™, (30)
this equation has been obtained in the work done in [18] and [37].
: wo o ~2 wo 403 1
Z - - Am _ m o Am I 24 —fn " I
o (ot ) AT fG+{2f +17(0f - G)
L 20°G  3GG  46*G 260G I 1 ( N 0_2 L 1-3uw
3 20 3 3 Iz 1692 g Pm
. 20°G2 20 9 1
—f+Gf—Tf> S e T

f

4062, (802G  3GG 460G 9GG
— f+f(9+282—3 Y >}Z(>



G=G- TGA’" (32)

and

. 3(1-3w) pm wo o 9G _f"G 1 27 3,
G= — AN R G -
e TR T g e g e Y

f/// 27 G 62 3(1—311}) 3 3 / 212, 3 /
02 f" 3292_4_ 4 pm+2f—2Gf+G9f _29f
+—202G—_493 - f,, }g {92f// (_863_T+5 __Gf)
G

Eq. 31 through to Eq. 33 are new. To get the above linear scalar evolution equations, we
extract the scalar part of the vector gradient variables using scalar decomposition method then
make their temporal derivatives. For further analysis, we derive second order linear evolution
equations in the next subsection.

4 Second order linear evolution equations

We obtain a set of second order linear evolution equations from equations Eq. 25 through to
Eq. 33 by making the second derivative of gradient variables with respect to cosmic time. This
has advantage of simplifying the equations and make them manageable. After differentiating
Eq. 30 and making little algebra, we have

- ~2 1—3w 20 9 1 49G2
A" = wy Am+{TPm—§+@——f —f -

f,, (892G 3GG 406G 9GG

f//l

— whIAm + {(1 2wl
o T o 3 29>+ FA™ + {(1 +w) pm + 2w

1—3w 20 9 1 49G2 o 802G 3GG
e A U AR S
140G 9GG : 46% . 1
3 2—92) — 4wd* G} (—wh) }A™ — (1 + w)—f”g —(1+w) {f"(§
) W [(20°G 3GG 40°G 20°G\ | f” 6>
Or -G+ ( 3 20 3 3 ) f”(1692+_
1 — 3w 92G2 "



and after differentiating Eq. 32 and making little algebra, we have

.1 1_3(1—310),0 3, 3 G
9=1\gpm (_863 2 f Gf ) + 4519
: 1 - 3(1—3w) Prm 2w 1 27
+wG}(_1+w)A +1{ 4 €2f//_1+ G+{92f”<_893
3(1—3w)pm 3, 3, _ZG @R Am
o Tl ¢ 3 eGG g f”}(1+w)}

0_9G _ "G 27 NG e
R VT s {92f” (3292 f) ARy
3(1 — 3w) 3 9 4 G2

e S e ! Y202 pi1ry i
Pm+2f 2Gf + G0 f ) f +292 463 f

1. (35)

Eq. 34 and Eq. 35 are new. These are scalar gradient variables ( Eq. 30 through to Eq.
35) we take as input to study the energy density fluctuations in different fluid systems namely
Gauss-Bonnet field-dust system and Gauss-Bonnet field-radiation system after applying the
harmonic decomposition method of these variables in the next section.

5 Spherical harmonic decomposition

The spherical harmonic decomposition approach is used to get eigenfunctions with the corre-
sponding wavenumber for a harmonic oscillator differential equation after applying separation
of variables to that second order differential equation. The above evolution equations can be
taken as a coupled system of harmonic oscillator of the form [33]

X 4+ A X + A X = A5(YY), (36)

where Ay, Ay and Aj represent damping (friction) term, the restoring force term and the source
forcing term respectively. A key assumption in the analysis of the equation here is that we can
apply the separation of variables technique such that

X =) XMt).Qulx), (37)

and

Y =) VH1).Qul(x), (38)

where () are the eigenfunctions of the covariant Laplace-Beltrami operator such that

~ 2 K .
Ve@=--5, (39)
and the order of harmonic (wave number) k is given as
2
k= (40)

where A is the physical wavelength of the mode. This equation represents the relationship
between the wavenumber to a cosmological scale. The eigenfunctions () are time-independent,

9



that means Q(z) = 0.

This method has been extensively used for 1 4 3 covariant linear perturbations , for exam-
ple in the works done in [33, 38, 39]. In this way, the evolution equations can be converted
into ordinary differential equations at each mode k separately. Therefore, the analysis becomes
more easier when dealing with ordinary differential equations rather than the partial differential
equations. After harmonic decomposition, Eq. 30 through to Eq. 35 can be rewritten in the
following form

Ak = —(1+w)Z" + wAE (41)
(the same result can be obtained in the works done in [18, 37].)
e L +—4)A f”G’“+{f” +0f G
“\lrwa2 T 11w
L 20°G  3GG  46°G 260G f’”( N 6? Ll=sw ;
3 20 3 3 7160 " 6 9 Pm
20°G? 1— 3w 20 9

T R T [ C - o

3 e

G 40G> 80°G  3GG 4G  9GC
o " " . Zk 49
+ 20 3 o ( 9 + 202 3 202 > } (42)
'k Gk _ W AF 4
g 1+ wG " (43)

: 3(1 = 3w) pm W oAk 0 9G _f"G. ., 1 (27 3
k‘: _ = —
=TT e Tt i T O T G (e

o216 02 3(1—3w) 303 .. ..\ 3,
Tep\Tne 1 PR VA S AR 207
3 9% .  GAfv. . 27 3(1—3w)pm 3, 3.,
M7y I iy T +{02f” (‘@‘T*@f—a(’f)

G 21 ..

—g—l-@GG}Z, (44)

. 1 — 3w 802G 3GG 460G  9GG 20 9 1 G
k — " _ _ _ = s —
I S ( o T T3 292> 5 P ol T g/

49G2 -3 26 9
S YA, (U w200+ (= 2

1 4«9G2 v [(80°G 3GG 460G 9GG 5 - K. e
——f+ —f— — T+ f < 5 + o 5 202)—4w0G}(—w9)—w¥}Am

463 , (203G 3GG 402G 20°G
—(1+w)9fg (I+w){f ( +0f — G>+f < T T3 3 )
f’” 6> 1—3w . 20%G? N
o (1692 M S R A A A 1692}g (45)
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and

27 3(1-3 G 2T . . 1 .

gk_{92f~ (‘@_% _f__Gf)__+4_94GG+wG} <_1+—w) A
3(1 = 3w) pm 2w 27 3(1 = 3w)pm ,
T e 1w +{92f” (‘%_ 20 _f _Gf)

2G 9 (G)2 f Ak 6 _9G "G
el ﬁGG 2 (7 1o 15 T 2 K Io*

1 27 " 217G 0* 3(1-3 3 :

02 f7 \ 3202 02\ 3202 4 4

. 2 v
349 G2 f

k
2%~ 3¢~ 7 G, (46)

__f+2

Eq. 41 through to Eq. 46 couple in one equation in AP for simplicity and be able to make
further analysis.

6 Matter density fluctuations in f(G) gravity

During the evolution of the universe, there should be an epoch where the Gauss-Bonnet field
was dominating over the dustlike in the FRW spacetime cosmology. In such an epoch, matter
fluctuations can be studied. Futhermore, we assume that those two fluids are non-interacting,
and using quasi-static approximation, the time fluctuations in perturbations of the Gauss-
Bonnet energy density G" and momentum G* are assumed to be constant with time which
means GF = 0, G* = (0 and Gk = 0 and with the support that Gauss-Bonnet field is part of
the background, hence its perturbations have no much interest from the homogeneous universe.

11



With these assumptions, from Eq. 41 through to Eq. 46, we have

- k2 403 . 1 — 3w 20 9 1
S SR A D B G o
Ak = {—w o + (1 +w)pm wf G—A{ g Pm —|-492 59

4902 o [ 802G 3GG  40G  9GG
"+ f ( >}(w®)

_f_ 0o T T3 T e

Y ( o G) e <2e3G 3GG 46°G 292G>

3 20 3 3
i 02 1- 3w 292G2 9
f// 16(92 - 6 - 9 G ) 1692}
1 3(1 = 3w) pm 6 9G "G .. .
(1 L _Z= _9 —
{A( + w){ 1 52 7 + 37 15 7 GlwG}

1 203G 3GG 402G 20°G
_{f//(§+9f/_G)+f,/,< o o o >

3 26 3 3
; <1692 - %2 + _23w ~rer - f) e 16992}
L (89;(; N 3;;? _ 493G _ 9;;?) +wl + {f" ( +of - G> f”’(@ - %
B 49§G 29; )+ J} (1602 T %2 F 22— fHGF 206 f) —f = o)
Gl (—82—;, S 3y -Gf) G +2TGE AL, (47

where A is given in the appendix. Eq. 47 is new and is the one to be used for energy density
perturbations analysis. For the scale factor a of a power law form

2m
( £\ 30+w)
a=ag | — s
to

one has the volume expansion ¢, matter energy density p,, and the Gauss-Bonnet invariant
respectively as

e () [ e
and
G =24 <g>2 (‘;—Z 4 (%)2). (50)



In most cases, ag and ty are normalized to unity [22]. These solutions have been obtained in
the work of [40]. We make analysis of energy density perturbations for different epochs of the
universe namely Gauss-Bonnet field-dust system and Gauss-Bonnet field- radiation system.

6.1 Perturbations in Gauss-Bonnet field-dust dominated universe

Assuming that the universe is dominated by a Gauss-Bonnet fluid and dustlike (w = 0) mixture,
the energy density perturbations of radiation matter contribution become negligible. In such a
system, energy density perturbations evolve as

Ak — B Ak — BAE =0, (51)

where B; and B, are given in the appendix. Here we use w = 0 in Eq. 47 and considered that
A,, = Ay and p,, = pg. For the case f(G) = G, Eq. 51 reduces to

2 1

6.2 Perturbations in Gauss-Bonnet field-radiation dominated uni-
verse

In this part, we assume that the universe was dominated by a Gauss-Bonnet fluid and radiation
mixture as a background, where an equation of state parameter is given by w = % This results
in negligible energy density perturbations of dust matter contribution. In such a system,
perturbations would evolve according to the following equation ( see Eq. 47)

Ak — CAk — DAF = 0, (53)

where C' and D are given in the appendix. Here we insert w = % in Eq. 47 and used A,, = A,
and p,, = p,. For the case f(G) = G, Eq. 53 reduces to

.. . 2 .
IV SR L

4
0% + Zp YAF =0 54
st g0 50+ gpAl =0, (54)

We need the redshift dependent equations so that the analysis of matter energy density per-
turbations with redshift be possible.

7 Redshift transformation

The scale factor is related to the cosmological redshift as [37]

1
a = .
1+ 2

(55)

For convinience, we also transform any time derivative functions f and H into a redshift
derivative as follows:

f_df
7= AN 0)
where dN = In(a) _
f=—1+2)H/f, (57)
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f=0+2HH +Hf"). (58)

With little algebra, we have the redshift transformation of the volume expansion #, Hubble
parameter H and Gauss-Bonnet parameter G as

2m 3(1+w)
h=-""_1 T 59
(14 2) (59
2m 3(14w)
H=—-(1 60
and 198
m 6(1+w) 3(1+2)
= ()1 +2) (1= (+2)72) (61)

27 1+ w
We use redshift parameter to compare the cosmological behavior of the models with cosmolog-
ical observations.

After obtaining the final expressions of the energy-density perturbations, we have considered
different types of f(G) models: Trigonometric, Exponential and Logarithmic for a quantitative
analysis of the evolution of cosmological perturbations in f(G) gravity. Some of the motivations
behind the choice of these models include:

e They are proven to be viable models that are compatible with cosmological observations.

[26]

e They are proven to be representative examples of models that could account for the
late-time acceleration of the universe without the need for dark energy. [41]

8 Specific pedagogical f(G) models and numerical solu-
tions

8.1 The trigonometric f(G) model
We consider [26]

fi(G) = j% arctan(%) — aXV GO, (62)

for the case A =0, a =1 and \/% arctan(55) — 1, then f(G) = G as in Eq. 52.

By considering that the universe is dominated by the mixture of Gauss-Bonnet field-dust fluids
(w=0), Eq. 49, Eq. 59 and Eq. 61 reduce to

pa = G) o ((4m2 — 3m)(1 + z)—zf’n)ml (_16m3 i §6m2 - Gm) (1+2)m,  (63)

0 =2m(1 + z)2n, (64)

and
128

27

o

G m*(1 + 2)

(1— (1—|—z)%>, (65)

respectively.
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Using the redshift transformation scheme and inserting Eq. 63 through to Eq. 65 into Eq.
51 and Eq. 52 and considering our f;(G) = f, numerical solutions are found and presented in
Figure 1

|=——m=]=—m=082  m=083 — m=085 ~—m=078  m=03 == m=08|

707

60

507

A(z)
404

207

0.05 010 0.15 0.20
Z

[

Figure 1: Plot of energy-density perturbations (A(z)) as a function of redshift (z) for Gauss-
Bonnet field-dust system for Eq. 51 and Eq. 52. The red line corresponds to the case f(G) = G.

The assumption that AES?O = 1075 and A/(Ef))o = 0 was made and the A(z) have been normalized

so that the curves coincide on large scale. As expected A(z) decays with increase in redshift.
The choice of the values of m follows the work done in [18, 42] throughout this work.



By considering that the universe is dominated by Gauss-Bonnet field-radiation fluids (w =
5), Eq. 49, Eq. 59 and Eq. 61 reduce to

pr = <§> o <w(1 + z)i)m_l (—=5m® +8m? — 2m) (14 2)"»,  (66)

4 4
3 2
0= Tm(l +2)m, (67)
and 3
G:§m4(1+z)%(1—(1+z)%), (68)
respectively.

At this stage, we can consider the dependency of the wavenumber k.

8.1.1 Short wavelength solutions

Here we discuss the growth of energy density fluctuations within the horizon, where ﬁ—i > 1.
In this regime, the Jeans wavelength A; is much larger than the wavelength of the mean free
path of the photon )\, and the wavelength of the non interacting fluid, it means, A < A, < A;.
Similar analysis was done in [20] for GR and [22] for f(R) gravity theory.

By knowing that af; ~ 3/\21(617fz)4 and using the redshift transformation scheme and insert-

ing Eq. 66 through to Eq. 68 into Eq. 53 and Eq. 54 and using f1(G) = f, numerical solutions
for Gauss-Bonnet field-radiation dominated system short wavelength modes are found and pre-
sented in Figure 2.
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Figure 2: Plot of energy-density perturbations (A(z)) as a function of redshift (z) for Eq. 53
and Eq. 54 for radiation dominated universe, short-wavelength limit. The red line corresponds

to the case where f(G) = G. The assumptions that Agf))o = 107" and A'((T];E) = 0 were made and

1672
3A2(1+2)4

using afip ~ , the A(z) decays with incease in redshift and shows oscillations features.

8.1.2 Long-wavelength solutions

The growth of energy density fluctuations is studied for the long-wavelength limit, where Z—z <1

All cosmological fluctuations begin and remain inside the Hubble horizon. With the k-
dependency dropped out (af; o~ 3A21(617fz)4 ~ () and using the redshift transformation scheme
and inserting Eq. 66 through to Eq. 68 into Eq. 53 and Eq. 54 and using f;(G) = f, numerical
solutions for Gauss-Bonnet field-radiation dominated system long wavelength modes are found

and presented in Figure 3.
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Figure 3: Plot of energy-density perturbations (A(z)) versus redshift (z) of Eq. 53 and Eq.

54 for fi(G) model in a radiation dominated universe, long-wavelength limit. The red line
corresponds to f(G) = G. The assumption that AEI:))O =107% and A/(Ef% = 0 was made and we
k> . __16x?
a?H? — 3X2(1+2)

used ; =~ 0. The A(z) decays with increase in redshift

8.2 The exponential f(G) model

We consider [29]
f2(G) = =M (1 - aexp ), (69)

we assume M2 A is normalised to 1, @ = 1 and for 1 —exp(~&6) — —G, then f(G) =G (Eq. 52
for dust dominated universe and Eq. 54 for radiation dominated universe). Using the redshift
transformation scheme and inserting Eq. 63 through to Eq. 65 into Eq. 51 and Eq. 52 and
using fo(G) = f, numerical solutions for dust dominated universe are found and presented in
Figure 4

18



| == ==—m=117  m=111=—m=114==m=113  m=112 ==m=1.15|

124

10+
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Figure 4: Plot of energy-density perturbations (A(z)) versus redshift (z) of Eq. 51 and Eq. 52
for f5(G) model in a dust dominated universe. The red line corresponds to f(G) = G. The
assumptions that Aggo = 1075 and A/((dlg)o = 0 were made and A(z) decays with increase in
redshift as expected.

For radiation dominated universe, we need to take into account the wavenumber dependency

8.2.1 Short-wavelength solutions

Here we assume ’;—; > 1. In this regime, we consider that a2k;{2 ~ o /\21(617fz)4 and using the redshift

transformation scheme and inserting Eq. 66 through to Eq. 68 into Eq. 53 and Eq. 54 and
using fo(G) = f, numerical solutions for Gauss-Bonnet field-radiation dominated system short
wavelength modes are found and presented in Figure 5.
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Figure 5: Plot of energy-density perturbations (A(z)) versus redshift (z) of Eq. 53 and Eq.
54 for f5(G) model in radiation dominated universe, short-wavelength limit. The red line

corresponds to f(G) = G. The assumption that Aggo = 107" and A/((dk))o = 0 was made and
k2 16x2

2z~ e Was considered. A(z) decays with increase in redshift as expected.
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8.2.2 Long-wavelength solutions

For the long wavelength regime we assume Z—z < 1, which allow us to drop out k- dependency
k2 1672
<a2H2 — 3X\%(1+2)
through to Eq. 68 into Eq. 53 and Eq. 54 and using f>(G) = f, numerical solutions for Gauss-
Bonnet field-radiation dominated system long wavelength modes are found and presented in

Figure 6.

; ~ 0) and using the redshift transformation scheme and inserting Eq. 66

8.3 The logarithmic f(G) model

We consider [30]

5(6) = () (10)

for the case o = 1 and for In(5%) — G, then f(G) = G ( Eq. 52 for dust dominated universe
and Eq. 54 for radiation dominated universe). For different f(G) models, see for example
[43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53].

Using the redshift transformation scheme and inserting Eq. 63 through to Eq. 65 into Eq.
51 and Eq. 52 and using f3(G) = f, numerical solutions for dust dominated universe are found
and presented in Figure 7.
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Figure 6:  Plot of energy-density perturbations (A(z)) versus redshift (z) of Eq. 53 and
Eq. 54 for fo(G) model in radiation dominated universe, long-wavelength limit. The red line
corresponds to f(G) = G. The assumption that Aggo = 107" and A/((dk))o = 0 was made and
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+ ~ 0 was considered. A(z) decays with increase in redshift as expected.

For radiation dominated universe, we need to take into account the wavenumber dependency.

8.3.1 Short-wavelength solutions

We assume 2_2 > 1, for which af;Q ~ 3/\21(617fz)4.

Using the redshift transformation scheme and inserting Eq. 66 through to Eq. 68 into Eq.
53 and Eq. 54 and using f3(G) = f, numerical solutions for Gauss-Bonnet field-radiation
dominated system, short wavelength modes are found and presented in Figure 8.



|[=—n=] =—m=117 ~ m=145 == m=141 ==m=131  m=127 ==m=1.21|

124
10+
8-
Alz)
G
4-
2_
0 I | | | I
0 l 2 3 4 5 6

Figure 7: Plot of energy-density perturbations (A(z)) versus redshift (z) of Eq. 51 and Eq. 52
for f3(G) model in a dust dominated universe. The red line corresponds to f(G) = G. The

assumptions that AEZXO = 107° and A/((dl% = 0 were made and A(z) decays with increase in
redshift as expected.

8.3.2 Long-wavelength solutions

We assume z—z < 1, and drop out k- dependency (af;p ~ 3)\21(61’fz)4 ~ ().

Using the redshift transformation scheme, inserting Eq. 66 through to Eq. 68 into Eq. 53
and Eq. 54 and using f3(G) = f, numerical solutions for Gauss-Bonnet field-radiation domi-
nated system long wavelength modes are found and presented in Figure 9.

9 Discussions

We studied cosmological perturbations in modified Gauss-Bonnet gravity. Using the 1 4 3
covariant approach, we derived the linear covariant perturbations of a flat FRW spacetime
background. We defined new gradient variables and derived their evolution equations, where
after applying the spherical harmonic decomposition method and quasi-static approximation
we get new equation, Eq.47 for energy-density perturbations analysis in f(G) gravity theory.
After appying the redshift transformation , we focused on the Gauss-Bonnet field-dust and
Gauss-Bonnet field-radiation systems. We considered three different f(G) models: the expo-
nential, the logarithmic and the trigonometric.

For Gauss-Bonnet field-dust system, the numerical solutions presented in Fig. 1 (trigono-
metric model), Fig. 4 (Exponential model) and Fig. 7 (Logarithmic model) show that the
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Figure 8: Plot of energy-density perturbations (A(z)) versus redshift (z) of Eq. 53 and Eq.

54 for f3(G) model in radiation dominated universe, short-wavelength limits. The red line
corresponds to f(G) = G. The assumption that Aggo = 107" and A'((dk))o = 0 was made and

k}2 ~ 167T2 . . . . .
2z~ e Was considered. A(z) decays with increase in redshift as expected.

energy-density perturbations decay with increase in redshift for all the three f(G) models. The
numerical solutions presented in these figures looks similar to those existing in the literatures
for f(R) and f(7') gravity theories. If one is interested in how matter perturbations behave in
modified theories of gravity, see the work done in [18, 37].

For Gauss-Bonnet field-radiation system, we considered short wavelength and long wavelength
limits. In the short-wavelength limit, we assumed that &2 is much larger than the other terms.
The numerical solutions presented in Fig. 2 (Trigonometric model), Fig. 5 (Exponential model)
and Fig. 8 (Logarithmic model) show that the energy-density perturbations (A(z)) decay with
increasing in redshift for all the three models and the A(z) oscillates with decreasing amplitude
for the trigonometric f(G) model ( Fig. 2). The similar findings can be found in the work done
in [54] for GR case and in the work done in [42] for f(R) gravity theory.

In the long-wavelength limit, during numerical computation, we assumed that k% is smaller
enough compared to other terms, therefore k2 ~ 0. The numerical solutions presented in Fig. 3
(Trigonometric model), Fig. 6 (Exponential model) and Fig. 9 (Logarithmic model) show that
the energy-density perturbations decay with increase in redshift for all the three f(G) models.
The results for f(R) and f(7') gravity theories presented in [18, 37, 42] agree with our findings.

Some of the specific highlights of this work are as follows: in the trigonometric f(G) model,

we have shown the ranges of m for which the Energy-density perturbations (A(z)) oscillate or
decay in both Gauss-Bonnet field-dust and Gauss-Bonnet field-radiation systems. For example,
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54 for f3(G) model in radiation dominated universe, long-wavelength limits. The red line
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in dust perturbations, there are no oscillating behaviors observed for 0.75 < m < 1 while the
A(z) decay in this range. In radiation perturbations, A(z) depict oscillating behaviors in the
short-wavelength limit for 1 < m < 2, and A(z) decay for 1 < m < 1.5 in long-wavelength
limit. In the exponential f(G) model, we have shown that A(z) decay monotonically in the
dust-dominated perturbations for 1 < m < 1.2. For the radiation-dominated perturbations,
there is no significant oscillating behavior observed in the short-wavelength limit for 1 < m < 2
and the modes decay monotonically for the long-wavelength regime for 1 < m < 1.5. In the
logarithmic f(G) model, in the dust-dominated perturbations, A(z) do not depict oscillating
behavior but decay monotonically for 1 < m < 1.5. In radiation-dominated perturbations,
A(z) do not present oscillating behavior in short-wavelength limit for 1 < m < 2 as well as in
long-wavelength limit for 1 < m < 1.5 but in these ranges, the energy-density perturbations
decay with increase in redshift. The choice of the values of m follows the work done in [18, 42].

10 Conclusions

This work presents a detailed analysis of cosmological perturbations in modified Gauss-Bonnet
gravity theory using a 143 covariant formalism. We defined vector and scalar gradient variables
and derived the corresponding evolution equations. Using spherical harmonic decomposition
method, we were able to obtain the ordinary differential equations (ODEs) manageable for the
analysis. These ODEs were then transformed to be redshift dependent. The obtained equations
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for the matter energy-density and for the Gauss-Bonnet energy density were coupled, then de-
coupled using quasi-static approximation to make equations manageable.

We considered three different viable models fi(G) = %arctan(%) — a\WGO0, fH(G) =

—MZA(1 - aexp o) and f3(G) = In(e%) and we found that for Gauss-Bonnet field-dust
system, the matter energy-density perturbations A(z) decay with increase in redshift for all
of the three f(G) gravity models. In the case of Gauss-Bonnet field-radiation system, we
considered short-wavelength and long-wavelength modes and found that the A(z) for the long-
wavelength modes decays with increase in redshift whereas for the short-wavelength modes,
A(z) decays with increase in redshift and oscillates with a decreasing in amplitude for the
trigonometric f(G) model. We conclude that for all of the three considered f(G) models, the
model parameters can be constrained using observational data and can be fit to the currently
known features of the large scale structure matter power spectrum in modified gravity theories.

Analysis of energy-density perturbations for a multi-fluid system is left to the future research.
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