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This study develops a deterministic compartmental model to investigate the e®ects of partial

treatment on the transmission dynamics of tuberculosis (TB) and hepatitis C virus (HCV)
co-infection and to identify e®ective intervention strategies. The basic reproduction number was

derived using the next-generation matrix method, and sensitivity analysis was conducted to

determine the parameters most in°uential in disease transmission. The results show that

transmission-related parameters have the greatest in°uence on the reproduction number, while
treatment-related parameters substantially reduce the burden of TB–HCV co-infection. Nu-

merical simulations further indicate that partial treatment prolongs infectiousness, accelerates

disease progression, and enhances interactions between TB and HCV, with TB identi¯ed as the

dominant contributor to co-infection dynamics. An optimal control model incorporating
awareness, detection, and treatment interventions was formulated using Pontryagin's Maxi-

mum Principle. Numerical simulations demonstrate that the simultaneous implementation of

these interventions can substantially reduce TB–HCV co-infection, with near elimination
achievable within two years. Based on these ¯ndings, individuals diagnosed with either TB or

HCV should be routinely screened for the other infection to facilitate early detection and timely

concurrent treatment.

Keywords: Tuberculosis; hepatitis C; co-infection; deterministic model; partial treatment;

optimal control.

1. Introduction

Tuberculosis (TB) remains a major global health challenge, as indicated by World

Health Organization (WHO). Each year, it causes over 10 million new infections and
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approximately 1.6 million deaths worldwide [61, 62]. In 2023, TB was once again the

leading cause of mortality from a single infectious pathogen, with continued rise in

cases since 2021 [61]. Although the disease can a®ect multiple organs, it primarily

a®ects the lungs and occurs most frequently in adults. The risk of progression to

active disease is greatest within the ¯rst two years following infection. TB incidence

varies substantially across regions, with the highest rates reported in sub-Saharan

Africa and Southeast Asia [62].

Chronic hepatitis C virus (HCV) infection is a major global health burden.

As reported by the WHO, an estimated 50 million people currently live with chronic

HCV, with approximately 1 million new infections occurring annually [35, 60]. In

2022, the disease was responsible for approximately 242,000 deaths, mainly due to

complications, such as liver cirrhosis and hepatocellular carcinoma. Despite the

availability of highly e®ective curative treatments, gaps in diagnosis and treatment

coverage persist, posing major challenges to achieving global hepatitis C elimination

goals [30, 52].

The coexistence of TB and HCV infection is both biologically and epidemiologi-

cally plausible, supported by extensive evidence of overlapping risk factors, immu-

nological interactions, and clinical co-infection cases. Both diseases are prevalent in

populations a®ected by poverty, overcrowding, limited healthcare access, and among

high-risk groups such as individuals who inject drugs, the homeless, and immuno-

compromised individuals. A systematic review and meta-analysis reported that TB

patients have signi¯cantly higher odds of HCV infection than the general population

[7], while HCV infection independently increases the risk of developing active TB

[8, 36]. Immunologically, HCV suppresses T-cell mediated responses essential for TB

control, reducing TB-speci¯c CD4 responses thereby facilitating TB progression [23].

Partial or incomplete treatment arising from poor diagnosis, such as addressing only

one infection while neglecting the other, further exacerbates the burden of TB–HCV

co-infection. Undiagnosed or untreated HCV during TB therapy increases suscep-

tibility to drug-induced hepatotoxicity, leading to treatment interruptions or

defaults, which compromise TB control and extend the infectious period [37, 55].

However, treating HCV without TB screening may permit TB reactivation, given

the immune dysregulation caused by chronic viral infection. The WHO emphasizes

that the simultaneous management of TB and HCV is feasible and necessary, as

delayed or selective treatment undermines therapeutic success for both diseases.

A range of mathematical modeling frameworks has been developed to analyze the

transmission dynamics and control strategies of TB and HCV infections. Egonmwan

and Okuonghae [21] formulated a model assessing the impact of diagnosis and

treatment for both latent and active TB, indicating backward bifurcation, sensitivity

to key epidemiological parameters, and the potential to reduce the TB burden

through improved detection and treatment. Avilov and Romanyuka [3] incorporated

antituberculosis programs into a model di®erentiating between detected and unde-

tected cases, revealing signi¯cant disparities in TB morbidity and detection e±ciency
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across regions. Kasereka et al. [33] developed an eight-compartment model showing

that rapidly progressing latent cases drive short- and medium-term incidences, while

slowly progressing latent cases sustain long-term persistence. Their ¯ndings under-

scored the importance of interventions, such as contact tracing and latent case

treatment for e®ective TB control. Khajanchi et al. [34] showed that exogenous

reinfection and endogenous reactivation signi¯cantly in°uence TB dynamics, with

backward and Hopf bifurcations indicating that the basic reproduction below one

may not guarantee disease elimination. The study [17] developed a TB transmission

model incorporating social awareness and media interventions. The analysis revealed

backward bifurcation and showed that media awareness in°uences TB transmission

and disease persistence. Optimal control results demonstrated that sustained media

intervention can reduce TB prevalence. In [31], a fractional-order two-patch TB

model incorporating exogenous reinfection and human movement was developed.

The study showed that population movement and fractional-order dynamics in°u-

ence TB prevalence, with backward bifurcation occurring under certain conditions.

Numerous other modeling studies have further explored TB transmission and in-

tervention strategies [5, 14, 18, 25, 42, 44, 46, 47], while systematic reviews [16, 58],

have synthesized recent advances and highlighted persistent challenges, including

disease reactivation and relapse.

In the case of HCV, Elbasha [22] emphasized the role of reinfection and critical

epidemiological parameters, showing that high-e±cacy treatment can substantially

reduce disease burden. The model in [2] used a threshold parameter to predict

treatment outcomes from early viral dynamics. Martin et al. [38] demonstrated that

infection risk and injection duration among IDUs are the primary determinants of

the required treatment level, whereas immunity status has little e®ect, supporting

treatment as a preventive measure. Okosun and Makinde [48] applied optimal con-

trol theory and concluded that prioritizing the treatment of acutely and chronically

infected individuals is most cost-e®ective in resource limited-settings, while broader

screening and treatment programs could further improve outcomes at a higher cost.

The impact of alcohol abuse on the progression of HCV infection was examined in

[40], where ¯ndings indicated that reduced alcohol consumption lowers the risk of

progression to chronic infection and improves treatment outcomes. Furthermore, a

sex-structured model of HCV transmission among people who inject drugs [29]

demonstrated that gender speci¯c behaviors and needle-related factors play a sig-

ni¯cant role in driving transmission, with harm reduction strategies being essential

for e®ective control. Additionally, a compartmental HCV model incorporating

awareness-based susceptible classes and optimal control [53] revealed that the si-

multaneous implementation of multiple intervention strategies substantially reduced

disease transmission, as supported by both stability and simulation analyses.

Despite growing evidence of TB–HCV co-infection, mathematical models

addressing their joint dynamics remain scarce. Notably, Kizito et al. [35] developed

one of the few existing models, focusing on co-infection dynamics in the absence of
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interventions and establishing linear relationships between key infected compart-

ments and transmission parameters. In contrast, a substantial body of literature has

examined co-infections involving either TB or HCV, such as HIV–HCV [1, 9, 19, 24,

51], TB–HIV [4, 10, 50], and TB–COVID-19 [41]. Collectively, these studies highlight

the importance of integrated modeling approaches but do not explicitly address the

unique epidemiological and treatment complexities of TB–HCV co-infection.

To address this gap, this study proposes a novel and comprehensive deter-

ministic modeling framework that extends existing approaches in several important

ways. First, unlike prior TB–HCV models, the proposed model explicitly incor-

porates partial treatment, capturing the realistic e®ects of incomplete or inade-

quate therapy due to delayed diagnosis, poor adherence, or limited healthcare

access. Second, the model integrates dual treatment dynamics, allowing for the

simultaneous management of TB and HCV infections and enabling the assessment

of their combined therapeutic impact. Third, this study formulates and analyzes an

optimal control problem that jointly considers TB and HCV awareness, detection,

and treatment interventions, an aspect not addressed in earlier TB–HCV co-in-

fection models.

2. Model Description and Formulation

2.1. Description of the model

The model categorizes the human population into 13 distinct and separate groups

ascending to their epidemiological status, namely, susceptible individuals capable of

acquiring TB or HCV ðSðtÞÞ, latently infected individuals with TB who are not

contagious ðTLðtÞÞ, infectious individuals with TB who are contagious ðTIðtÞÞ, in-
fectious individuals with TB who are hospitalized ðTHðtÞÞ, recovered from TB

individuals ðTRðtÞÞ, infectious individuals with acute HCV who are not symptomatic

ðHAðtÞÞ, HCV chronically infectious individuals with symptoms ðHCðtÞÞ, recovered
from HCV individuals ðHRðtÞÞ, dually infected with acute HCV infection and non-

infectious latent TB ðC1ðtÞÞ, dually infected with chronic HCV and non-infectious

latent TB ðC2ðtÞÞ, dually infected with acute HCV infection and infectious TB

ðC3ðtÞÞ, dually infected with chronic HCV and infectious TB ðC4ðtÞÞ, and individuals

who have recovered from the co-infection ðRðtÞÞ.
Treatment for HCV patients is initiated at the chronic stage, as the acute stage is

generally brief and asymptomatic, while diagnosis commonly takes place during the

persistent and symptomatic chronic phase of infection [39]. To formulate the dy-

namic system, it is assumed that all susceptible individuals have equal risk of ac-

quiring either TB or HCV, with transmission occurring through contact with

infectious individuals. Individuals who recover from TB or HCV infection following

treatment are assumed to gain temporary immunity before eventually returning to

the susceptible class. The overall population in the community at any time t was
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de¯ned as follows:

NðtÞ ¼ SðtÞ þ TLðtÞ þ TIðtÞ þ THðtÞ þ TRðtÞ þHAðtÞ þHCðtÞ þHT ðtÞ
þ C1ðtÞ þ C2ðtÞ þ C3ðtÞ þ C4ðtÞ þ RðtÞ:

The susceptible population, SðtÞ, receives a continuous in°ow through births and

immigration at a rate �, and all sub-populations are subject to a constant natural

mortality rate, denoted by �. Susceptible individuals acquire TB infection and

transition to the latent TB class, TL, at a force of infection �T , which is de¯ned

as follows:

�T ¼ �pðTIðtÞ þ qTHðtÞ þ b1C3ðtÞ þ b2C4ðtÞÞ
NðtÞ : ð1Þ

Here, � denotes the inter-personal contact rate between TB-infectious and suscep-

tible individuals, and p is the probability that a contact results in TB transmission.

The parameter q represents the reduced risk of TB transmission from hospitalized

individuals, attributable to the e®ects of intensive care. Parameters b1 and b2 are

enhancement factors accounting for the elevated risk of TB transmission from dually

infected individuals in classes C3 and C4, respectively. These factors capture the fact

that dually infected individuals transmit TB more e±ciently than those infected with

TB alone, due to a higher pathogen load [4, 35]. It was further assumed that b2 > b1.

Susceptible individuals acquire HCV infection and transition to acute class IAðtÞ,
at a force of infection �HðtÞ, de¯ned by

�HðtÞ ¼
�kðmHAðtÞ þHCðtÞ þm1C1ðtÞ þm2C2ðtÞ þm3C3ðtÞ þm4C4ðtÞÞ

NðtÞ : ð2Þ

The parameter � denotes the rate of human-to-human contact between HCV-

infected and susceptible individuals. The chance that such contact results in HCV

transmission is represented by k. The parameters mi; i ¼ 1; 2; 3; 4 serve as enhance-

ment factors that capture the increased risk of HCV transmission from dually

infected individuals in classes C1;C2;C3, and C4, respectively. Furthermore, m was

introduced as an ampli¯cation parameter to account for the comparatively higher

risk of transmission from individuals acutely infected with HCV.

Humans latently infected with TB, TL, may either recover naturally due to an

improved immune response at a rate ", thereby returning to the susceptible class, or

progress to active TB infection, TI , at a rate �. Individuals with active TB who are

diagnosed as positive may follow two treatment pathways: a proportion are managed

at home under treatment at a rate �1, transitioning to the recovery class TR, while

others are hospitalized at a rate �, entering compartment TH . Hospitalized patients

also receive treatment, and upon recovery at a rate �2, they join the recovery class TR.

Optimal control of TB-HCV co-infection
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Individuals acutely infected with HCV, may either recover naturally at a rate 	,

then return to the susceptible class, or progress to chronic HCV infection, HC , at a

rate 
. Upon successful diagnosis of chronic HCV, infected individuals are initiated

on treatment at a rate �, after which they transition to recovery class HR. Latently

and actively infected individuals with TB, represented by TL and TI , may acquire

HCV through a force of infection �H , thereby transitioning to dual-infection classes

C1 and C3, respectively. Conversely, individuals acutely and chronically infected

with HCV, denoted by HA and HC , may acquire TB through a force of infection �T ,

progressing to dual-infection classes C1 and C2, respectively.

Individuals in the dual infection class C1 may progress either to active TB and

acute HCV class C3 at a rate �2 or to latent TB and chronic HCV class C2 at a rate

�1. Likewise, transitions into HCV chronic and infectious TB co-infection class C4ðtÞ
occur from C2ðtÞ and C3ðtÞ at rates �3 and �4, respectively.

Partial treatment of the co-infected individuals was also considered. Speci¯cally,

individuals in C2 may receive treatment for HCV at a rate �, thereby reverting to the

latent TB class; individuals in C3 may be treated for TB at a rate �1, moving into the

acute HCV class; and individuals in C4 may either be treated for TB at a rate �1,

transitioning to the chronic HCV class, or be treated for HCV at a rate �, reverting to

the active TB class. Furthermore, once diagnosed as positive for both infections,

individuals in C3 and C4 may be placed on dual therapy at rates 
1 and 
2,

respectively, ultimately progressing into the recovered class RðtÞ.
Since previous infection does not confer permanent immunity, individuals in the

recovery classes TR, HR, and RðtÞ representing those treated for TB, HCV, and dual

infection, respectively may revert to the susceptible class after clearance of infection.

This occurs at rates �1, �2, and �, respectively.

Individuals in the community face disease-induced mortality, occurring at rates d1
and d2 for classes TH and TI respectively; at rate d for the chronic HCV class; and

rates c1 and c2 for co-infection classes C3 and C4, respectively.

2.2. Compartmental diagram

A schematic of the TB–HCV co-infection model, represented as a compartmental

diagram, is shown in Fig. 1.

2.3. Parameters of the model and their description

Table 1 lists the parameters of the model and their description. Parameter values

were estimated from WHO [60, 61], Uganda National Tuberculosis and Leprosy

Programme (NTLP) annual reports [56], World Bank demographic indicators [59],

and published HCV studies in sub-Saharan Africa.
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Table 1. Parameters used in the model formulation and their description.

Parameter De¯nition Value (year�1) Source

� Per capita recruitment rate into susceptible population 0:0352N0 Estimated
� Per susceptible risky contact rate for TB 730 Estimated
p Probability that a risky contact results in TB infection 0.0026 Estimated
� Per susceptible risky exposure rate for HCV 1.00 Estimated
k Probability of HCV transmission per risky exposure 0.01 Estimated
q Relative transmissibility of hospitalized TB cases 0.05–0.50 Estimated
� Natural mortality rate 0.01465 Estimated
d1; d2 Infectious TB-induced death rates in classes TH and TI 0.13,0.05 Estimated
d Chronic HCV-induced death rate 0.03 Estimated
c1; c2 Co-infection induced death rates in classes C3 and C4 0.18,0.25 Estimated
� Rate of progression from latent to infectious TB 0.10 [43]
� Hospitalization rate of TB infectious individuals 0.20 Estimated
�1 Treatment rate of TB infectious individuals 2.00 Estimated
�2 Treatment rate of TB hospitalized infectious individuals 4.00 Estimated

 Transition rate from acute HCV to chronic HCV 1.60 [28]
�1 Transition rate from C1 class to C2 class 1.00 Assumed
�2 Transition rate from C1 class to C3 class 0.80 Assumed
�3 Transition rate from C2 class to C4 class 1.00 Assumed
�4 Transition rate from C3 class to C4 class 1.00 Assumed
� Treatment rate of chronically infected HCV individuals 0.10 Estimated

1; 
2 Dual treatment in co-infected individuals C3 and C4 0.05, 0.10 Assumed
� Progression rates to susceptible class after recovery in R 0.50 Estimated
�1 Progression rates to susceptible class after recovery in TR 1.00 Estimated
�2 Progression rates to susceptible class after recovery in HR 1.00 Estimated
" Natural recovery rate of latent TB in TL class 0.01 [43]
	 Natural recovery rate of acute HCV in HA class 0.45 [28]

Fig. 1. A Flow diagram for the co-dynamics of TB and HCV.
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2.4. Equations of the model

Based on Fig. 1 and the model description, the system is described by the following

set of ordinary di®erential equations:

dS

dt
¼ �þ �Rþ �1TR þ �2HR þ "TL þ 	HA � ð�T þ �H þ �ÞS;

dTL

dt
¼ �TS þ �C2 � ð�H þ "þ �þ �ÞTL;

dTI

dt
¼ �TL þ �C4 � ð�H þ �1 þ �þ �þ d2ÞTI ;

dTH

dt
¼ �TI � ð�2 þ �þ d1ÞTH ;

dTR

dt
¼ �1TI þ �2TH � ð�1 þ �ÞTR;

dHA

dt
¼ �HS þ �1C3 � ð�T þ 	 þ 
þ �ÞHA;

dHC

dt
¼ 
HA þ �1C4 � ð�T þ �þ �þ dÞHC ;

dHR

dt
¼ �HC � ð�2 þ �ÞHR;

dC1

dt
¼ �T HA þ �HTL � ð�1 þ �2 þ �ÞC1;

dC2

dt
¼ �T HC þ �1C1 � ð�þ �3 þ �þ dÞC2;

dC3

dt
¼ �HTI þ �2C1 � ð�1 þ 
1 þ �4 þ �þ c1ÞC3;

dC4

dt
¼ �4C3 þ �3C2 � ð�þ �1 þ 
2 þ �þ c2ÞC4;

dR

dt
¼ 
1C3 þ 
2C4 � ð� þ �ÞR:

ð3Þ

The total population is not constant but varies over time and its dynamics are

governed by the following di®erential equation:

dN

dt
¼ �� �N � ðdðHC þ C2Þ þ d1TH þ d2TI þ c1C3 þ c2C4Þ: ð4Þ

The state variables of the system are initially given by

Sð0Þ > 0; TLð0Þ � 0; TIð0Þ � 0; THð0Þ � 0; TRð0Þ � 0;

HAð0Þ � 0; HCð0Þ � 0; HRð0Þ � 0; C1ð0Þ � 0;

C2ð0Þ � 0; C3ð0Þ � 0; C4ð0Þ � 0; and Rð0Þ � 0:

8<
: ð5Þ
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3. Analysis of the Model

3.1. Basic properties of the model with no controls

Because model system (3) describes the dynamics of the human population, it is

necessary to verify that it is both mathematically well posed and biologically

meaningful. In this subsection, we examine the solution properties of TB-HCV

co-infection model (3), with particular emphasis on positivity and boundedness.

Lemma 3.1. For the non-negative initial conditions (5), the solutions S;TL;TI ;TH ;

TR;HA;HC ;HR;C1;C2;C3;C4 and R for model system (3) are non-negative for t � 0.

Proof. To demonstrate the non-negativity of the systems' solutions, we proceed by

contradiction. Suppose there exists a ¯rst time t1 > 0 at which a state variable SðtÞ
reaches zero with a negative derivative, that is, Sðt1Þ ¼ 0 and S 0ðt1Þ < 0, whereas all

other state variables remain non-negative for 0 < t < t1. Considering the

corresponding di®erential equation of model system (3), we obtain

dSðt1Þ
dt

¼ �þ �1TR þ �2HR þ �Rþ �TL þ 	HA > 0:

This result contradicts the assumption that S 0ðt1Þ < 0. Following the same

procedure it can be seen that

dTLðt2Þ
dt

¼ �TS þ �C2 � 0;

dTIðt3Þ
dt

¼ �TL þ �C4 � 0;

dTHðt4Þ
dt

¼ �TH � 0;

dTRðt5Þ
dt

¼ �1TI þ �2TH � 0;

dHAðt6Þ
dt

¼ �HS þ �1C3 � 0;

dHCðt7Þ
dt

¼ 
HA þ �1C4 � 0;

dHRðt8Þ
dt

¼ �HC � 0;

dC1ðt9Þ
dt

¼ �T HA þ �HTL � 0;

dC2ðt10Þ
dt

¼ �T HA þ �1C1 � 0;

dC3ðt11Þ
dt

¼ �HTI þ �2C1 � 0;

dC4ðt12Þ
dt

¼ �4C3 þ �3C2 � 0;

dC5ðt13Þ
dt

¼ 
1C3 þ 
2C4 � 0:

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

Therefore, no state variable can become negative, and it follows that all state solutions remain

non-negative.
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It is also crucial to show that the model population is bounded and is within a

region of biological signi¯cance. The following lemma represents the region in which

system (3) is restricted.

Lemma 3.2. The feasible region

� ¼ ðS;TL;TI ;TH ;TR;HA;HC ;HR;C1;C2;C3;C4;RÞ 2 R
13
þ : 0 � NðtÞ � �

�

� �
ð6Þ

is a positively invariant and attractive set with respect to model system (3).

Proof. The equation for the change in the total population (4) reduces to the

inequality:

dN

dt
� �� �N : ð7Þ

Applying the comparison theorem to inequality (7) with the initial condition

Nð0Þ ¼ N0, we derive that

N � �

�
þ N0 �

�

�

� �
e��t: ð8Þ

Thus, inequality (8) implies that

0 � NðtÞ � �

�
:

Hence, the feasible region � is positively invariant and is attracted under the °ow

induced by system (3). Therefore, model (3) is well-posed in � and it is su±cient to

study the dynamics of the model.

3.2. Disease-free equilibrium and the reproduction number

The basic reproduction number, denoted by R, represents the expected number of

new infections generated by an infectious individual introduced into an entirely

susceptible population [57]. To determine the reproduction number for the TB–HCV

co-infection model, the next-generation matrix approach outlined in [20, 54, 57] was

employed. By equating the right-hand side of system (3) to zero and substituting

TL ¼ TI ¼ TH ¼ HA ¼ HC ¼ C1 ¼ C2 ¼ C3 ¼ C4 ¼ 0 in the absence of TB, HCV,

and their co-infection, we obtain TR ¼ HR ¼ R ¼ 0 and S ¼ �
� . Consequently, the

disease-free equilibrium point is given by

E0 ¼
�

�
; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0

� �
: ð9Þ

To derive the basic reproduction number, we focused on the infected compartments

TL;TI ;TH ;HA;HC ;C1;C2;C3, andC4. Following the next-generationmatrix approach,

M. Byamukama & M. Kizito

2650020-10

M
at

h.
 O

pe
n 

20
26

.0
5.

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 1
96

.4
3.

16
4.

50
 o

n 
11

/1
2/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



we denote by Fi the rate of appearance of new infections in compartment i, and by Vi

the rate of transfer of individuals into and out of compartment i through all other

processes. The Jacobian matrices F and V whose entries are the partial derivatives of

the new-infection terms Fi and the transition terms Vi with respect to the infected

states are formed and evaluated at the disease-free equilibrium as follows:

F ¼

0 �p �pq 0 0 0 0 �pb1 �pb2
0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 �km �k �km1 �km2 �km3 �km4

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

2
666666666666664

3
777777777777775

;

V ¼

k1 0 0 0 0 0 0 0 0

�� k2 0 0 0 0 0 0 ��

0 �� k3 0 0 0 0 0 0

0 0 0 k4 0 0 0 0 0

0 0 0 �
 k5 0 0 0 ��1
0 0 0 0 0 k6 0 0 0

0 0 0 0 0 ��1 k7 0 0

0 0 0 0 0 ��2 0 k8 0

0 0 0 0 0 0 ��3 ��4 k9

2
666666666666664

3
777777777777775

;

ð10Þ

where k1 ¼ ð"þ �þ �Þ; k2 ¼ ð�1 þ �þ �þ d2Þ; k3 ¼ ð�2 þ �þ d1Þ, k4 ¼ ð	 þ 
þ �Þ;
k5 ¼ ð�þ �þ dÞ; k6 ¼ ð�1 þ �2 þ �Þ, k7 ¼ ð�þ � � 1þ �2 þ �Þ; k8 ¼ ð�1 þ 
1 þ �4þ
�þ c1Þ, and k9 ¼ ð�þ �1 þ 
2 þ �þ c2Þ. The next-generation matrix is K ¼ FV �1

and the basic reproduction number is the spectral radius of K which in this case is

given by

R ¼ maxfRT ;RHg; ð11Þ
where

RT ¼ �p�ð�2 þ �þ d1 þ q�Þ
ð"þ �þ �Þð�1 þ �þ �þ d2Þð�2 þ �þ d1Þ

;

RH ¼ �kðmð�þ �þ dÞ þ 
Þ
ð	 þ 
þ �Þð�þ �þ dÞ : ð12Þ

The quantities RT and RH denote the basic reproduction numbers corresponding to

the TB-only and HCV-only sub-models, respectively.

In this context,R is de¯ned as the expected number of new TB or HCV infections

generated by a single individual infected with TB, HCV, or both when introduced
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into a wholly susceptible population. According to [57, Theorem 2], the following

result is obtained.

Theorem 3.3. The disease-free equilibrium (9) of system (3) is locally asympto-

tically stable when R < 1 and unstable otherwise.

3.3. Existence of the endemic equilibrium point

Owing to the nonlinear and complex nature of the co-infection model (3), the exis-

tence of an endemic equilibrium point was established through the analysis of the TB

and HCV sub-models. Furthermore, the overall co-infection dynamics were deter-

mined by the behavior of these sub-models. The corresponding TB and HCV sub-

models were obtained as follows:

TB sub-model
dS

dt
¼ �þ �1TR þ "TL � ð�T þ �ÞS;

dTL

dt
¼ �TS þ ð"þ �þ �ÞTL;

dTI

dt
¼ �TL þ ð�1 þ �þ �þ d2ÞTI ;

dTH

dt
¼ �TI � ð�2 þ �þ d1ÞTH ;

dTR

dt
¼ �1TI þ �2TH � ð�1 þ �ÞTR;

ð13Þ

where �T ¼ �pðTIþqTH

NT
Þ is the TB-only infection force.

HCV sub-model
dS

dt
¼ �þ �2HR þ 	HA � ð�H þ �ÞS;

dHA

dt
¼ �HS � ð	 þ 
þ �ÞHA;

dHC

dt
¼ 
HA � ð�þ �þ dÞHC ;

dHR

dt
¼ �HC � ð�2 þ �ÞHR;

ð14Þ

where �H ¼ �kðmHAþHC

NH
Þ is the HCV-only infection force.

The endemic equilibrium point corresponding to system (13) is obta-

ined as ET ¼ ðS �;T �
L;T

�
I ;T

�
H ;T

�
RÞ, where S � ¼ N �

T
k1k2k3

�p�ðk3þq�Þ, T �
L ¼ � �

T
S �

k1
; T �

I ¼ �� �
T
S �

k1k2
,

T �
H ¼ ��� �

T
S �

k1k2k3
, T �

R ¼ �� �
T
S �ð�1k4þ�2�Þ
k1k2k3k4

, � �
T ¼ �p�k4ðk3þq�Þ��N �

T
�k1k2k3k4

k1k2k3k4��1�ð�1k3þ�2�Þ�"k2k3k4
, k1 ¼ ð"þ �þ �Þ;

k2 ¼ ð�þ �þ d2 þ �1Þ, k3 ¼ ð�þ d1 þ �2Þ, and k4 ¼ ð�1 þ �Þ.
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The endemic equilibrium point corresponding to system (14) is obtained as

EH ¼ ðS �;H �
A;H

�
C ;H

�
RÞ, where S � ¼ N �

H
q1 q2

�kðmq2þ
Þ ;H
�
A ¼ � �

H
S �

q1
, H �

C ¼ 
� �
H
S �

q1 q2
,

H �
R ¼ �
� �

H
S �

q1 q2 q3
, � �

H ¼ �kq1 q3�ðq2mþ
Þ��q1 q2 q3
q1q�2q3��2�
�	q2 q3

, q1 ¼ ð	 þ 
þ �Þ; q2 ¼ ð�þ �þ dÞ, and

q3 ¼ ð�2 þ �Þ.
Lemma 3.4. A unique endemic equilibrium ET exists for the TB sub-model (13) if

and only if the basic reproduction number satis¯es RT > 1:

Proof. For TB endemicity, dTL

dt > 0; dTI

dt > 0, and dTH

dt > 0, implying that

�pðTI þ qTHÞ
S

NT

þ ð"þ �þ �ÞTL > 0; ð15Þ
�TL þ ð�1 þ �þ �þ d2ÞTI > 0; ð16Þ
�TI � ð�2 þ �þ d1ÞTH > 0: ð17Þ

At any time t, S
NT

� 1 and inequality (15) becomes

TL <
�p

ð"þ �þ �Þ ðTI þ qTHÞ: ð18Þ

Re-arranging inequalities (16) and (17) leads to

TI <
�TL

ð�1 þ �þ �þ d2Þ
; ð19Þ

TH <
�TI

ð�2 þ �þ d1Þ
: ð20Þ

Substituting inequalities (19) and (20) into (18) and simplifying leads to

1 <
�p�ð�2 þ �þ d1 þ q�Þ

ð"þ �þ �Þð�1 þ �þ �þ d2Þð�2 þ �þ d1Þ
¼ RT :

Hence, ET is unique when RT > 1:

Lemma 3.5. A unique endemic equilibrium EH exists for the HCV sub-model (14) if

and only if the basic reproduction number satis¯es RH > 1:

Proof. For persistence of HCV in a community, dHA

dt > 0; dHC

dt > 0, translating to

�kðmHA þHCÞ
S

NH

� ð	 þ 
þ �ÞHA > 0; ð21Þ

HA � ð�þ �þ dÞHC > 0: ð22Þ

Given that S
NH

� 1, inequality (21) reduces to

HA <
�kðmHA þHCÞ
ð	 þ 
þ �Þ : ð23Þ

Optimal control of TB-HCV co-infection
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Making HC a subject in inequality (22) and substituting the result into (23), leads to

1 <
�kðmð�þ �þ dÞ þ 
Þ
ð	 þ 
þ �Þð�þ �þ dÞ ¼ RH :

Hence, EH is unique when RH > 1.

Because the TB and HCV sub-models admit unique endemic equilibrium points,

ET and EH , whenever RT > 1 and RH > 1, respectively, it follows that the full TB–
HCV co-infection model also admits a unique endemic equilibrium E ¼
ðS �;T �

L;T
�
I ;T

�
H ;T

�
R;H

�
A;H

�
C ;H

�
R;C

�
1 ;C

�
2 ;C

�
3 ;C

�
4 ;R

�Þ whenever R > 1. This out-

come is consistent with the ¯ndings in [35, 54], which demonstrate that the overall

dynamics of co-infection systems are largely governed by the underlying behavior of

their constituent sub-models. Consequently, the existence and persistence of the

endemic state in the coupled model were directly linked to the transmission potential

within each individual disease component, thereby justifying the following result.

Theorem 3.6. The TB-HCV endemic state of system (3) is locally asymptotically

stable when R > 1 and unstable otherwise.

3.4. Sensitivity analysis of the basic reproduction number

A sensitivity analysis was conducted to identify the key parameters that in°uence the

transmission dynamics of TB, HCV, and their co-infection, as well as the e®ectiveness

of corresponding infection control interventions within the community. The normal-

ized sensitivity index of a variable with respect to a given parameter is de¯ned as the

ratio of the relative change in the variable to the relative change in that parameter

[11, 51]. Accordingly, the normalized sensitivity index of the basic reproduction

number R, with respect to any given parameter p�, is expressed as follows:

DR
p � ¼ @R

@p� �
p�

R : ð24Þ

Table 2. Sensitivity indices forRT .

Parameter Sensitivity index

� +1.0000
p +1.0000

q +0.0096

� +0.1978
� �0.1240

d1 �2:9982� 10�4

d2 �0.0221
� �0.0788

�1 �0.8831

�2 �0.0092
" �0.0802
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Because the overall co-infection basic reproduction number, R, is determined by the

basic reproduction numbers of the TB and HCV sub-models, denoted byRT andRH ,

respectively, the sensitivity indices were computed for each sub-model separately.

Tables 2 and 3 present the normalized sensitivity indices ofRT andRH , respectively,

calculated using Eq. (24) and the parameter values provided in Table 1.

Sensitivity indices in Tables 2 and 3 were used to obtain Fig. 2. Figure 2(a) shows

that the per susceptible risky contact rate (�) and the probability that a risky

contact results in TB infection (p) both have sensitivity indices of þ1:0000, implying

that a 1% increase in either of these parameters causes an equivalent 1% increase in

RT , making them highly in°uential parameters for TB transmission. In the context

of TB–HCV co-infection, high values of � and p can also enhance the risk of dual

infection, since individuals with HCV-induced immunosuppression may be more

susceptible to TB. The progression rate from latent to infectious TB (�) also posi-

tively in°uenced RT . This suggests that individuals who progress more rapidly from

latent infection to active TB contributed substantially to spread of the disease. The

relative transmissibility of hospitalized TB cases ðqÞ has a small positive e®ect, in-

dicating that infection control measures in hospitals can minimize the spread of TB

among hospitalized individuals. The hospitalization rate of infectious TB individuals

ð�) also contributes to control by isolating infectious individuals from susceptible

individuals, thereby limiting exposure opportunities. Most notably, the treatment

rate of infectious TB individuals (�1) shows a strong negative sensitivity index,

signifying that treatment has a profound impact on reducing TB transmission and

(a) Sensitivity indices of RT . (b) Sensitivity indices of RH .

Fig. 2. Sensitivity indices of the basic reproduction number parameters.

Table 3. Sensitivity indices for RH .

Parameter Sensitivity index

� +1.0000

k +1.0000

m +0.1531


 +0.0719
� −0.0929
d −0.11756
	 −0.2180
� −0.5855
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consequently the co-infection risk. The treatment rate of hospitalized TB cases (�2)

had a weaker e®ect, implying that interventions should prioritize early treatment

before hospitalization.

Similarly, Fig. 2(b) indicates that the per susceptible risky exposure rate (�) and

the probability of HCV transmission per exposure (k) exert the strongest positive

e®ects on RH . Parameter m moderately increases RH implying that acute HCV-

infected individuals contribute to HCV transmission. The transition rate from acute

to chronic HCV infection (
) also has a small positive e®ect, indicating that pro-

gression to chronic stages sustains long term infectivity, thereby maintaining disease

persistence. Negative sensitivity indices were observed for several parameters, indi-

cating their contributions to the control of TB–HCV co-infection. The natural re-

covery rate of acute HCV infection (	) and the treatment rate of chronically infected

HCV individuals (�) substantially reduce RH which is important in reducing

co-infection.

4. Formulation of the Optimal Control Problem

Optimal control strategies for managing TB–HCV co-infection, a persistent global

health challenge, were investigated using mathematical modeling and optimal con-

trol theory. We analyzed co-infection dynamics and evaluated interventions such as

treatment, screening, and community awareness to identify strategies that minimize

disease burden and inform public health policies. We applied Pontryagin's maximum

principle [12, 49] to determine the optimal interventions for TB–HCV co-infection.

This approach uses the Hamiltonian and adjoint equations derived from system

dynamics to identify control functions that minimize the disease burden. Optimal

control methods have been successfully applied to infectious disease models, in-

cluding TB, HCV, HIV, and pneumonia [4, 11–13, 48]. In this study, the following

time-dependent control functions were introduced into the TB–HCV co-infection

model (3) to evaluate the optimal e®ort required to reduce transmission and disease

burden.

(a) TB awareness control, denoted by u1ðtÞ, represents a preventive strategy aimed

at reducing the risk of TB infection in the susceptible population. Its imple-

mentation may be achieved through targeted health education campaigns

designed to raise awareness of TB and its implications within the context of

TB-HCV co-infection.

(b) TB detection and treatment control, denoted by u2ðtÞ, are designed to facilitate

the timely identi¯cation and e®ective management of individuals exposed to or

infected with TB. This strategy encompasses active case ¯nding, use of rapid

diagnostic tools, adherence support through directly observed therapy, and

reinforcement of healthcare delivery systems.
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(c) HCV awareness control, denoted by u3ðtÞ, is a preventive strategy intended to

lower the risk of HCV infection among the susceptible population. It is

implemented through educational initiatives that disseminate information on

preventive measures and encourage responsible health seeking behaviors among

both susceptible and already infected individuals.

(d) HCV detection and treatment control, denoted by u4ðtÞ, is a strategy aimed at

identifying and managing individuals infected with HCV through timely

therapeutic interventions. This approach is implemented by ensuring prompt

initiation of antiviral therapy for all individuals who test positive for HCV,

thereby reducing the risk of disease progression and transmission.

Considering the control measures described above, model system (3) can be rewritten

as follows:

dS

dt
¼ �þ �Rþ �1TR þ �2HR þ "TL þ 	HA � ðð1� u1Þ�T þ ð1� u3Þ�H þ �ÞS;

dTL

dt
¼ ð1� u1Þ�TS þ ðu4 þ �ÞC2 þ u4C1 � ðð1� u3Þ�H þ u2 þ "þ �þ �ÞTL;

dTI

dt
¼ �TL þ ðu4 þ �ÞC4 � ðð1� u3Þ�H þ ðu2 þ �1Þ þ �þ �þ d2ÞTI ;

dTH

dt
¼ �TI � ð�2 þ �þ d1ÞTH ;

dTR

dt
¼ ðu2 þ �1ÞTI þ �2TH þ u2TL � ð�1 þ �ÞTR;

dHA

dt
¼ ð1� u3Þ�HS þ ðu2 þ �1ÞC3 þ u2C1 þ u2C2 � ðð1� u1Þ�T þ u4 þ 	

þ
þ �ÞHA;

dHC

dt
¼ 
HA þ ðu2 þ �1ÞC4 � ðð1� u1Þ�T þ ðu4 þ �Þ þ �þ dÞHC ;

dHR

dt
¼ ðu4 þ �ÞHC þ u4HA � ð�2 þ �ÞHR;

dC1

dt
¼ ð1� u1Þ�T HA þ ð1� u3Þ�HTL � ðu2 þ u4 þ �1 þ �2 þ �ÞC1;

dC2

dt
¼ ð1� u1Þ�T HC þ �1C1 � ððu4 þ �Þ þ u2 þ �3 þ �þ dÞC2;

dC3

dt
¼ ð1� u3Þ�HTI þ �2C1 � ððu2 þ �1Þ þ ðu2 þ u4 þ 
1Þ þ �4 þ �þ c1ÞC3;

dC4

dt
¼ �4C3 þ �3C2 � ððu4 þ �Þ þ ðu2 þ �1Þ þ ðu2 þ u4 þ 
2Þ þ �þ c2ÞC4;

dR

dt
¼ ðu2 þ u4 þ 
1ÞC3 þ ðu2 þ u4 þ 
2ÞC4 � ð� þ �ÞR:

ð25Þ
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4.1. The control system

For system (25), the goal is to minimize both the number of infected, and co-infected

individuals and the cost of the implemented control measures. The objective function

to be minimized is given by

Zðu1;u2;u3;u4Þ ¼
Z tf

0

A1TL þ A2TI þ A3HA þ A4HC þ A5C1 þ A6C2 þA7C3ð

þ A8C4 þ
1

2

X4
i¼1

Bi u
2

i

!
dt ð26Þ

subject to model (25), where u1;u2;u3, and u4 are Lebesguemeasurable and bounded

functions on ½0; tf �. The positive constants Aiði ¼ 1; 2; . . . ; 8Þ and Biði ¼ 1; 2; 3; 4Þ
serve as weighting parameters that balance the cost contributions from the state

variables and control measures TL;TI ;HA;HC :C1;C2;C3;C4;u1;u2;u3, and u4. The

disease-related cost is assumed to be proportional to the number of infected indivi-

duals in each compartment, while the costs associated with the control strategies are

modeled as nonlinear, speci¯cally quadratic, consistent with previous [11, 32].

This study seeks the best strategy to control the dynamics of system (25). For this

case, the optimal controls u�
1;u

�
2;u

�
3;u

�
4 are required such that

Zðu�
1;u

�
2;u

�
3;u

�
4Þ ¼ min

u1;u2;u3;u4
fZðu1;u2;u3;u4Þjðu1;u2;u3;u4Þ 2 Ug; ð27Þ

where the control set U ¼ fðu1;u2;u3;u4Þ such that u1;u2;u3;u4 are measurable with

½0; tf � ! ½0; 1�g:

4.2. Existence of optimal control solutions

The fundamental concern in this context is the existence of optimal control and the

conditions under which it can be assured. The question is whether it is possible to

guarantee the presence of a control strategy that minimizes a speci¯ed performance

criterion. Establishing the existence of an optimal control is of critical importance

because it ensures that the optimization problem is well-posed and that the pursuit of

an optimal solution is both theoretically valid and practically meaningful.

Theorem 4.1. There exists an optimal control quadruple U � ¼ ðu�
1;u

�
2;u

�
3;u

�
4Þ

and solution vector X � ¼ ðS �;T �
L;T

�
I ;T

�
H ;T

�
R;H

�
A;H

�
C ;H

�
R;C

�
1 ;C

�
2 ;C

�
3 ;C

�
4 ;R

�Þ
corresponding to system (25) that minimizes the objective function (26).

The nontrivial conditions pertaining to the set of admissible controls and terminal

conditions, as outlined in [11, 26], are presented and veri¯ed as follows.

(1) The set of all solutions to Eqs. (25) and (26) and the corresponding control

functions in U are non-empty.
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(2) The state system (25) can be written as a linear function of the control variables

with coe±cients dependent on the time and state variables.

(3) The integrand Z in (26) of the objective function given by

ZðX;u; tÞ ¼ A1TL þ A2TI þA3HA þ A4HC þ A5C1 þ A6C2 þ A7C3 þA8C4

þ 1

2

X4
i¼1

Bi u
2

i
ð28Þ

is convex on � and also satis¯es Zðx;u; tÞ � �1jðu1;u2;u3;u4Þj� � �2; where �1 >

0 and � > 1.

Proof. To verify condition 1, we apply the Picard�Lindel€of theorem [27], which

guarantees the existence of a unique solution for every admissible control U, provided
that the state equations are continuous and Lipschitz continuous in the state

variables. Because the total population is bounded below by a positive constant N0

and above by �
� as outlined in Lemma 3.2 all state variables, which are subsets of the

total population, are likewise bounded. This implies that the state system is

continuous with bounded partial derivatives with respect to the state variables.

Therefore, Condition 1 is satis¯ed.

Condition 2 is veri¯ed by noting that the state equations depend linearly on

control variables u1;u2;u3; and u4. This linear dependence satis¯es the regularity

conditions required for an optimal control.

To verify Condition 3, we refer to the de¯nition of convex functions in [6], which

states that any constant or polynomial of degree two is convex. Hence objective

function ZðX;u; tÞ is convex on the set of admissible controls U.
Next, we establish the boundedness of ZðX;u; tÞ. Because each control ui 2 ½0; 1�

for i ¼ 1; 2; 3; 4; it follows that:

B4u
2
4 � B4 ) 1

2
B4u

2
4 �

B4

2
) 1

2
B4u

2
4 �

B4

2
� 0:

Because all Ai and Bi are positive constants, Eq. (28) leads to the inequality

ZðX;u; tÞ � 1

2
ðB1u

2
1 þ B2u

2
2 þB3u

2
3 þB4u

2
4Þ �

B4

2
: ð29Þ

Inequality (29) can be further simpli¯ed as follows:

ZðX;u; tÞ � min
B1

2
;
B2

2
;
B3

2
;
B4

2

� �
ðu2
1
þu2

2 þ u2
3 þ u2

4Þ �
B4

2
: ð30Þ

Letting �1 ¼ minðB1

2 ; B2

2 ; B3

2 ; B4

2 Þ, �2 ¼ B4

2 , and � ¼ 2, inequality (30) leads to

ZðX;u; tÞ � �1jjðu1;u2;u3;u4Þjj� � �2:

Thus, ZðX;u; tÞ is both convex and bounded below, satisfying Condition 3.
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Therefore, all required conditions were met, proving the existence of an optimal

control solution.

4.3. Characterization of optimal control solution

Pontryagin's maximum principle [11, 13, 49] was applied to characterize the optimal

control strategies that minimize the spread of TB–HCV co-infection. This principle

provides the necessary conditions for optimality, transforming the state system in

system (25) and Eq. (26) into a pointwise minimization problem of the Hamiltonian

functionH with respect to control variables u1;u2;u3, and u4. The analysis examined

adjoint dynamics, switching points, and cost constraints, o®ering insights into the

structure of optimal interventions. Let Pi; i ¼ 1; 2; . . . ; 13 be the adjoint functions or

costate variables associated with the evolution of the corresponding state variables.

Each of the adjoint functions is multiplied by the right-hand side of Eq. (25) de¯ning

the evolution of the corresponding state variable to obtain the Hamiltonian:

H ¼ A1TL þA2TI þA3HA þA4HC þA5C1 þA6C2 þA7C3 þA8C4 þ
1

2

X4
i¼1

Bi u
2

i

þ P1ð�þ �Rþ �1TR þ �2HR þ "TL þ 	HA � ðð1� u1Þ�T

þ ð1� u3Þ�H þ �ÞSÞ
þ P2ðð1� u1Þ�TS þ ðu4 þ �ÞC2 þ u4C1 � ðð1� u3Þ�H þ u2 þ "þ �þ �ÞTLÞ
þ P3ð�TL þ ðu4 þ �ÞC4 � ðð1� u3Þ�H þ ðu2 þ �1Þ þ �þ �þ d2ÞTIÞ
þ P4ð�TI � ð�2 þ �þ d1ÞTHÞ þ P5ððu2 þ �1ÞTI þ �2TH þ u2TL � ð�1 þ �ÞTRÞ
þ P6ðð1� u3Þ�HS þ ðu2 þ �1ÞC3 þ u2C1 þ u2C2 � ðð1� u1Þ�T þ u4 þ 	

þ 
þ �ÞHAÞ
þ P7ð
HA þ ðu2 þ �1ÞC4 � ðð1� u1Þ�T þ ðu4 þ �Þ þ �þ dÞHCÞ
þ P8ððu4 þ �ÞHC þ u4HA � ð�2 þ �ÞHRÞ
þ P9ðð1� u1Þ�T HA þ ð1� u3Þ�HTL � ðu2 þ u4 þ �1 þ �2 þ �ÞC1Þ
þ P10ðð1� u1Þ�T HC þ �1C1 � ððu4 þ �Þ þ u2 þ �3 þ �þ dÞC2Þ
þ P11ðð1� u3Þ�HTI þ �2C1 � ððu2 þ �1Þ þ ðu2 þ u4 þ 
1Þ þ �4 þ �þ c1ÞC3Þ
þ P12ð�4C3 þ �3C2 � ððu4 þ �Þ þ ðu2 þ �1Þ þ ðu2 þ u4 þ 
2Þ þ �þ c2ÞC4Þ
þ P13ððu2 þ u4 þ 
1ÞC3 þ ðu2 þ u4 þ 
2ÞC4 � ð� þ �ÞRÞ: ð31Þ

Using Pontryagin's maximum principle, the necessary conditions for optimal controls and
corresponding state variables were derived. Accordingly, the optimal controls u�

1;u
�
2;u

�
3,

and u�
4 are obtained from these conditions, which are evaluated step-by-step as follows:

(1) Adjoint equations: Here, the Hamilitonian (31) is di®erentiated with

respect to each of the state variables to obtain adjoint equations:

dPi

dt
¼ @H

@Xi

; where i ¼ 1; 2; . . . ; 13: ð32Þ
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The following equations are obtained from (32)

dP1

dt
¼ ð1� u1Þ�T ðP1 � P2Þ þ ð1� u3Þ�HðP1 � P6Þ þ P1�;

dP2

dt
¼ ð1� u3Þ�HðP2 � P9Þ þ u2ðP2 � P5Þ þ "ðP2 � P1Þ þ �ðP2 � P3Þ

þ �P2 � A1;

dP3

dt
¼ ð1� u1Þ�p

S

N
ðP1 � P2Þ þ

HA

N
ðP6 � P9Þ þ

HC

N
ðP7 � P10Þ

� �
þ ð1� u3Þ�HðP3 � P11Þ þ ðu2 þ �1ÞðP3 � P5Þ þ �ðP3 � P4Þ
þ ð�þ d2ÞP3 � A2;

dP4

dt
¼ ð1� u1Þq�p

S

N
ðP1 � P2Þ þ

HA

N
ðP6 � P9Þ þ

HC

N
ðP7 � P10Þ

� �
þ �2ðP4 � P5Þ þ ð�þ d1ÞP4;

dP5

dt
¼ �1ðP5 � P1Þ þ �P5;

dP6

dt
¼ ð1� u3Þ�km

S

N
ðP1 � P6Þ þ

TL

N
ðP2 � P9Þ þ

TI

N
ðP3 � P11Þ

� �
þ ð1� u1Þ�T ðP6 � P9Þ þ u4ðP6 � P8Þ þ 	ðP6 � P1Þ
þ 
ðP6 � P7Þ þ �P6 � A3;

dP7

dt
¼ ð1� u3Þ�k

S

N
ðP1 � P6Þ þ

TL

N
ðP2 � P9Þ þ

TI

N
ðP3 � P11Þ

� �
þ ð1� u1Þ�T ðP7 � P10Þ þ ðu4 þ �ÞðP5 � P8Þ þ �P5 �A4;

dP8

dt
¼ �2ðP5 � P1Þ þ �P5;

dP9

dt
¼ ð1� u3Þ�km1

S

N
ðP1 � P6Þ þ

TL

N
ðP2 � P9Þ þ

TI

N
ðP3 � P11Þ

� �
þ u4ðP9 � P4Þ þ u2ðP9 � P6Þ þ �1ðP9 � P10Þ þ �2ðP9 � P11Þ
þ �P9 � A5;

dP10

dt
¼ ð1� u3Þ�km2

S

N
ðP1 � P6Þ þ

TL

N
ðP2 � P9Þ þ

TI

N
ðP3 � P11Þ

� �
þ ðu4 þ �ÞðP10 � P2Þ þ u2ðP10 � P6Þ þ �3ðP10 � P12Þ
þ ð�þ dÞP10 � A6;

dP11

dt
¼ ð1� u1Þ�pb1

S

N
ðP1 � P2Þ þ

HA

N
ðP6 � P9Þ þ

HC

N
ðP7 � P10Þ

� �

þ ð1� u3Þ�km3

S

N
ðP1 � P6Þ þ

TL

N
ðP2 � P9Þ þ

TI

N
ðP3 � P11Þ

� �
þ ðu2 þ �1ÞðP11 � P6Þ þ �4ðP11 � P12Þ þ ð�þ c1ÞP11

þ ðu2 þ u4 þ 
1ÞðP11 � P13Þ � A7;
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dP12

dt
¼ ð1� u1Þ�pb2

S

N
ðP1 � P2Þ þ

HA

N
ðP6 � P9Þ þ

HC

N
ðP7 � P10Þ

� �

þ ð1� u3Þ�km4

S

N
ðP1 � P6Þ þ

TL

N
ðP2 � P9Þ þ

TI

N
ðP3 � P11Þ

� �
þ ðu4 þ �ÞðP12 � P3Þ þ ðu2 þ �1ÞðP12 � P4Þ
þ ðu2 þ u4 þ 
2ÞðP12 � P13Þ þ ð�þ c2ÞP12 � A8;

P13

dt
¼ �ðP13 � P1Þ þ �P13: ð33Þ

(2) The transversality conditions are obtained from

PiðtfÞ ¼ 0; for i ¼ 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12; 13: ð34Þ
(3) The characterization of optimal controls is given by

@H
@u1

¼ @H
@u2

¼ @H
@u3

¼ @H
@u4

¼ 0: ð35Þ

Equation (35) together with condition (34) leads to characterized controls

u�
1 ¼ maxf0;minf1; �0

1
gg;

u�
2 ¼ maxf0;minf1; �0

2
gg;

u�
3 ¼ maxf0;minf1; �0

3
gg;

u�
4 ¼ maxf0;minf1; �0

4
gg; ð36Þ

where

� 0
1 ¼

�TSðP2 � P1Þ þ �T HAðP9 � P6Þ þ �T HCðP10 � P7Þ
B1

;

� 0
2 ¼

TLðP2 � P5Þ þ TIðP3 � P5Þ þ C1ðP9 � P6Þ þ C2ðP10 � P6Þ þ C3ð2P11

� P6 � P13Þ þ C4ð2P12 � P7 � P13Þ
B2

;

� 0
3 ¼

�HSðP6 � P1Þ þ �HTLðP9 � P2Þ þ �HTIðP11 � P3Þ
B3

;

� 0
4 ¼

HAðP6 � P8Þ þHCðP7 � P8Þ þ C1ðP9 � P2Þ þ C2ðP10 � P2Þ þ C3ðP11

� P13Þ þ C4ð2P12 � P8 � P13Þ
B4

:

ð37Þ

From Eqs. (36) and (37), the control variables exhibit an inverse relationship with

their corresponding cost functions. Given that the objective function is convex with

respect to the control variables, and considering the boundedness of both the state

and adjoint variables, it follows that the obtained optimal solution is unique for a

su±ciently small ¯nal time tf .
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It is noteworthy that the optimal control variables and their corresponding state

trajectories are determined by simultaneously solving the state system (25) subject

to its initial conditions (4), adjoint system (33) with the associated transversality

conditions (34), and characterization equations de¯ning the optimal controls.

5. Numerical Simulations

The estimated parameter values used in the simulations are presented in Table 1.

The total human population was estimated to be Nð0Þ = 45,600,000, with initial

compartment values speci¯ed as proportions of Nð0Þ based on available epidemio-

logical data for TB and HCV in Uganda. Accordingly, the initial values are given as

Sð0Þ= 39,819,000, TLð0Þ= 4,377,600 TIð0Þ= 45,144, THð0Þ=4,514 TRð0Þ =91,200,

HAð0Þ = 45,600, HCð0Þ = 342,000, HRð0Þ = 91,200, C1ð0Þ = 43,776, C2ð0Þ = 32,832,

C3ð0Þ = 45, C4ð0Þ = 338, and Rð0Þ=22,800.

The weights employed in the objective function are estimated as A1 ¼ 30;A2 ¼
20;A3¼ 15;A4 ¼ 10;A5 ¼ 45;A6 ¼ 30;A7 ¼ 40;A8 ¼ 25B1 ¼ 20;B2 ¼ 25;B3 ¼ 15,

and B4 ¼ 20. The control variables u1ðtÞ;u2ðtÞ;u3ðtÞ, and u4ðtÞ are constrained

between 0 and 1, re°ecting the assumed range of e®ectiveness for the respective

intervention strategies.

5.1. Implication of the basic reproduction number on TB–HCV

co-infection

Figure 3 demonstrates that when the basic reproduction number exceeds one, TB,

HCV, and their co-infection persist in the population. Conversely, when it falls below

one, the possibility of eradicating co-infection emerges.

Fig. 3. E®ect of R on TB–HCV co-dynamics.
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5.2. E®ect of treatment on the TB–HCV co-infection

Since individuals co-infected with TB and HCV are not always simultaneously

diagnosed with both infections but rather are often identi¯ed as having a single

infection, we begin by examining the dynamics of TB–HCV co-infection in a scenario

where only one of the infections is addressed. Figure 4 demonstrates that adherence

to TB-based treatment alone e®ectively reduced the number of co-infected indivi-

duals, leading to the near elimination of co-infection after approximately four years

of consistent intervention. In contrast, treatment strategies focused solely on HCV

allow co-infection to persist within the community. This outcome highlights the

dominant in°uence of TB on the overall dynamics of TB–HCV co-infection. Figure 4

further illustrates that simultaneous treatment with both TB and HCV is essential to

reduce the overall burden of co-infection. This ¯nding suggests that individuals

diagnosed with either infection should undergo comprehensive screening to deter-

mine their status regarding the other, ensuring that appropriate treatment for both

conditions concurrently is administered.

Fig. 4. E®ect of partial treatment on TB-HCV co-infection.
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5.3. E®ect of controls on the TB–HCV co-infection

In this subsection, we assess the e®ectiveness of various combinations of control

strategies on the dynamics of TB–HCV co-infection. The analysis considers the

impact of individual control measures, pairwise combinations of two controls, com-

binations involving three controls, and simultaneous implementation of all control

strategies.

The percentage reductions in co-infected individuals presented in Tables 4–6 are

derived from the simulation results illustrated in Figs. 5, 7, and 8, respectively. The

implementation of individual control strategies on the co-infected populations

revealed that awareness e®orts, u1 for TB and u3 for HCV, had the least impact on

reducing TB–HCV co-infected individuals, as illustrated in Fig. 5. This observation

is further supported by Table 4, which shows that implementing TB awareness

campaigns resulted in percentage reductions of 5% in latent TB-acute HCV, 10% in

Table 4. Percentage reduction in co-infected indivi-
duals when a single control strategy is implemented.

Strategy C1 C2 C3 C4

u1 05 10 06 07

u2 63 65 74 74
u3 3.5 06 03 05

u4 58 62 63 70

Table 5. Percentage reduction in co-infected individuals
when a two-control strategy is implemented.

Strategy C1 C2 C3 C4

u1 þ u2 70 68 71 74

u1 þ u3 15 16 14 10
u3 þ u4 63 64 63 69

u2 þ u4 80 82 84 85

Table 6. Percentage reduction in

co-infected individuals when at least

three controls are implemented.

Strategy C1 C2 C3 C4

All controls 93 93 95 96

u1 þ u2 þ u3 70 73 76 76

u1 þ u2 þ u4 88 88 90 94
u1 þ u3 þ u4 66 66 65 72

u2 þ u3 þ u4 86 88 90 91
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latent TB–chronic HCV, 6% in active TB–acute HCV, and 7% in active TB–chronic
HCV populations in 1.5 years. Figure 6 illustrates the impact of individual control

measures on TB-only and HCV-only infections, showing the speci¯c role of aware-

ness, and detecting and treating interventions among singly infected populations.

The results showed a consistent decline in both latently and actively TB-infected

compartments following the implementation of awareness and treatment controls, in

agreement with the ¯ndings reported in [45]. Similarly, the populations of acutely

and chronically HCV-infected individuals exhibited a signi¯cant reduction when

control measures u3 and u4 were applied, which is consistent with the results of [53].

The implementation of the two-control strategy illustrated in Fig. 7, demonstrated

that the simultaneous application of detection and treatment interventions for both

TB and HCV plays a pivotal role in reducing the co-infection burden compared to

any other two-control combinations. This observation is supported by the results

presented in Table 5, which indicate that combining the screen–treat interventions
u2 and u4 for TB and HCV, respectively, resulted in percentage reductions of 80% in

Fig. 5. E®ect of a single control on TB–HCV co-infection.
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the latent TB–acute HCV, 82% in latent TB–chronic HCV, 84% in active TB–acute
HCV, and 85% in active TB–chronic HCV populations.

Furthermore, as shown in Fig. 8, the implementation of the three-control strategy

yields even more substantial reductions. Speci¯cally, the combination of TB

awareness campaigns with TB and HCV screening and treatment e®orts produced

reductions of 88% in both latent TB–acute HCV and latent TB–chronic HCV

populations, 90% in active TB–acute HCV, and 94% in active TB–chronic HCV

populations within approximately 1.5 years of implementation, as presented in

Table 6.

The most pronounced impact, however, was observed when all control measures

were implemented concurrently. This comprehensive approach led to reductions of

93% in latent TB–acute HCV, 93% in latent TB–chronic HCV, 95% in active TB–
acute HCV, and 96% in active TB–chronic HCV populations within 1.5 years

(Table 6).

Fig. 6. E®ect of controls on TB and HCV-only sub-models.
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Fig. 7. E®ect of combining two controls on TB–HCV co-infection.

(a)

Fig. 8. E®ect of combining three controls on TB–HCV co-infection.
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Despite the e®ectiveness of the full control strategy, the associated costs were

likely to be high. Therefore, the study ¯ndings suggest that prioritizing interventions

targeting TB can yield substantial reductions in TB–HCV co-infection rates while

maintaining cost-e®ectiveness.

6. Conclusion

This study developed and analyzed a mathematical model for TB–HCV co-infection

incorporating four control strategies: TB awareness campaigns, TB screen–treat
e®orts, HCV awareness campaigns, and HCV screen–treat e®orts. Sensitivity anal-

ysis identi¯ed the transmission parameters of both TB and HCV as the most in°u-

ential in shaping co-infection dynamics, whereas treatment parameters were critical

in reducing the reproduction numbers and overall co-infection burden. Numerical

simulations showed that TB dominates co-infection, with TB-targeted treatment

substantially reducing co-infection levels, although dual treatment targeting both

infections proved to be more e®ective. These ¯ndings a±rm not only the coexistence

of TB and HCV but also highlight how partial treatment perpetuates a syndemic

cycle of infection, increasing morbidity, mortality, and the overall co-infection bur-

den, consistent with ¯ndings in [15]. Optimal control analysis using Pontryagin's

maximum principle con¯rmed that the simultaneous implementation of all controls

could nearly eradicate co-infection within two years. However, screening and treat-

ment strategies for both infections, or TB awareness campaigns coupled with both

TB and HCV screening and treatment, o®ered viable options.

Based on these ¯ndings, it is recommended that individuals diagnosed with either

TB or HCV should be routinely screened for other infections to enable early detection

(b)

Fig. 8. (Continued )

Optimal control of TB-HCV co-infection

2650020-29

M
at

h.
 O

pe
n 

20
26

.0
5.

 D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 1
96

.4
3.

16
4.

50
 o

n 
11

/1
2/

26
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



and concurrent treatment. Public health programs should prioritize TB-focused

interventions along with integrated screening and treatment for both TB and HCV,

as these strategies e®ectively reduce co-infection rates. Combining TB awareness

campaigns with dual screening and treatment e®orts can further enhance control

outcomes, and implementing all measures simultaneously should be considered in

high-burden settings with su±cient resources.
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