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ABSTRACT

This research introduces a model that integrates a logistic approach to alcohol consumption to delve
into the effect of alcohol consumption on the advancement of hepatitis C infection, evaluates the
effects of addressing hepatitis C treatment and reducing alcohol consumption to minimal levels in
the control of hepatitis C infection. The hepatitis C model was well established and biologically rea-
sonable, indicating that all model solutions were non-negative and associated with non-negative
initial conditions. Stability analysis revealed that the disease-free and endemic equilibrium points
were locally and globally asymptotically stable whenever the basic reproduction number, Roy < 1
and Roy > 1 respectively. Sensitivity and numerical analysis of the model showed that improving
treatment for individuals with chronic infection, along with reducing alcohol consumption, led to a
notable decrease in the number of people affected by chronic infection.

PLAIN LANGUAGE SUMMARY

Hepatitis C (HCV) remains a major global health challenge. This study uses a mathematical model to
explore how alcohol use and medical treatment affect the spread and progression of the disease. The
model shows two possible outcomes: either the disease fades away or it continues to spread. Which
outcome occurs depends on a key number called the basic reproduction number. If this number is less
than one, each infected person spreads the virus to fewer than one other person on average, and
the disease eventually dies out. But if the number is greater than one, the disease can keep spread-
ing in the population. Computer simulations based on the model suggest that increasing access to
treatment for people with chronic HCV and helping them reduce alcohol use can greatly reduce the
number of long-term infections. Reducing alcohol consumption not only helps protect the liver but
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also makes medical treatment more effective.

1. Introduction

The hepatitis C virus is a highly contagious infection that
specifically targets the liver, leading to inflammation [1].
According to Purcell [2], hepatitis C virus (HCV) takes an
average of 82.5 days to incubate, with a range of 15
to 150 days. In 2019, approximately 58 million individ-
uals were living with HCV worldwide, 1.5 million newly
infected with chronic hepatitis C, 3.2 million cases in
children and adolescents and approximately 290, 000
hepatitis C-related deaths annually [3]. HCV is acquired
through exposure to infected blood and exposure can
occur through sharing needles or syringes during drug
use, tattooing, sexual contact, mother-to-child transmis-
sion and unsafe medical procedures like organ trans-
plants and transfusions of unscreened blood. A person
who contracts HCV may develop a chronic condition or
an acute (short-term) infection. Although most people
with HCV don't have any symptoms at all, some might

feel tired, nauseous, vomit, have dark urine, light-colored
stools, lose their appetite, have flu-like symptoms, feel
pain or tenderness on the right side of their abdomen,
or develop jaundice, abdominal pain, blood in stool or
vomit, accumulation of fluids in the abdomen, and itching
[4-7]. Approximately 15-45% of individuals with acute
HCV often recover on their own in 6 months [8-10]. In
the acute phase, the infection does not harm the liver
permanently. However, alcohol inhibits certain immune
system functions, which makes it possible for HCV infec-
tion to persist past the acute phase. According to WHO,
3 million deaths each year are attributable to alcohol [11].
This implies alcohol consumption weakens the immune
system and reduces the ability to withstand infectious dis-
eases like viral hepatitis. According to H. Australia [12],
drinking 3-4 standard drinks per day accelerates the risk
of liver cancer and liver cirrhosis. Therefore, alcohol con-
sumption has been assumed to increase the rate of HCV
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infection after exposure to the virus [13-15] and is thus
associated with accelerated progression of liver injury,
high frequency of cirrhosis and higher incidence of hepa-
tocellular carcinoma [16-19].

HCV mathematical models have been developed to
study its transmission, prevalence and control. In the
study by Tresna, S.T, [20], treatment of infected popu-
lation and educational programs on uneducated drug
injectors would suppress the number of infected popu-
lation and uneducated drug injectors. Ayobami et al. [21]
suggested that proper education, adequate awareness,
and proper intensive treatment given at the initial phase
of the disease outbreak would reduce HCV transmission.
Kondili et al. [22] emphasized that efforts to increase new
diagnoses should prioritize screening people who inject
drugs, individuals with tattoos, and young people at risk
of sexually transmitted infections.

While most studies on HCV transmission have explored
treatment and educational programs as control strate-
gies, the impact of alcohol consumption on the progres-
sion of HCV infection in the context of treatment has
been largely overlooked. This study addresses this gap by
incorporating the effects of alcohol use into the dynam-
ics of HCV proliferation. Specifically, it evaluates the role
of treatment and reduction of alcohol intake to minimal
levels in mitigating the burden of HCV infection.

2. Model formulation

2.1. Variables and parameters of Hepatitis C virus
model

The whole population is partitioned into five com-
partments namely, susceptible individuals to HCV 5(t),
exposed individuals to HCV E(t), acutely infected individ-
uals I4(t), the chronically infected individuals /c(t) and
the recovered individuals R(t) such that the total pop-
ulation at time t, denoted by N(t), is given by N(t) =
S(t) + E(t) + I4(t) + Ic(t) + R(t) and H(t) is the amount of
alcohol consumed per day in grams.

In model formulation for the progression dynamics
of HCV, it is assumed that all susceptible individuals
have an equal likelihood of contracting HCV. Susceptible,
exposed, acutely and undiagnosed chronically infected
individuals consume alcohol daily, with the rate of pro-
gression from exposure to infection varying according
to their level of alcohol consumption. Recovery from
infection does not confer lifelong immunity, indicating
the possibility of reinfection. Furthermore, there is no
natural recovery for individuals with chronic HCV infec-
tion. The model also assumes that treatment of acutely
infected individuals is negligible, as they are typically
asymptomatic and unlikely to seek medical attention at

Table 1. Parameter description.

Parameter Description

A Rate of recruitment into the susceptible population

w(H) Rate of HCV acquisition

p Relative infectiousness rate of chronic over acute infection

% Rate of loss of immunity of recovered individuals

u Natural mortality rate

I(H) Rate at which the exposed progress to infected class

Ve HCV induced mortality rate

a(H) Rate at which acutely infected individuals progress to chronic
stage

1) Recovery rate of acutely infected individuals

v Rate of treatment of chronically infected individuals

€ Alcohol consumption growth rate

Hmin Lower threshold of alcohol consumption in grams

Hmax Upper threshold of alcohol consumption in grams

this stage. Additionally, chronically infected individuals
are assumed to abstain from alcohol upon diagnosis to
enhance treatment effectiveness.

The hepatitis C virus model parameters are described
in Table 1.

2.2. Equations of hepatitis C virus model

From the parameters described in Table 1, assumptions,
and compartmental diagram in Figure 1, the following
equations are derived:

ds oH)(Ia + plc)S

7 N + M

dE w(H)(Is + plc)S

=" P (6(H E,

- N (6(H) + w)

dis

o= S(H)E — (u + a(H) + ¢)la,

dlc )

=5 =Bl = Qe+ g+ p)le,

dR

—_— = l I - Rl

It wlc 4+ dla — (u +0)

dH _ H(®)

E = €(H(t) — Hmin) (1 Hmax) '

where
oH) = wp+ 7 (M)

Hmax

and wy is the average rate of transmission of hepatitis C

infection and 7 is the average progression rate as a result
of alcohol consumption.
H(t) — Hmi

5(H)=50+T( () mln)l

Hmax

and dp is the mean progression rate to acute infection
at minimum alcohol consumption and 7 is the average
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Figure 1. Compartmental diagram for the model.

progression rate as a result of alcohol consumption.

)

and ag is the average rate at which the acutely infected
individuals become chronically infected at minimum
alcohol consumption and 7 is the average progression
rate as a result of alcohol consumption.

Let initial data of the system (1) be R(0) =Rp >
0,H(0) = Hmin > 0.

H(t) - Hmin

Hmax

a(H):a0+r(

3. Analysis of Hepatitis C virus model
3.1. Basic properties of the model

In this section, the basic properties of the model sys-
tem (1) useful in the proofs of stability of the system are
established.

Theorem 3.1: The solution of the system (1) {(5(t), E(t),
1a(0), Ic(t),R(t), H(t))} uniquely exists and is non-negative
forallt > 0 with the initial data of the system.

Proof: Toshow the positivity of the states (5(t), E(t), [a(t),
Ic(t), R(t), H(t)), we shall first obtain the solution of the
first equation of the system (1).

ds wH)(Ia + plc)S

DN LVATPIER L gr_ s,

dt N FOR— K
H){ Io)S

N

By using the integrating factor technique, it follows
from (2) that

ds

dt )

(w(H)(/A + plc)
N

+,u)520.

Integrating inequality (3) with initial condition S(0) = So
leads to
>0 (4)

- t o)A +lc ()
s(t) > So |:e (e g =24 dx)}
Similarly, from the second and third equations of sys-
tem (1), with E(0) = Ep and I4(0) = I4o respectively, we
obtain

E(t) = £ [e‘("”fot o dx)} > 0. (5)

Ia(t) = I [e‘(“‘”’t”‘; «h dx)} > 0. (6)

We also obtain an inequality from the fourth equation
of (1) as

dic

— > — Ic.

4 = " Oetutyle
Integrating (7) with Ic(0) = Ic yields

(7)
Ic(t) = Icoe™WH7ett > o, (8)

Similarly, from the fifth equation of system (1), with
R(0) = Rg, we obtain

R(t) = Roe~ 10t > 0, 9)
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From the sixth equation of system (1), we obtain

dH > H 14+ H (10)
s eHo -
dt ~ mn HminHmax
Letting k = Hmin1Hmax’ then (10) becomes
dH
— = ~€Hmin (1 + k(H®)?) (11)

Separation of variables and integrating inequality (11)
yields

dH
——— > — [ €Hminkdt. (12)
/ 1+ (H(1)? / ¢

Applying tan substitution to (12), and letting

1
—tanf = H(t)k% =tand (13)
k2

H(t) =
Integration leads to

0 > —eHmink2t + C, (14)

where C is a constant of integrat1ion. From Equation (13),
it follows that # = tan~'(H(t)k2). Substituting for @ in
inequality (14) yields

tan™ (H(t)k?) > —eHmink3t + C. (15)

Applyiqg the initial condition H(0) = Hmin, then tan™'
(Hmink2) > Cwhich leads to

H(t) > k=2 tan (tan—1 (Himink?) — eHmink%r) > 0. (16)

Thus the solutions of the model are all nonnegative for
t>0. ]

Theorem 3.2: The closed set
5 A
Q=1(5Elalc,R)eR; :N< — 17)
U

is a biologically feasible region of the initial value problem

(1).

Proof: Adding the first five equations of system (1) gives

dn =A N I (18)
dat u ycic.

Equation (18) leads to the inequality

dN<A N (19)
dt ~ -

With initial condition N(0) = Ny, integration leads to

N(t) < A + (No - é) e M, (20)
M H

Ast — oo, inequality (20) becomes

lim N(t) < lim [é + (No - é) e"“} = é. 21
t— 00 t—o0 | u u u
Thus
A
N(t) < —. (22)
M

Hence, forallt > 0, each solution of the initial value prob-
lem of (1) remains in Q. Thus Q is a well-posed and
A

biologically meaningful region since 0 < N(t) < a |

3.2. Disease-free equilibrium point of Hepatitis C
virus model, DFE

The DFE & is the steady state at which HCV is being
controlled within a population to the level of complete
elimination. The DFE can be found by setting the right-
hand side of system (1) equal to zero to obtain; 5(t) =
A/, E(t) =0,14(t) = 0,Ic(t) = 0,R(t) = 0,and Hmax. The
DFE &y (S, E, Ia, Ic, R) is given as either

A
801 = (_r 0,0,0,0, Hmin) or
u
A
502 = (_I OI OI OI 0! Hmax) (23)
u

Thus the DFE given by &y (S, E, I, Ic, R) = Eo1 or Epy. This
result suggests that, regardless of the level of alcohol
consumption, Hepatitis C will not persist within the pop-
ulation.

3.3. Computation of reproduction number, R oy of
hepatitis C virus model

According to Diekmann et al. [23], we re-define, Roy as
the number of secondary hepatitis C infections due to a
single hepatitis C infectious individual during his or her
entire infectious period in a completely susceptible pop-
ulation. To obtain Rgy, we use the DFE and the next
generation matrix as applied in [24, 25]. The infected
compartments are re-arranged as follows:

dE w(H)(Us+ plc)S

— = ZUVATIOR

dt N

dia

= = 6(H)E — xala, (24)
it (HE — x2la

dic

— =a(H)lx — x3lc,

pr a(H)la — x3lc
wherex; = d(H) + u,x2 = u +a(H) + ¢, x3 = yc + u +
w. Let F; be the matrix of infection terms and V; be the



matrix of transfer terms of system (1). Then we have

oH)(Ua+plc)S
N

Fi = 0 (25)
0
and
X'|E
V,‘ = X2/A —OE |. (26)
X3/C - alA

We note that at the beginning of the epidemic, % ~ 1,
thus, (25) becomes

w(H)(Ia + plc)
Fi = 0 . (27)
0

The Jacobian matrices F and V of F; and V; respectively
are evaluated at DFE to obtain

0 wH) wH)p

F=10 0 0 , (28)
0 0 0
X1 0 0

V=|=6H) x» 0]. (29)
0 —O!(H) X3

Thus, from Equations (28) and (29), the next generation
matrix is computed as follows:

(w(H)é(H) + w(H)pa‘(H)a(H))

1 X1X2 X1X2X3
FV— = 0
0
(M + w(H)pa(H)) (w(H)p)
X2 X2X3 X3
0 0 (30)
0 0

From the next generation matrix (30), we compute the
characteristic polynomial P(1) = |FV~" — 1/| = 0. Thus

(w(H)é(H) + w(H)pé(H)a(H)) _

X1X2 X1X2X3
P) = 0
0
(%ﬁl)_i_w(/')/()z/))g(f'/)) (wg(/'s/)/?)
- 0 . (31
0 -2

This gives the characteristic equation as

52 [(W(HM(H) n w(H)pé(H)a(H)) _ /1} _o

X1X2 X1X2X3

Thus the eigenvalues are as follows:

P (CU(H)5(H) n w(H)Pé(H)a(H)) ;
= X1X2 X1X2X3 '

2=0,13 =0.
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Since the basic reproduction number, Ry is the domi-
nant eigenvalue of the next generation matrix (30), then
itis given by

Ropy = (a)(H)é(H) + w(H)pé(H)a(H))

X1X2 X1X2X3
_ o(H)IH) (s + pa(H)) 2
- X1X2X3 ’

From Equation (32), we have two options for Roy depend-
ing on alcohol consumption levels. The first expression for
reproduction number R, is obtained when a chronically
hepatitis C infected individual drinks minimum quantity
of alcohol (thatis H(t) = Hmin).

modo (X3 + pao)

Ro1 =
% %
X7X5X3

(33)

wherexy =do+ u, x5 = p+ao+ ¢, andxz = u + yc +
v.

The second expression Ry> is obtained when a chron-
ically hepatitis C infected individual drinks maximum
quantity of alcohol (that is H(t) = Hmax ) and is given as

o (H, o(H x3 + pa(H
Roop = (Hmax)o( mf;()gj pa(Hmax)) (34)
X7 X5¥X3

where o (Hmax) = @o + B*7,6(Hmax) = do + B*7,0(Hmax) =
a0+ B*7,B* = (Hm=thnin) s = 5(Hinax) + 15" = 1 +
o (Hmax) + ¢, and x3 = 1 + yc + w. From Equations (33)
and (34), we conclude that Roy = Ro1 or Ro>.

The relationship between basic reproduction numbers
Ro1 and Ry is given by

@ (Hmax)0 (Hmax) (X3 + pa (HmaX))XTX;Rm

®k kK * (35)
X77X5 wodo (X3 + pag)

Ro2 =

This expression quantifies how the basic reproduction
number Rz for maximum alcohol consumptionis related
to Ro1 for baseline conditions, that is minimal alcohol
intake. This relationship shows that alcohol consump-
tion can increase the disease reproduction number by
enhancing transmission w, progression rates é and a, and
by altering the steady-state levels of individuals, poten-
tially making R, greater than Ro;.

3.4. Endemic equilibrium point of Hepatitis C virus
model, EE

The EE of system (1) is the steady state at which HCV
infection persists within the population for a given period.
Equating the right-hand side of system (1) to zero and
solving for S*, E*, I3, IZ, R* yields the first endemic equilib-
rium point, £%1 = {(§*(t), E*(1), I3 (D), I£(8), R* (1), H* (1))}
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which depends on Ro1, H* (t) = Hmin and is given as

s
Ro

£ (ARor — uN)X3x3X4
do [woxa(x3 + pao) — Ro10(x3¢ + wao)|’

/= (ARo1 — uN)x3x4 ,
®ox4(x3 + pag) — Ro10(x3¢ + yao)

. (ARo1 — uN)aoxs

 woxa(x3 + pao) — Ro160(x3p + wao)’

R — (ARo1 — uN)(x3¢ + wao)
woxa(x3 + pao) — Ror0 (X3¢ + wao)’

Ne A [w0X4(X3 + pag) — Ro10(x3¢ + waog) — Ro Vcaox4]
u L woxa(xz + pao) — Ro10(x3p + wao) — ycaoxa

(36)

wherex; = u+ao+ ¢, x3=p+yc+y,andxs = pu +
6. This implies that if Rg; > 1, then there exists at least
one positive disease endemic equilibrium point.
The second endemic equilibrium point, £5 depends on
Ro2, H*(t) = Hmax and it is given as
=
Roz’
E— (ARo2 — uN)X3*x3X4
J(Hmax) [(U(Hmax)x4(x3 + pa(Hmax)) — Ro20(x3¢ + V’“(Hmax))] '
(ARo2 — uN)x3xsa
@ (Hmax)Xa(x3 + pa(Hmax) — Ro20 (X3¢ + wa(Hmax))'
_ (ARo2 — uN)a(Hmax)X4
@ (Hmax)Xa (X3 + pa(Hmax)) — Ro20(x3¢ + wa(Hmax)) '
. _ (ARo2 — uN)(x3¢ + o (Hmax))
B @ (Hmax)Xa (X3 + pa(Hmax)) — Ro20(x3¢ + wa(Hmax)) '
@ (Hmax)Xa (X3 + pa(Hmax)) — Ro20(x3¢ + wa(Hmax))
B —Ro2yca(Hmax)Xa

T 1 | ©(Hmaoxa (G + pa(Hmax) — Ro20(x3¢ + po(Hmax))
—yca (Hmax)x4

s’

=

s

le

(37)
where  x3* = u+a(Hmax) + ¢ @ (Hmax) = wo + 7
(1 — Gmind), o (Himax) = a0 + 7 (1 — {H=2), and 6 (Himax)
—0o+ (1 — ”,_',’—:;t;l).Thusthe endemic equilibrium of sys-
tem (1) exists and is given by £* = £7 or &5.

Theorem 3.3: If Roy > 1, then the model (1) admits a
unique endemic equilibrium.

Proof: If HCV is endemic in the community, then ‘Zjﬁ >0

t
and %rc > Othatis
O(HE* —xaly > 0, (38)
a(H")I} —x3l¢ > 0. (39)

From the second equation of system (1), since HCV is
endemic then% < 1implying that

H) (I /
< o( )()/:+pc).
1

It follows that

- o (H)o(H)(Ia + plo)
X1X2 '

Ia

le < a(H)IA. (41)
X3

Inequalities (40) and (41) together imply that

_ o(HIH0s + palH) _
X1X2X3 -

1

RoH

Thus a unique endemic equilibrium point £* exists when
Ron > 1. Specifically, £ is unique when there is mini-
mum alcohol intake, that is

_ wodo(X3 + pao) -

Ro
X7X5X3

1.

Additionally, £ is unique when there is maximum alcohol
intake, that is

@ (Hmax)9(Hmax) (X3 + pa (Hmax)) <
X7* X3 X3

Rox = 1.

3.5. Local and global stability of disease-free
equilibrium point of Hepatitis C virus model

This subsection looks into the local and global stability
of the DFE. When the DFE is stable, then an outbreak of
hepatitis C infection is not anticipated, however, if it is
unstable, an outbreak is expected.

Theorem 3.4: The DFE, & of hepatitis C virus model system
(1) is locally asymptotically stable if Roy < 1 and unstable
otherwise.

Specifically, the equilibrium &y is locally asymptoti-
cally stable if Ro1 < 1, and &y is locally asymptotically
stable if Roy < 1. The proof of Theorem 3.4 is provided
in Appendix A.1.

Theorem 3.5: The DFE point, & of hepatitis C virus model
system (1) is globally asymptotically stable in Q if Roy < 1.

Proof: Consider the infected compartments of hepatitis
C virus model system (1). Let the Lyapunov function be

defined as
L= Z(k,'x,‘),
i>2
where x; is the population of the it infected compartment
for some k; > 0 to be determined [26]. Thus we obtain

L(E, I, Ic) = KiE + kala + kslc, (42)

where k;(i = 1,2, 3) are non-negative real numbers which
will later be chosen. Differentiating Equation (42) with



respect to time, t, we obtain

dL dE diy . dic
e T S T iy 43
dt g TR TRy (43)

Substituting for ‘Z,f ‘g?, ‘Ztc from system (1), (43) becomes

dL P (w(H)(/A + plc)S

dt N
+ka(6(H)E — (1 + a(H) + $)la)
+k3(a(H)la — (u + yc + w)lc). (44)

—mm+mﬂ

However, at DFE, &, % ~ 1 and thus, on re-arranging
and letting x1 =d(H)+ u,xo=pu+aH) +d,x3=pu +
yc + v, it follows that

d
fswwwymm+hamm—wm—bwmf

+ (kio(H)p — k3x3) Ic. (45)

Assuming that ky = 1, ko, = %, and k3 = “’(TH3)3 then

simplifying, (45) yields

dL pa(H) X1X2

From
Rop = o (H)o(H) (1 " P(X(H)) N (1 n POC(H))
X1X2 X3 X3
Ronx1x2
= < 47
w(H)o(H) “7)
Substituting for (1 + %g"’)) in (46), we obtain
dL X1X2
—1 4
dt = (5(H) (Ror )) 48)

From inequality (48), itis realised that at minimum alcohol
intake

dL x1 x2
dt

where xj = do + 4, and X5 = pu +ag + ¢. Similarly, at
maximum alcohol intake,

dL ( X7 x5
dt = \0(Hmax)

where o(Hax) = do +B7, B" = (Hmp—timin) - yxe — 5
(Hmax) + u, X = u + a(Hmax) + ¢.

If Roy < 1, then Zé < 0. Moreover, dt = 0 only when
Ia =0 or Roy = 1. The largest compact invariant set
within the region Q for which {% = 0} is the single-
ton set containing only the Hepatitis C-free equilibrium
&o. Therefore, by LaSalle’s Invariance Principle, the equi-
librium point & is globally asymptotically stable in Q
whenever Roy < 1.

(Ro1 — 1)) Ia,

(Ro2 — 1)) las

MATHEMATICS IN MEDICAL AND LIFE SCIENCES e 7

Specifically, the equilibrium &y is globally asymptoti-
cally stable if Ro1 < 1, and &y is globally asymptotically
stableif Rgy < 1. [ |

This result shows that if the basic reproduction num-
ber is below 1, Hepatitis C will be eliminated from the
population regardless of the initial infection level.

3.6. Local and global stabilities of endemic
equilibrium point of Hepatitis C virus model

In this section, we look at the local and global stabilities
of the EE point. If the EE point is stable, then it implies
that HCV infection is being managed with minimal death
occurrences.

3.6.1. Bifurcation analysis of the model
Using the Center Manifold Theory method presented by
Castillo Chavez and Song [27], we investigate the local
asymptotic stability of EE point. We need to first show that
the model system (1) has six eigenvalues one of which
is zero to determine whether bifurcation phenomena for
the system (1) exists.

Let us denote S(t) =r1, E(t) = ra, 1a(t) =13, Ic(t) =
ra, R(t) = r5, and H(t) = rg. Using new state variables,
model (1) takes the form

dry o (H*)(r3 + pra)nr
— =A- Ors — =fi,
ar N +0rs — un 1
dro  w(H*)(r3 + pra)r
R — =1,
p N X1 2
d
5 = 5(H*)r2 — Xar3 = f3,
(49)
dra (H*)rs — x3r4 = 1.
— = —_ = ’
P 3 34 =14
dl’s
— = yr. r3 — Xars = fs,
Pl A + ¢r3 — Xxars = fs
dl’6 I'e
— = — Hmi 1— =fe,
p €(re mln)( Hmax) 6
wherex; = 4 +0(H), x3 =+ yc+ w,and x4 = u + 6.

Let w (H*) be the bifurcation parameter and let Roy = 1,
it follows that

B [a)(H*)a‘(H*)

X1X2X3

] (x3 + pa(H)).

This implies that

X1X2X3

ot = 5 0 + pati)

= " (H").
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The Jacobian matrix J* (&) evaluated at disease-free equi-
librium, & and bifurcation parameter, w*(H*) is con-
structed. Hence, we have

- 0 —w*(H) —o*(H)p 6 0

0 —x3 o'MH) o*HHp 0 0

| 0 dH)  —x 0 0 0
€o 0 0 a(H*) —X3 o o[

0 o0 ¢ w —xs O

0 o0 0 0 0 —xs
(50)

where x5 = €2H"=(HuintHma0)

Thus, at Roy = 1nlaxthe characteristic equation, P(1)

of (50) is obtained as
1
5) + X1x3 + X2X3)

(—u = 2)(=x4 =) (=x5 — 1) =0, (51)

A (/12 + (X1 +x2 +x3)4 + x1%2 (1 —

where

b=(1+pa(H))>1 = %<1 = (1—1)

X3 b

> 0.

Since x7 +x2 +x3 > 0 and x1x2(1 — %) + X1X3 + X2X3 >
0, then P (1) has five eigenvalues with negative real parts
and one simple zero eigenvalue which determines that
the bifurcation phenomena for the model system (49)
exists.

It is also noted that since one of the eigenvalues is
zero, then we can determine the existence of bifurcation
phenomena for the model system (49).

The center manifold theory [27] is then applied to
determine whether the system exhibits forward or back-
ward bifurcation. Thus we need to calculate coefficients a
and b (see Appendix A.2) to determine the nature of bifur-
cation and the local stability of the endemic equilibrium.

Let w = (ws, Wa, w3, wa, Ws, we)| be the right eigen-
vector corresponding to a zero eigenvalue that satisfies
the condition J*(Ey)w = 0. This yields

o — (5(H*)9(X3¢ + ya(HY) — x1xaX3x
X2X3Xa [t
= (5)
(a(H*)é(H* )
w2,
X2X3

5 H* *
(H) 03 + ya(H ))) o, e = 0.
X2X3X4

)Wz, wy > 0,

Similarly, the left eigenvector v = (vq, V2, V3, V4, Vs, v6)T
corresponding to a zero eigenvalue that satisfies the con-
dition vJ* (&) = 0 is computed and yields

v >0,v3 = (5():_1/*)) V2,

Ve — ( X1X2p ) vy
IH )3 + pa(H*)) )
vi=vVv5 =vg =0. (53)

Also, the condition w.v = 1 yields

X1 x1po(H*) }
vawg [ 14 L PR g
[ X2  x3(x3 + pa(H*))
x2x3(X3 + pa(H*)) + x1x3(x3 + pa(H"))
+ (xixapa(H*))

oWy = ’
X2x3(x3 + pa(H*)) (54)

v2 = x2x3(x3 + pa(H")),

1

Wy = .
x2x3(x3 + pa(H*)) + x1x3(x3 + pa(H))
+ (qixapa(H*))
We then represent the k™ componentof fi(i = 1,...,6)in

Equation (49) to be fy(k = 1,...,6) with

a= VEWiW; OO)
/%:1 I /8, 1

2

o<ty
b= kawla 0 *(0,0).

Jik=1

To complete the bifurcation process, the Center Mani-
fold Theory is used to calculate the coefficients a and b
in Equation (55) by differentiating system (49). All second-
order partial derivatives of fy(k = 1,.. ., 6) with respect to

rij(i,j =1,...,6) at disease-free equilibrium are zero with
exception of the following:
o%f, w*(H) 0’ 9%h o*(H)p
oryors - N - or30ry’ dryora - N
_ 62f2 62f2 2a)*(/‘/)
dradry’ orsors N
62f2 _ o*(H)(1 + p) _ 62f2 62f2 _ w*(H)
or3ora - N - ar46r3' or3ors - N
_o’h  o’h zw*(H)p
drsors’ oradrs N
o%f _ o (Hp _ o%f . (56)
al’4(9l’5 N ar4ar5

Similarly, the non-zero second-order partial derivatives of
fu(k =1,...,6) withrespecttor(j=1,...,6) and 0*(H)



evaluated around the disease-free equilibrium are as fol-
lows:

azfz S 52f2 _ pS

xl,— =
orsdw*(H) ~ N

_oh ~p. (57
orsow*(H) N pe 57)

The coefficients a and b are calculated to give

w* (H* H*)
a=—2v,wid(H") (H") |:2 + a( 2x2p + 1+ p)
NX2 X2X3

5(H*)(X3¢> + ya(H)) (x
X2X3X4

5+ a(H*))] <0. (58)

X1 Vow;
——Roy > 0. 59
= () oH (59)
Thus, from Equations (58) and (59) it is seen that,a < 0and
b > 0, which implies that the model system (49) exhibits
forward bifurcation at Roy = 1. Therefore, the above
result is summarized as follows.

Theorem 3.6: The disease endemic equilibrium point, £*,
of the system (1) is locally asymptotically stable if Roy > 1
and unstable otherwise.

To analyze the global stability of the endemic equilib-
rium point, a candidate Lyapunov function is assumed. If
L(x) is a Lyapunov function, and % < 0,itimplies that the
point at which the function exists is globally asymptoti-

cally stable.

Theorem 3.7: The disease endemic equilibrium point, £*
of the system (1) is globally asymptotically stable in Q if
Ron > 1.

Proof: Consider a Lyapunov function of the endemic
equilibrium point when Roy > 1 to be of the form

f o n X
Lx)y=a [ x1 —x] +x7In—
X

1
X*
* * 2

+az (xz —x5;+x51In —)
X2

e oy X0
++an [ Xn—xp+x5In"2), (60)

Xn

where x; is the population of the i compartment and e
is the endemic equilibrium point. Thus, letting a; = 1, we
obtain a Lyapunov function for the model system (1) as

S* E*
Lix) = (S—S*+S*In?)+(E—E*+E*Inf)

+ =i+ A )+ (e =+ g <
A C

R*
+(R—R*+R*In?). (61)
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Thus, differentiating Equation (61) with respect to time, t,

we obtain
%_ 1__ dS+1__ dE+1_ dlA
dr dt dt dt
dR
1—— 62
( )m 62

dic
1—
+( )m+
Substituting for Zf, Zf, ‘Z?, ‘gf, and dR into (62) and sim-
plification leads to

L S* H)({ Ic)S*
& gy e pl0S

dt N
+ (1 + 6(H))E* + (u +a(H) + )
+(u+yc+ e+ (u+ R — uN — yclc

St oH)(a+ plo)SE

— A
S N E

+ uS*

* *

Iy Ie
—SHEA — a(H)a — (Wi +dl)=.  (63)
Ia Ic R

Re- arranglng
form

|n terms of positives and negatives in the

dL
i M—=N.
It follows from (63) that
w(H)(a + plc)S*
N
+ (u+aH) + ),

+ (1 +yc+ e + (u + )R

M=A+ + uS* + (u + S(H))E*

* S*

3 w(H)(a + plc)S E*
N = uN+ ycle + A +9R L @ Ua+ plo)S E*

N E

* * *

I /C R
+OHE= 4+ a(H)la—= + (wic + ¢la)—.
Ia lc R

If Roy > 1, then M < N and % < 0. Moreover, % =
0 if and only if S=S*"=E—-E"=la—lh=lc—IF =
R — R* = 0. Therefore, the largest compact invariant set
{(S,E Ia,lc,R) € Q: % = 0} is the singleton £*, where £*
denotes the endemic equilibrium point of system (1). It
follows by LaSalle’s Invariance Principle that £* is globally
asymptotically stable in Q whenever Roy > 1.
Specifically, the equilibrium point £ is globally asymp-
totically stable whenever Ro1 > 1 and &5 is globally
asymptotically stable whenever R, > 1. ]

3.7. Sensitivity analysis of the model

Local sensitivity analysis measures the relative contribu-
tion of each of the model parameters involved in HCV
transmission, treatment and disease related mortality.
Since the occurrence of early HCV infection is directly
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Table 2. Sensitivity analysis of model parameters in Ro1 and

Roz.

Parameter

symbols Sensitivity index of Ro1 Sensitivity index of Ro;
wy +1.0000 x 10° +3.4210 x 107"
do +3.1000 x 1073 +2.7000 x 1073
p +7.0834 x 1074 +7.5000 x 1073
ag —7.5470 x 1072 —4.3200 x 1072
v —6.9474 x 1074 —7.4000 x 1073
¢ —8.8380 x 107! —5.0890 x 107"
yc —3.9601 x 1076 —3.8740 x 10
B +2.4060 x 107"
. +2.4070 x 107"

related to Ron, a sensitivity analysis of Roy is performed
to identify the most significant parameters that inhibit or
accelerate the spread of HCV infection. A generalized for-
ward sensitivity index is used to measure relative changes
in model parameters for control of HCV. Therefore, the
approach in [25, 28] is utilized to determine the pro-
portional alteration of a state variable as the parameter
changes and is defined as

O0RoH g
X
) 89

R — —
Ron

(64)
Thus the sensitivity indices of Rg7 and Rg; with respect
model parameters in Table 3 are given in Table 2.

Table 2 provides a physical interpretation of each
model parameter in Rg1 and Roa, respectively. It should
be noted that Rg1 increases each time wp, do, and p
increase and Ry increases each time wy, dg, 7, B, and
p increase. Thus these parameters should be targeted
and efforts should aim at reducing their value if the HCV
burden is to reduce.

Similarly, the parameters oo, ¥, ¢, yc have a negative
sign, which means that they have a negative effect on
Ro1 and the same parameters negatively affect Ro,. Thus
parameters i and ¢ should be increased in value since
they are fundamental in HCV reduction.

Therefore, to control the spread and prevalence of HCV
infection in the population, it is necessary to increase the
treatment of chronically infected people and also influ-
ence the reduction of alcohol consumption to a mini-
mum level so that the prevalence of HCV infection in the
population can be reduced.

4. Numerical simulations

In this section, the numerical simulations of the model
system (1) are provided. The model simulations are car-
ried out by employing MATLAB programming tool with
ODE45 in-built function to simulate the role of treatment
and controlin alcohol consumption to minimum levels on
the dynamics of Hepatitis C virus infection. The parameter
values used are obtained from the background literature

Table 3. Model parameter values.

Parameter

symbols Value(per year) Source
A 8.000 x 102 Assumed
0 3.650 x 10~10 Assumed
wo 1.300 x 107! Assumed
do 4420 x 10° Estimated
p 2,655 x 1072 Estimated
ag 2.586 x 1072 Estimated
u 1.360 x 1072 Estimated
v 9.500 x 107" Estimated
¢ 3.000 x 107! Estimated
yc 5.000 x 1073 Estimated
€ 5.000 x 1072 Assumed
T 5.000 x 107" Assumed
Hnin 7.3kg [12]
Hinax 14.6 kg [12]

and some are estimated in biologically feasible ways to
obtain more realistic simulation results with initial con-
ditions S$(0) = 10000, E(0) = 3500, /4(0) = 3500, /c(0) =
1500, R(0) = 10,H(0) = 10, Hmin = 7.3, and Hmax = 14.6.

Considering parameter values in Table 3 and the above
initial conditions, we simulate system (1) to obtain the
following results.

In Figure 2(a), the number of acutely infected indi-
viduals initially rises before rapidly declining as cases
progress to the chronic stage. Chronically infected indi-
viduals increase and eventually stabilize, indicating that
without treatment, HCV persists in the population and
the endemic equilibrium is locally stable. In contrast,
Figure 2(b) shows a steady decline in both acute and
chronic cases due to treatment, suggesting that HCV can
be reduced as transmission rates drop. Hence, treatment
lowers Roy and leads to a disease-free state.

Figure 3 illustrates the variation in alcohol consump-
tion under two scenarios: minimum consumption, cor-
responding to Roy = Ro1, and maximum consumption,
corresponding to Roy = Ro2. At Ro1, the system reaches
equilibrium at a minimum alcohol level, denoted by Hmin.
In contrast, at Rp,, alcohol consumption increases pro-
gressively over the years.

Figure 4(a) shows that the number of chronically
infected individuals decrease as the treatment rate
increases, indicating an inverse relationship. Figure 4(b)
illustrates that an increase in the treatment rate leads to
a corresponding rise in the number of recovered individ-
uals.

Figure 5 demonstrates that acutely infected individu-
als who consume minimal amounts of alcohol take longer
to progress to the chronic stage compared to those who
consume higher amounts. Figure 6(a) shows that, with
treatment, chronically infected individuals who consume
minimal alcohol recover more quickly than those with
high alcohol intake. Figure 6(b) illustrates that, in the
absence of treatment, the number of chronically infected
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Figure 3. Simulating alcohol variation at R¢7 and Rg>.

individuals with high alcohol consumption is greater than
those with low alcohol consumption. These observations
highlight the positive impact of reduced alcohol intake on
recovery rates.

We further examine the combined effects of treatment
and alcohol control by analyzing the following strategies:

No treatment with low alcohol consumption: y =0
and H = Hpn, denoted as strategy S;.
No treatment with high alcohol consumption: y = 0
and H = Hnax, denoted as strategy S».
Treatment with low alcohol consumption: y = 0.95
and H = Hnin, denoted as strategy Ss.

30
time(years)

40 50 60

(d) Treatment with high alcohol consumption: ¥ = 0.95
and H = Hpax, denoted as strategy Ss.

Figure 7(a) illustrates that strategies S and S3 are more
effective in reducing the number of acutely infected indi-
viduals who progress to the chronic stage over time,
compared to strategies S; and Sa. In Figure 7(b), both
strategies S3 and S4 contribute to a decline in the number
of chronically infected individuals. However, strategy S3
yields the most significant reduction in chronicinfections.
This highlights the importance of enhancing treatment
efforts and minimizing alcohol intake as key measures in
controlling Hepatitis C infection.

E|
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0 2 4 6 8 10 12 14 16 18
time(years)

4 2 4 6 8 10 12 14 16 18 20
time(years)

Figure 4. Simulating the effect of treatment on acutely and chronically infected population: (a) effect of treatment on chronically
infected population and (b) effect of treatment on recovered population.
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Figure 5. Effect of alcohol consumption on acute population.
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Figure 6. Simulating the effect of alcohol consumption on chronically infected population: (a) effect of alcohol consumption on chronic
infection with treatment and (b) effect of alcohol consumption on chronic infection without treatment.

4.1. Conclusion

Hepatitis C remains a significant global public health
threat. This study presents a deterministic mathemati-
cal model, incorporating a logistic alcohol intake model,
to investigate the impact of treatment and alcohol con-
sumption on the progression of HCV infection. The model
system (1) was shown to be well-posed and biologically
meaningful.

Through analysis, we established the existence of both
disease-free and endemic equilibrium points for cases
where H(t) = Hmin and H(t) = Hmax. The basic repro-
duction number, Roy, was determined using the next-
generation matrix approach. The disease-free equilibrium
(DFE) point was proven to be locally and globally stable

7000

when Roy < 1, using the Routh-Hurwitz criterion and
Lyapunov stability. The unique endemic equilibrium was
shown to be locally and globally stable when Roy >
1, using the center manifold theorem and Lyapunov's
approach.

Numerical simulations showed that increasing treat-
ment for chronically infected individuals, along with
reducing alcohol consumption to minimal levels, signifi-
cantly decreased the number of chronically infected indi-
viduals. Xu et al. [29] found that HCV-infected individuals
consuming more than 40 g of ethanol per day experi-
enced faster progression of liver diseases compared to
those with minimal alcohol intake. Additionally, alco-
hol abstinence was recommended to protect the liver,

—s1
2
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Acutely infected individuals, 1,(1)

1000

15
time(years)

|
15
time(years)

Figure 7. Simulating the combined effect of treatment and alcohol variation on infected population: (a) effect of strategies on acutely
infected population and (b) effect of strategies on chronically infected population.



enhance the effectiveness of antiviral treatments, and
slow the progression to chronic HCV infection, aligning
with the findings of this study.

Thus, to effectively control HCV transmission and
prevalence, a combination of reducing alcohol consump-
tion to minimal levels, along with increasing treatment
rates for chronically infected individuals, is essential.

To effectively control the transmission and prevalence
of HCV, it is recommended to increase treatment rates for
chronically infected individuals, promote alcohol absti-
nence or reduce alcohol consumption to minimal lev-
els, and implement targeted public health campaigns
that raise awareness about the risks of alcohol on HCV
progression, combining these strategies for maximum
impact.

Further research should focus on the effectiveness of
public health interventions and the expansion of math-
ematical models to include co-infections and comorbidi-
ties in HCV transmission dynamics.
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Appendix
A.1 Proof of Theorem 3.4

Proof: The Jacobian matrix of system (1) should be evaluated
at DFE, & to give

—u 0 —oH) —-oH)p 0 0
0 —-x1 w(H w(H)p 0 0
0 SH) —x 0 0 0
le =1 ¢ 0  a(H) —x3 0 0 (AT)
0 0 ) w —xs O
0 0 0 0 0 —xs

where x1 =u+0(H), xo=p+aH)+¢, x3=u+yc+y,
Xa=pu~+0, and x5 = W The characteristic
equation of (A1) is obtained from |4/ — Jg;| = 0 such that

PA) = Ml =g,
A+ u 0 w(H) w(H)p -0 0
0 A+x1 —oH) —wH)p 0 0
| o0 —H) A+x2 0 0 0
=l o 0 —a(H) i+xs 0 0
0 0 —¢ -y A+x4 O
0 0 0 0 0 A+ x5
=0. (A2)

Clearly from (A2), the eigenvalues of the characteristic equation
are six and the first three are A = —p, A = —x4, A = —x5 which
are all negative.

The other three eigenvalues can be obtained from the
reduced matrix M given as

A+x1 —oH) —wH)p
M=|—-0H) L+x2 0 . (A3)
0 —a (H) L+ X3

The remaining eigenvalues are determined using the Routh-
Hurwitz criterion [30]. The characteristic equation of (A3)
is of the form A3+ A2+ Gl +C3 =0 such that C; =
X1 +x2+x3>0,G =x1x(1 — %) +x1x3 + x2x3, and (3 =

x1x2x3(1 — Ron). Since b=1+ %EH) > 1 then % <1 if

Roy < 1 which implies that C; > 0, and if Roy < 1 then
G > 0.

By Routh—Hurwitz criterion for a polynomial of degree 3, the
roots of 13 + C; 4% + G2/ + C3 = 0 have negative real parts =
C1,C2, G > 0 and GG, > Gs. It has already been established
that Cq, Cy, and C3 are positive, the task now is to show that
C1 C2 > C3.Thus

RoH

b

+ X3x3 + X263 + x1x23Ron > 0, (A4)

GG -G =x1x2 (1 - ) O +x2 +x3) + 2x3x3

if Row < 1. This implies that the necessary conditions for
Routh—Hurwitz criteria for third-degree polynomials are satis-
fied. Hence, DFE, & is locally asymptotically stable if
Rox < 1. |

A.2 Bifurcation analysis

Theorem A.1: Consider the following general system of ODES
with a parameter v.
dr
i f(r,v), (A5)
f:R" x R—> R", f € C2X(R" x R) where zero is an equilibrium
point of the system that is (0, v) = 0 for all v.
Assume the following:

Al A =Drf(0,0) = (%(O, 0)) is the linearization matrix of the
system (A5) around equilibrium zero with v evaluated at 0.
Zero is a simple eigenvalue of A and other eigenvalues have
negative real parts.

A2 Matrix A has a non negative right eigenvector w and a
left eigenvector v each corresponding to the zero

eigenvalue.

Let f, be the k" component of fand

i 82f;
a= E viwiwj——(0,0
P kWi ]af,‘afj( )
ijk=1

n 2
o0-fy
b= i——(0,0).
Z Vi orjov* ©.0)
jik=1
The local dynamics of the system around 0 is completely deter-
mined by the sign of a and b.

(1) a>0,b> 0,whenv < 0with|v| < 1,0is locally asymptot-
ically stable and there exists a positive unstable equilibrium;
when0 < v K 1,0isunstable and there exists a negative and
locally asymptotically stable equilibrium.

(2) a<0 b<0,when v < 0with |v| < 1, 0 is unstable; when
0 < v K 1,0is locally asymptotically stable and there exists
a positive unstable equilibrium.

(3) a> 0,b<0 whenv < 0withv < 1,0is unstable and there
exists a locally asymptotically stable negative equilibrium;
when 0 < v < 1, 0is stable and a positive unstable equilib-
rium appears.

(4) a <0, b>0 when v changes from negative to positive, 0
changes its stability from stable to unstable. Correspond-
ingly a negative unstable equilibrium becomes positive and
locally asymptotically stable. Particularlyifa > 0,b > 0, then
a backward bifurcation occurs at v = 0.
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