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ABSTRACT

Pneumococcal pneumonia, caused by Streptococcus pneumoniae, remains a significant health threat, particularly for children, the

elderly, and immunocompromised individuals. This study presents a reaction-diffusion model using partial differential equations.

The model ensures the positivity and boundedness of all solutions. The model also exhibits both disease-free and endemic

equilibrium solutions. The effective reproduction number, %, is derived and conditions for the asymptotic stability of both the

disease-free and endemic equilibrium are established. Sensitivity analysis highlights the parameters which are critical in the

disease transmission. Numerical simulations confirm the global asymptotic stability of the equilibrium points. The findings

further indicate that a combined strategy of vaccination and treatment is more effective than treatment alone in controlling

infections and curbing disease transmission, whereas elevated vaccine failure rates are observed to weaken the overall control

efforts against pneumococcal pneumonia.

1 | Introduction

Pneumonia is a form of acute respiratory infection that affects the
lungs [1]. The lungs are composed of small air sacs known as
alveoli, which are filled with air during normal breathing. In
individuals with pneumonia, these alveoli become inflamed
and fill with pus or fluid causing painful breathing and reducing
oxygen intake [2]. Pneumonia is caused by various pathogens,
including bacteria, viruses, and fungi. Fungal infections can
result into Cryptococcus, Preumocystis jirovecii, and Coccidioides
forms of pneumonia [3]. Viral infections, on the other hand, lead
to respiratory syncytial virus (RSV) form of pneumonia, whereas
bacterial infections caused by Streptococcus pneumoniae can lead
to pneumococcal pneumonia [3]. Streptococcus pneumoniae was
first identified by Louis Pasteur and George M. Sternberg in the
late 19th century and was later recognized as the main cause of
pneumonia [4].

Pneumonia is broadly categorized based on how the infection is
acquired. These categories include community-acquired pneu-
monia (CAP) and nosocomial pneumonia, which encompasses
hospital-acquired pneumonia (HAP), ventilator-associated pneu-
monia (VAP), and healthcare-associated pneumonia (HCAP) [5].
According to WHO, CAP is the most prevalent form and poses a
major global health challenge, accounting for ~3 million deaths
annually world wide [6]. Bacterial pathogens are the predomi-
nant cause of CAP, with Streptococcus pneumoniae being the
most frequent culprit.

Pneumococcal pneumonia is one of the leading causes of mor-
bidity and mortality globally, particularly in children, elderly,
and individuals with weakened immune systems [7]. It is highly
contagious, spreading through inhalation of droplets from an
infected person’s cough or sneeze, as well as via microaspiration
of bacteria from the throat, especially among children who often
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carry the bacteria without showing symptoms [8]. The incuba-
tion period of pneumococcal pneumonia typically ranges from 1
to 3 days, and after this period, the infected individual starts
showing symptoms like high fever, headache, coughing, hypo-
thermia, lethargy, and other common flu symptoms [9]. Carriers
often harbor the pathogen without showing symptoms, allowing
them to move freely and interact with others, thereby facilitating
silent transmission across the population, and if left uncon-
trolled, they can sustain the circulation of the pathogen and
contribute to the persistence of the disease at an endemic
level [10].

Worldwide, it is estimated that around 14.5million cases of
severe pneumococcal disease affect children under the age of
five annually, leading to ~500,000 deaths [11]. While it impacts
children and families across the globe, it is most common in
South Asia and sub-Saharan Africa [2]. Several factors increase
the risk of contracting pneumococcal pneumonia. These include
drug abuse, insufficient breastfeeding, chronic heart diseases,
chronic obstructive pulmonary disease (COPD), malnutrition,
overcrowded living environments, indoor air pollution, and prior
viral infections [12, 13].

The WHO and UNICEEF jointly launched the Global Action Plan
for the Prevention and Control of Pneumonia and Diarrhea
(GAPPD) in 2013, aiming at significantly reducing the incidence
of childhood pneumonia by promoting proper nutrition, vaccina-
tion, hygiene, adequate breastfeeding, timely treatment of asso-
ciated illnesses, and ensuring access to proper healthcare [14].

To diagnose pneumonia, healthcare providers typically begin by
reviewing the patient’s medical history and conducting a physical
examination, including listening to the lungs with a stethoscope.
Additional diagnostic procedures may include chest imaging,
such as x-rays, pulse oximetry to assess blood oxygen levels,
and laboratory tests of blood or sputum samples to identify the
causative organism [15]. Pneumonia treatment differs according
to the identified causative agent, and amoxicillin is generally
used as the primary therapy, administered twice per day for a
duration of 3-5 days [16]. While clotrimazole is available as an
alternative treatment, treatment failure may occur, necessitating
hospital care for children who exhibit no improvement in respi-
ratory rate within 48-72h of therapy [16].

Vaccination remains the most effective strategy for preventing
pneumococcal pneumonia [17]. Pneumococcal vaccines are widely
utilized to prevent pneumococcal pneumonia and are categorized
into two main types: pneumococcal polysaccharide vaccines
(PPSVs) and pneumococcal conjugate vaccines (PCVs). The PPSV
group includes the 23-valent pneumococcal polysaccharide vaccine
(PPSV23), which targets 23 serotypes. The PCV group consists of
protein-conjugated vaccines such as PCV13, PCV15, and PCV20,
which protect against 13, 15, and 20 serotypes, respectively [18].
PCVs are recommended for infants and children younger than
5 years old, whereas PPSV23 is recommended for individuals
aged 65 and older, as well as those over 5 years old who have an
elevated risk of developing pneumococcal infection [19, 20]. How-
ever, challenges remain because some children carry multiple ser-
otypes of Streptococcus pneumoniae, which reduces their

responsiveness to vaccination. This situation complicates pneumo-
nia transmission dynamics as vaccinated individuals may still act as
sources of infection [21, 22].

Mathematical modeling of infectious diseases has become an
indispensable tool for understanding and predicting the spread
of infections, assessing their impact on populations, and helping
to develop strategies for controlling outbreaks [23, 24]. Among
the various modeling approaches, reaction-diffusion systems
have proven to be effective and suitable modeling tools for under-
standing the spatial temporal dynamics of disease transmission
[25]. These models describe disease dynamics through two fun-
damental mechanisms: reaction, which represents local interac-
tions among individuals, and diffusion, which governs the spatial
movements of individuals [26]. Such spatial epidemic models
have been employed to investigate the propagation, persistence,
and asymptotic dynamics of infectious diseases, particularly in
heterogeneous environments [27-30]. Spatial propagation has
also been investigated through traveling-wave approaches, which
provide insights into the conditions required for infections to
spread through space [31]. These systems have been utilized
across numerous fields, including physics, chemistry, and biol-
ogy, to model processes such as wave propagation, chemical
reactions, and biological pattern formation [32]. Unlike tradi-
tional models which are based on ordinary differential equations
(ODEs) having only the dimension of time, reaction-diffusion
systems employ partial differential equations (PDEs), incorporat-
ing both time and space dimensions to accurately capture spatial
variations [33, 34].

Despite the progress in modeling pneumonia, existing studies, such
as [1, 3, 7-9, 21, 35, 36], among others, have largely focused on
temporal dynamics, with limited attention to how infection spreads
and persists across space. Addressing this gap is essential for devel-
oping more realistic insights into disease behavior and informing
targeted control strategies. This study therefore examines the com-
bined effects of spatial-temporal variations, treatment, and vacci-
nation interventions on pneumococcal pneumonia transmission,
offering insights not captured in earlier works.

2 | Model Formulation

The model consists of 5 compartments representing the popula-
tion densities of Susceptible individuals S(x, t) who are at risk of
the infection, Asymptomatic infectious individuals C(x, t), Symp-
tomatic infectious individuals I(x, t), individuals who have recov-
ered from the disease R(x, t), and Vaccinated individuals V (x, t).
The total population density is given by

N(x,t) =S(x.t) + C(x,t) + I(x,t) + R(x,t) + V(x,1).

2.1 | Model Assumptions
1. Recruitment is strictly into the susceptible at constant rate A.

2. Recovered individuals who do not receive vaccination
become susceptible again.

3. There are individuals who do not react to the vaccine.
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4. The vaccine gives permanent immunity in the presence of
booster doses.

5. Recovery is through treatment.

2.2 |
See Table 1.

Model Parameters

2.3 | Compartmental Diagram of the Model

See Figure 1.

2.4 | Equations of the Model

We assume that the population moves in the region £2 according
to Fick’s law [40]. Each diffusion coefficient d; (i=1, ..., 5) deter-
mines the rate at which each sub population disperses through-
out space. The Laplacian operator A represents the spatial
diffusion of the disease between neighboring locations. This
together with Figure 1 give the following system

TABLE 1 | Description and values of model parameters.
Value/
Parameter Description day Source
A Constant recruitment rate 11 Assumed
7 Rate at which susceptiblesare  0.008 [36]
vaccinated
k Contact rate with either a 1-10 [37]
carrier or infected individual
p Likelihood that a contact is 0.89-0.99  [36]
sufficient to induce infection
10} Transmission coefficient of  0.41026 [38]
carriers
a Progression rate from C toI  0.01096 [8]
y Recovery rate of infected 0.0115 [39]
individuals
7 Recovery rate of carriers 0.0076 [39]
75 Rate at which recovered 0.2 Assumed
individuals are vaccinated
0 Rate at which recovered 0.0241 [8]
become susceptible again
u Natural death rate per 0.0002 [35]
individual
3 Disease-induced death rate 0.1 [7]
¢ Proportion of susceptibles 0.338 [8]
who become carriers upon
infection
£ Rate at which individuals do  0.002 [39]
not respond to the vaccine
c Proportion of vaccinated 0.2 [39]

individuals who become
carriers upon infection
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FIGURE 1 | A compartmental diagram showing the transmission

dynamics of pneumococcal pneumonia.
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(1)

Susceptible individuals acquire pneumonia upon contact with
infected or carrier individuals by the force of infection

p=n("5). @)

where = kp is the transmission rate.

System (1) is subjected to initial conditions:

S(x,0) =Sy(x), C(x,0)=Cy(x), I(x,0)=1Iy(x), R(x,0)=Ry(x),
and V(x, 0) = V,(x), x € 2 together with homogeneous Neumann
boundary conditions

0S(x,t) 9C(x,t) _ ol(x,t) _ OR(x,t)

on on on on (3)

oV (x.t
_VEY o s coq. >0,
on

where 2 is a bounded domain of R® with smooth boundary <2,
and n is the unit outer vector normal to the boundary, 0£2.
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3 | Analysis of the Model

3.1 | Positivity and Boundedness of the Solutions

Lemmal. Fort>0andx € £, thesolutions S(x. t), C(x,t), I(x,t),
R(x,t) and V(x, t) of the system (1) are non-negative.

Proof. Assume that the initial conditions are non-negative, that
is,

S(x,0) >0, C(x,0) >0, I(x,0) >0,

R(x,0)>0, V(x,0) >0, Vx € Q.

We aim to prove that the solutions of the system remain non-
negative for all £>0. Observe that each reaction term is quasi-
positive.

Consider

oS
5, = hAS +A+OR ~ .S — uS ~ S, (4)

Suppose, by contradiction, that there exists £,>0 and x, € 2 at
which S(x;.t;) =0, % <0 and AS>0. Then evaluating (4) at this
point S(x,, t;) =0, the reaction terms become A + 6R >0 and so

%:dlAS+A+9Rzo,

which contradicts % (%5, t5) <0. Therefore, S cannot attain a neg-
ative minimum in the interior of Q. If a negative minimum were
attained at the boundary, Hopf’s boundary point lemma would
imply % <0, which contradicts the homogeneous Neumann
boundary condition, dS/on = 0 on 9£2. Hence, by the strong max-
imum principle together with Hopf’s lemma [41], we conclude

that S(x. t) >0 forallx € 2, t>0. Similarly, for the carrier class,

%::dzAC+¢ﬂS+§oﬂV— (u+a+n)C. (5)

Also suppose that there exist f,>0 and x. € 22 such that C(x,, t.)
=0 and C attains a negative minimum at (x,, ¢.). Then at this
point % (x,, t.) <0, AC(x,,t.) > 0. Using = ("), when C =0,
the reaction terms in (5) become % (¢S + EoV) > 0. Thus

oC nl
— =d,AC + — (¢S V) >0.
o 2 +N(¢ +éoV) >

Applying the same argument yields C(x, t) >0.

For the infected class,

g=d341+(1—¢)ﬁS+aC+§(1—a)/3V—(/4+8+}/)I.

(6)

Suppose that also at some time ¢;>0 and x; €  such that I(x;, ;)
=0 and I attains a negative minimum at (x;,t;). Then at this
point % (x;. ;) <0, AI(x;,t;) > 0. At this point, the reaction terms
in (6) reduce to % (1-¢)S+E(1-0)V)+aC>0and so

ol noC
—=dsAI
o BUTN

(1-¢)S+£E(1-0)V)+aC>0.

Also by applying strong maximum principle and Hopf’s Lemma,
I(x,t)>0.

For the recovered class,

OR
Likewise, suppose that at some time ¢,>0, R(x,, t,) =0. R attains
a negative minimum at (x,,t,). Then the reaction terms in(7)
become zC + yI >0 and therefore

dR
E:d‘;AR—O—n’C—&-yIZO.

By applying strong maximum principle and Hopf’s Lemma, R(x,
t)>0.

Now, consider

oV (x, t
D) _ 4 AV 4+ 2,5+ ;R — 4V - EBV. (8)

Suppose that at some time £, >0, and x, € 2 such that V(x,, t,) =0
and V attains a negative minimum at (x,, t,). Then at this point
% (x,,t,) <0, AV(x,,1,) >0. Then the reaction terms in (8)
reduce to 7;S 4+ 7,R >0 so that

4
E = dSAV + Tls + TzR Z 0

By applying strong maximum principle and Hopf’s Lemma, V (x,
t)>0.

Consequently S(x,t)>0, C(x,t)>0, I(x,t)>0, R(x,t)>0 and
V(x,t) >0 for all x€ 2 and t>0. O

Lemma 2. The solutions of the system (1) remain uniformly
bounded for all time t>0 and x € L.

Proof. To establish the uniform boundedness of the system, we
define the total population density at location x and time t as

N(x,t) =S(x,t) + C(x,t) + I(x,t) + R(x, t) + V(x,1t).

Differentiating N(x, t) with respect to time and substituting for
the model equations in (1), we obtain

ON

©)

Integrating (9) over the spatial domain 2 and applying homoge-
neous Neumann boundary conditions (3), the diffusion terms
vanish, giving

I(x,t) dx.
Q

i/ N(x,t)dx:A\.Q\—y/ N(xt) dx— e
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From which
d
— [ N(x,t)dx<A|Q|-pu [ N(x,¢t)dx, (10)
dt Q Q
where || denotes the Lebesgue measure of €. Letting
Y(t) :/ N(x,t) dx, (11)
Q
the inequality (10) becomes
Y'(t) + uY (t) <A|L2]. (12)
Using the initial condition Y (0) = Y, we integrate (12) to obtain

AlQ| ARl
Y(t) <=2 (v, - ) en,
H I

Taking the limit as t — oo, we have

Al
lim Y(¢) < L
t—00 H
Hence from (11), we have
Al
lim N(x,t)dxsg.
t—00 Q H

Since

S(x,t) <N(x.t), C(x,t)

<
R(x,t) <N(x,t), V(x,t) <

N(x,t), I(x,t) <N(x,1),
N(x,1t),

it follows that all state variables are uniformly bounded. O

3.2 | Disease-Free Equilibrium

This exists in the absence of the disease, implying that the carrier
population C and the infected population I are both zero. Conse-
quently, the number of recovered individuals R also becomes
zero, that is, C =I = R=0. Setting the right-hand sides of system

. A _hA
(1) to zero and solving for Sand V, we get S=_£-and V = poEmE

nw

Thus, the disease free equilibrium point is EO:(TILH,O, 0,0,
7, A
M(711+}4))'

3.3 | Effective Reproduction Number

According to Watmough and Van den Driessche [42], the basic
reproduction number, denoted by, %, is the average number of
secondary infections that occur when one infective individual is
introduced into completely susceptible population. When control
interventions are introduced into the model, the corresponding
transmission potential is described by the effective reproduction
number, denoted by %,, which accounts for the effect of these
interventions on disease transmission [43]. In this study, effective
reproduction number, %,, refers to the average number of new
pneumonia infections generated by a single infectious individual
introduced into a fully susceptible population in presence of vac-
cination. It is obtained using the next-generation matrix method
[42], and mathematically, it is the spectral radius of the next-
generation matrix. This approach has also been employed in
[21, 26, 44].

To compute the effective reproduction number, the infected com-
partments (C,I) of the system are considered,

005;;, D - dAC+ 95 + EopV ~ (u+ a+m)C,
dI(axt,t) =d; Al + (1= §)pS +aC + E(1 = 0)pV = (u+ e + 1)L

(13)

The nonspatial component of system (13) is considered, since %,
is typically derived from the local dynamics at the disease-free
equilibrium, ignoring diffusion. The matrices F; and V;, repre-
senting the rates new infections and movement rates between the
compartments, respectively, are then constructed.

PBS + EopV
(1-¢)pS+ &1 -0)pV

) i

(a+pu+nC
(u+e+y)I-aC|
(14)

By evaluating the Jacobian matrices of F; and V; in (14) at the
disease-free equilibrium E,, the following matrices are obtained.

n

po| et TR as)
nw ’

o +ﬂ((1—¢)ﬂ+f(1—0)71) T1+M((1_¢)ﬂ+§(1_ﬂ)ﬁ)

v ky 0 (16) where k; =y + a+x and k, =y + & + y. Using matrices (15) and
—aky | (16), the next-generation matrix FVV ! is derived as
nw no U
m(¢ﬂ+§671)+m(¢ﬂ+fﬁﬁ) m(¢ﬂ+§071)
nw na n
ole, 1) (=P +E(1-0)r) + k(e + ) (1=p)u+&(1-0)n) ot ) (A= +&(1-0)1y)
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Fy-1

Thus, the eigenvalues of the matrix (17) are 4, =0 and 1, =
et (4 Eom) (ko + @)+ (1 - P + E(1 - o)),
According to [45] the dominant eigenvalue of the matrix (17)
yields the effective reproduction number,

R, 1 S+ éom) oo + @)

- kiky (71 + p
+ k(1= @) +E(1-0)n)l.

(18)

In absence of vaccination, that is, when z; =0, the basic repro-
duction number, %,, is obtained as

Ry — ﬁ (ko + @) + ky (1 = @)). (19)

Accordingly, the efective reproduction number can be expressed
in terms of the basic reproduction number as

Uiz + ™% (o + @) +ki(1=0)|.  (20)

3.4 | Local Stability of the Disease-Free Equilibrium

To investigate the local stability of the equilibrium point, we use
a similar approach as applied in [25, 26]. We start by defining
some of the necessary notations and definitions. Consider the
Laplacian operator — A on the domain £ with Neumann bound-
ary conditions. Its eigenvalues form an infinite, ordered sequence
0=Ag<A <A,<--, where each eigenvalue 4; has an algebraic
multiplicity m; >1. The normalized eigenfunctions associated
with 4; are represented as &; for j=1,2,...,m;. Notably as
i — o0, the eigenvalues 4; — oo, and that the corresponding
eigenfunction @; is constant. Also, from standard eigenfunction
theory,

r S
dA = (zy +p+p) ey
oU PP dA + Ay —ky
E - (1 - ¢)ﬂ Az
0 T
14
L 71 —fﬂwﬁ

__n (pu + éoty) (ko + )
kikay (2 + 1) | (1= p)u+E(1 - 0)r)) (ko +a) k(1= @)u+EQ-0)r) |

ki (¢p + éot7) (17)

—A(pljzlllqﬁy, ln.Q,
oD,
=0, on 0f2.
on

The eigenfunctions are normalized according to equation (21)
/Qd)izj(x)dx =1. (21)

Consequently, the collection {®;:1 <j<m;} forms an orthonor-
mal and complete basis. In general, system (1) can be expressed
as a two component reaction-diffusion model of the form

ou
—=JU+DAU,
ot

where D =diag(d;, d,, ds, d,, ds) is a diagonal matrix of diffusion
coefficients, U= (S, C, I, R, V)T and J is the Jacobian matrix
derived from the reaction terms of the corresponding system of
ODESs. More explicitly,

- s S -

—(n+u+p) e Ty 0 0
oU P Ay —k Ap 0 Eopp
Fr (1-9¢)p Ap  Ap-k, 0 ((1-0)p|U
0 7 y — ks 0
i 7 —énw% —én% T2 —H=p |
d 0 0 0 0
0d 0 0 0
+]10 0 dy o o |AU.
0 0 d, 0
0 0 ds
(22)

Consequently, the reaction-diffusion system can be written as

s -
—nﬁ % 0
Ap 0 Sofp
A+ Ay -k, 0 ¢1-0)p |U,
y dA — ks 0
|4
—fﬂﬁ ] dsA—H—-’fﬁ_
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where

k1:ﬂ+a+”7
ky=pu+e+y,
k3:/’l+0+727

S |4
Ap= (f)ﬂwﬁ + 50’7wﬁ,

S \%4
A23:¢’7N+§5’7N,

S |4
A= (1= P +a+ 0 - o,

N
S 1%
Apz=(1- ¢)’7N+§(1 - U)UN

r S
diA = (71 +p+p) —ﬂa’ﬁ
P A + Ay —k
Z= (1 - ¢)ﬁ Az
0 4
14
i 7 - fﬂwﬁ

Thus, let J; denote the Jacobian matrix of the system (1) and it is

given by
r S
—didi = (r +pu+p) 0N
P —ddi+An -k
Ji= (1-¢)p Az
0 n
|4
L 71 - &nw N
Theorem 1. The disease free equilibrium E, of the system (1) is

locally asymptotically stable if #,<1.

Proof. Evaluating (23) at E,, leads to

where

r H
-Ady — 1, - - nw
1“1 1 H n Tl+,u
0 = Aidy — kg + Ay,
Ji(Ey) = Az
b4
2!
T -
i 1 én it p
H 2
Ay = pnw + Eonw s
2 =¢¢n —— 5’771+”
H 2!
Ay = pn———+ &oi ,
23 (15’111_‘_” & ’711_‘_”
"
Ay =(1- wo——+a+ &1 -o)nw )
2= ) Y &( ) R
H 71
Az =(1- +é1-0 .
3= 4’)’771_‘_” &( )’7714_”

The corresponding linearizing operator acting on U is therefore
given by

s _
-n— 0 0
N
Aps 0 o
diA + Az -k, 0 ¢1-0)p
y d,A = ks 0
|4
-fﬂﬁ 72 dsA—M—fﬂ_
s _
-n— 0 0
N
Az 0 Eop
—d3di + Az —k, 0 {1-o)p . (23)
Y - d4/1i - k3 0
\%4
—fﬂﬁ 7) —dsﬂi—ll—fﬂ_
" _
- 0 0
’7‘[1 +u
A
—Aids —ky + Ass 0 0 s (24)
Ve _}“id4 - k3 0
2!
_ —dde —
énﬁ a 7 Aids )

From (24), it is clear that, — (4;ds +p), — (4id, + 7, +u), and —
(Aid4 + k3) are negative eigenvalues. It remains to examine the
remaining stability conditions. After accounting for the eigenva-
lues already determined, the Jacobian matrix (24) reduces to the
following 2 x 2 form

= Aidy = ky + Ay, Az

JU(E,) = )
{(Bo) Az = Aids = ky + As;

Abstract and Applied Analysis, 2026
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Applying the trace-determinant criterion to J/(E,), we obtain the
trace as

tr (J{(Ep)) = =(4i(dy +d3) + ky + ky = Ay — A33) <0

and determinant as

det(J;(Ep)) = kiky(1 = R.) + 47 dyds

{kz(ﬁ 1) —n((1-g)u+&01- G)Tl)]
T+ u

- no(pu + 5071)} >0,

T+ p

+ Aidy

+ Aid;

{kl (ry +p)

whenever #,<1.

Since tr(J{(E;))<0 and det(J/(Ey))>0 whenever %,<1, the
disease-free equilibrium E, is locally asymptotically stable for
R.<1. O

3.5 | Global Stability of the Disease-Free
Equilibrium

Theorem 2. The disease free equilibrium, E, is globally asymp-
totically stable if #,<1 and unstable if R,>1.

Proof. Consider a Lyapunov function of the form
:/ [P1C(x,t) + ¥,I(x, t)]dx, (25)
Q

where ¥, and ¥, are positive constants. Taking the time deriva-
tive of L in (25) yields

dL

dL aC(x,t) oI(x,t)
E*/Q{Tl 50w, T g (26)

Substituting the expressions for 2€x-0) x [ ) and 20 ‘H Y into (26) gives

= / [¥1(dyAC + ppS + EcpV — (u+ a+ x)C)
I}

+ ¥,(dsAT + (1 - $)BS + aC
+ E1=0)BV = (u+ &+ y)I)]dx.

Upon substituting for f=n(¢€) and expanding the infection
terms, we obtain

G ]| (#: (om0 + conog =)
7, ((1 - q’))na)}% Faté(l- 0)nw%))c
+(#1 (o + ony) (27)
vl (1 S 1 v k I|dx
+ 2(( ‘¢)Wﬁ+§( ‘G)WN— 2))}

+ / [¥,d,AC + ¥,d;AT]dx.
Q

Using Green’s formula together with Neumann boundary condi-
tions (3), we obtain

/ [¥,d,AC + ¥, d5AIdx = 0.
Q

Thus, (27) becomes,

dt K&"l(tﬁnw +§6’7w; k)+'{’2((1—¢)nw%+a+§(1—0)nwl¥]>)c

+ (avl <¢n%+§an V) + %((1 - ¢)n%+5(1 - o)n%— k2>>1} dx.

31

1 at disease free equi-

Applying the values of § = and ¥ =
librium gives

% _ /Q [(5"1 (¢’10)ﬂ + éﬂ(zclui ‘;)kl (11 +ﬂ)> L, ((1 = ¢)nop + a(ty +p) + (1 - G)nwﬁ))c

(71 + u)

N (,,,1 (dmﬂ + éanfl) Ly ((1 = p)qu +&(

T+ H

Setting

(ki (71 + p) = Eonarry — o) ¥,
(1 = @)ooy + alr + p) + E(1 - o)nwr,

szz

and ¥, >0, it follows that

d_L:Y// { kiky (71 + )
dt ') a (1= @)nwp +a(ty +p) +E(1 - 0)nor

(%, -1) | Idx.

1-o)nty — ky(7y + ”)))I} dx.

T+ U

Therefore, ¢ 4 <0 whenever %#,<1 and otherwise ¢ 4 >0 when
R.>1. Also note that dL =0 only when either =0 or %,=1.
In either case, the 1argest compact invariant set in {(S,C,I, R,
V) € 2|9 =0} is the singleton E,. By Lasalle’s invariant princi-
ple in [46], this implies that E, is globally asymptotically stable in
Q if #,<1 and unstable if Z,>1. O
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3.6 | Endemic Equilibrium

Endemic equilibrium occurs when pneumococcal pneumonia
persists in the population and we shall denote it by E, = (S*, C*,
I*,R*,V*). In order to determine the endemic equilibrium
point, we equate the reaction part of the system (1) to zero,
that is,

A+0O0R—- (7 +pu+p)S =0,

$PS + EopV -k, C =0,
(1=@)BS+aC+ &1 —o0)pV — kI =0,
7C +yI — ksR=0,

718 + 7R — uV - £V=0.

(28)

Solving system (28) together with

A=uN* — el =0,

and

ﬂ:”<1+wc

N ) , where N* is the total population at equilibrium .

The endemic equilibrium state E, is given by

N*[A(eky + Oy) + OenC* — OyuN*]

§ = :

ks[eN*(z) + ) +n(A = uN* + ewC*)]

- P2 = 4d'c
R iy

2a

A — uN*

="
€
R — enC* +y(A — uN*)
a 8k3 ’

V*iN*[leN*Y + 7,(enC* + y(A — uN*))Z]

ksZ(ueN* + &nX) ’

where

X=A—uN* + ewC*, Y = A(eks + Oy) + 0enC* — OyuN*, Z = eN* (7, + u) + X,

a'= enagN*OexF, + ay1,(en)*nw — N*ksne*wF,,

b = enagN*(AoF, + OexFy) + nayer,N*Oex + nayt,(Goer + Bynew) — eN*k3(GoF; + Fonew),
¢ = enagN*AyF, + nayer;N*Ay + nayt,GyBy — eN*k;GoF.

as:l—(/) ap | wg aV:a.ﬁa E1-o0)
k2 k1k2 kl ’ k1k2 k2
. fnA &
Bo=y(A=uN"). Fo=p+ 20— = Fy =

3.7 | Local Stability of the Endemic Equilibrium
Point

To establish the local asymptotic stability of the endemic equilib-
rium, we evaluate (23) at E, = (S*, C*, I*, R*, V*), which gives

—di = (7 +p + p*) RN
B —dodi +Ap -k
(1-¢)p* Az
0 4
V*
_ 2 - o

where

. (I +aC*
ﬂ—n( N )

sk £l

S
Ay = pnw —+ Sonw

N N*’

S* 1%
Ap = ¢’7ﬁ+ 50’1]@7

S*
Ap=1-¢no— +a+&(1-o0)n

o ——,

N* N*
Ay =(1- 1-0)—.
33 = ( ¢)77N*+§( U)WN*

Using the stability test based on Gershgorin circles theorem in [47]
(Proposition 3.1), the first hypothesis of Gershgorin circles theorem
in [47] (Proposition 3.1) holds provided A,,<d,4;+k, and

Enw

[0
+ 257Gy eN (o1 ) A,
1
N and Ay = A(eks + 0y) — OyuN*.

S* 7
A 0 Sop
—dsdi + Az — ky 0 {1-a)p |, (29)
Y - d4/1i - k3 0
V*
—ﬂfﬂm 2 —dsﬂi—ﬂ—fﬂ*_

Az <d3A; + k,. The second hypothesis is verified if and only if

sk

n(w+1)%+a<dlzi+(ﬁ Cutp, (30)

Gp* + Ayy + Eoff < dyd; + ki + Ay, (31)

(1= +Ap+E1-0)f* <dshi +hky + Az, (32)
74y <ddi + ks, (33)

7 +rz+§n(w+1)§ < dski + p + EB. (34)

Thus, the endemic equilibrium E, is locally asymptotically stable
whenever all of the above inequalities hold.
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3.8. | Global Stability of the Endemic Equilibrium aw 15 das+ (1- c d,AC
Point dt o S C
I R*
+ (1 - 7) dsAI + (1 - ﬁ) d,AR
Theorem 3. If %,>1, the endemic equilibrium E, of the system v+ g
(1) is globally asymptotically stable. + (1 - 7) dsA V} dx + / B (1 - E)

[A+6R —1,S — uS — pSldx
+/ (1 - 9) 6S + EoBV — (4 + a+ 7)Cldx  (35)
o C

_ / Wie.)ds, +/ o (1 ) 17)

[(A=@)BS+aC + &1 - o)V — (u+ e+ y)Idx

Proof. Consider the candidate Lyapunov function of the form

R*
where +/ (1 _E) [7C +yI — (u+ 0 + 7,)R]dx
Q
V*
C +/ <1 —7) [71S 4+ R — puV = EBV]dx
Wi(x,t) = (S—S*—i—S*ln( ))+(c-c*+c*1n(6)) 2
Applying Green’s formula and the Neumann boundary condi-
I-I*+TIIn o .
tions in (3), we obtain

[ (1-S)aasia [ Sustasso
Q Q
/Q(l—%)dzACdx:—dz/Q%|vc|2deO,
I I
1—— d3A1dx:—d3 —‘VI|2deO,
I I ol

(R R’ +R'In ( )
(v-veevm(T).

Differentiating W (¢) with respect to time t gives

aw Kl S*)dS+(1 c*)ac+(1 I*)al

da “s)oar “Cc)or ot R* R*
oL 1-=)dARdx=-d, | = |VR]?dx<0,

1Bk 1—— WV . o\ R ok

R) ot ot

v v
- = - — 2dx <
/9(1 V)dsAde dS/QWWV\ dx <0.

Substituting for %, 9€, 9 9R ‘and 27 from model equations in (1)

gives Thus, the expression for in (35) simplifies to

¢ £3

< {A‘F@R—(Tl +ﬂ+ﬁ)S—AS§—0RS§+(Tl +u+p)S*+¢pS + éopV — (p+a+x)C
Ie)

aw
dt

—¢ﬁS%*—§aﬂV%*+(/t+a+ﬂ)C*+(1—¢)ﬂS+aC+§(1—J)ﬂV—(,Lt+s+y)1
—(1—¢)ﬂS§—aC;—r§(l—a)ﬂV?—l—(u—i—e—i—y)l*—Q—nC—Q—yl—(;4+9+72)R—HC%

R* 1% v
—yI?—O—(,u—i-H—i-rz)R* +rIS+12R—,uV—§ﬂV—TISV—TZRV—O—/JV* + EPVH | dx

Let M denote the collection of positive terms, and N the collec- d_W <M-N.

tion of negative terms so that dt

where

M:/ [A+OR+ (z7 + u+ P)S* + ¢S + EofV + (u+ a+ m)C* + (1 — ¢)BS + aC
Q
+E(Q-o)pV+ (u+ e+ ) +2C+yI+ (u+ 0+ 75)R* + 118 + 1R + puV* + EV*|dx
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¢ *

" S* S* c* C
N= / {(71+,u+ﬂ)S+A—+6’RE+(M+a+7r)C+¢ﬁSF+§6ﬂVF+(/t-i-e-‘r}/)l
Q

S

*

I* I* I* R R*
+(1- ¢)/}87+ aC7+ - a)ﬁV7 +(u+0+1)R+aC—+yl—+uV + EHV

+7157 + 72R7:| dx

Hence, if M <N, then 4¥ <0. Furthermore, 4 =0 if and only if
S=S* C=C* 1=I*, R=R*, V=V" thus the largest compact
invariant set in {(S, C,I, R, V) € 2,9 =0} is the singleton set E,.
By Lasalle’s invariant principle in [46], for %#,>1. this implies

that E, is globally asymptotically stable in £2. O

3.9 | Impact of Parameter Values on the Effective
Reproduction Number: A Sensitivity Analysis

A detailed sensitivity analysis of the effective reproduction num-
ber, &#,, is performed in order to identify the key parameters
governing pneumococcal pneumonia transmission. It quantifies
the relative change in %, resulting from a relative change in a
given parameter, thereby providing critical guidance for targeted
intervention strategies. Following the method in [8, 26, 48], the
sensitivity index of %, with respect to parameter v is given by

_0R, v

Y7 X —,
v o R,

where v represents any of the parameters k, p, 7, 71, 7, i, @, &, ¢, @,

& o.
Consider for instance the transmission contact rate k with

kp

F - P
¢ kiky(zy +p)

[(du + Gory) (k0 + @) + ki (1 - p)u
+&4(1 - o))

The sensitivity index of parameter k is computed as follows

a_0R kK ___ P
Yk ok x ‘%e - k1k2(71 + ﬂ) [(¢/4 + 5071)(k2a) + a)
+ k(1= p)u+EQ - 0)ry)]
kkiky (71 + )

X kp[(pp + Eo71) (kyw + @) + Ky (1 = ) + E(1 = 0)71))]

R R

persistence of pneumococcal pneumonia. In contrast, parameters
such as 7, 7, y, a, and ¢ exhibit negative sensitivity indices,
implying that their increase contributes to reducing %, and
thus suppresses disease persistence. By prioritizing the reduction
of parameters that drive an increase in %, and reinforcing those
that reduce it, policymakers and healthcare practitioners can
formulate effective interventions aimed at lowering pneumococ-
cal pneumonia spread and improving public health outcomes.

To easily visualize how each parameter affects disease transmis-
sion, each subplot in Figure 2 shows a one at a time variation of a
single parameter while keeping the others constant.

4 | Numerical Simulations

This section presents numerical simulations of the model system
(1). MATLAB was used to perform the simulations, employing
finite difference methods to numerically solve the system and
investigate the combined effects of spatial-temporal variations,
vaccination, and treatment on the transmission dynamics of pneu-
mococcal pneumonia. The parameter values used were mainly
from literature (Table 1), where necessary assumptions were
made in order to have more realistic simulation results. The fol-
lowing initial conditions were considered; S, =400+ 8 cos (x),
Cy=150+cos (x), I, =200+ cos (x), R,=140+cos (x), and
Vo =150+ cos (x) so as to have a wave like propagation of the
disease, with diffusion coefficients in units of m?day~': d, =0.1,
d,=0.05, d; =0.02, d, =0.1, ds =0.3.

TABLE 2 | Numerical values of sensitivity indices of %,.

Parameter symbols Sensitivity indices

Thus, k +1.0000
@, _ 0% k p +1.0000
Kk = — — 1.
ok = R w +0.4811
Likewise, the sensitivity indices corresponding to the remaining ¢ +0.3811
parameters involved in the effective reproduction number %, are ¢ +0.0625
evaluated using the same approach. Using the parameter values
in Table 1, the corresponding sensitivity indices are generated as o +0.0180
presented in Table 2. 71 —0.9131
€ —0.4646
3.10 | Sensitivity Analysis Interpretation ,, —0.2415
From Table 2, it is observed that parameters k, p, @, ¢, &, and o, a —0.2332
have positive sensitivity indices, meaning that increases in these —0.0534
parameters lead to an increase in %,, thereby enhancing the ! .
Abstract and Applied Analysis, 2026 11 of 18
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FIGURE 2 | Visualization of how various model parameters influence the effective reproduction number %,.

4.1 | Spatial-Temporal Dynamics of Pneumococcal
Pneumonia When %,<1

Figure 3 shows the spatial-temporal evolution of pneumococcal
pneumonia, obtained using the parameter values provided in
Table 1, for which the effective reproduction number is #, =
0.3493<1. In this case, it is observed that the solution (S, C,I,R,
V) of system (1) converges to the disease-free equilibrium E, as
t — oo. This implies that the disease-free equilibrium E| is globally
asymptotically stable, and the infection cannot persist in the popu-
lation when the effective reproduction number remains below unity,
%.<1. This is consistent with the theoretical findings in Theorem 2
confirming that the disease eventually dies out when %, <1.

4.2 | Spatial-Temporal Dynamics of Pneumococcal
Pneumonia When &#,>1

Figure 4 shows the spatial-temporal evolution of pneumococcal
pneumonia, obtained using the parameter values provided in
Table 1, but with z; = 0.0001, 7, = 0.0003, and p = 0.1. Under these
parameter settings, the effective reproduction number is %, =
5.0329>1. In this case, it is observed that the solution of system
(1) converges to the endemic equilibrium E, ast — oo. This observed
convergence confirms the global asymptotic stability of the endemic
equilibrium E,, aligning with theoretical findings in Theorem 3.

4.2.1 | Intervention Strategies

Here, the temporal dynamics of disease progression under differ-
ent intervention strategies, namely vaccination and treatment,
are investigated. The graphical results are generated using the
ODE form of system (1), with initial conditions S(0) = 1000, C(0)
=20, I(0) =10, R(0) =12, V(0) =12, together with the base-
line parameter values provided in Table 1.

4.3 | Effect of Enhanced Treatment on
Pneumococcal Pneumonia Dynamics

Figures 5 and 6 illustrate the influence of the treatment rates of
carriers and infected individuals, respectively, on the transmis-
sion dynamics of pneumococcal pneumonia. The results show
that enhancing the treatment rate of carriers significantly
reduces both carrier and infected populations, while increasing
the treatment rate of infected individuals likewise leads to a
marked decline in disease prevalence. In both cases, higher treat-
ment rates accelerate the reduction of infection levels and
improve overall disease control. These findings underscore the
importance of effective treatment strategies targeting both car-
riers and infected individuals in reducing pneumococcal pneu-
monia transmission and sustaining long-term control.

4.4 | Effect of Enhanced Vaccination Rates on
Pneumococcal Pneumonia Dynamics

Figure 7 shows the effect of increasing the vaccination rate of
susceptible individuals (z;) on pneumococcal pneumonia
dynamics. As 7, increases from 0.01 to 0.04, both carrier and
infected populations decline over time and eventually approach
zero. This implies that higher vaccination coverage among sus-
ceptible individuals can lead to the elimination of pneumococcal
pneumonia in the population.

4.5 | Influence of Vaccination and Treatment on
Pneumococcal Pneumonia Dynamics

Figure 8 shows the dynamics of carrier and infected populations
under treatment alone (%,) and under the combined strategy of
treatment and vaccination (,). The results show that integrat-
ing vaccination with treatment has a greater influence on the
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FIGURE 3 |

reduction of pneumococcal pneumonia compared to relying on
treatment alone.

4.6 | Impact of Vaccine Nonresponsiveness on the
Transmission Dynamics of Pneumococcal
Pneumonia

Figure 9 shows the impact of vaccine failure rate, £ on carriers
and infected individuals. Low ¢, reflecting effective vaccination,
both carrier and infected classes decrease progressively and
approach elimination, while high & leads to an increase in both
carriers and infected individuals, indicating persistent transmis-
sion and higher endemic levels. These results show the impact of
vaccine failure on disease prevalence, with decreased vaccine
failure leading to better control of pneumococcal pneumonia.

5 | Discussion and Conclusion

In this study, an SCIRV reaction-diffusion model for pneumococ-
cal pneumonia incorporating vaccination and treatment was

C(x, 1)

200
e
5 100
0
2 30
x10* 1
t (days) o O x (m)
R(x, 1)
100
e
~ 50

0
2 30
x10% 1

t (days)

x (m)

Global asymptotic stability of the disease-free equilibrium E.

formulated and analyzed. The model was shown to be well-posed
and biologically relevant. The analysis revealed that the model
admitted two equilibrium points, that is, the disease-free equilib-
rium and the endemic equilibrium. The effective reproduction
number, %,, was then derived as the threshold parameter govern-
ing disease dynamics. The disease-free equilibrium E, was found
to be locally and globally asymptotically stable whenever %, <1.
The conditions for the endemic equilibrium E, being locally
asymptotically stable were established using the Gershgorin Circle
Theorem and also it was found that the endemic equilibrium E,
was globally asymptotically stable whenever %,>1.

Sensitivity analysis identified the contact rate (k), transmission
probability (p), vaccine failure rate (¢), and related parameters
(w, ¢, o) positively influenced disease transmission by increasing
R,., while parameters such as the vaccination rate of susceptibles
71, the recovery rates due to treatment of carriers z and infected
7, exhibit negative sensitivity indices, indicating that their increase
reduced %, and thus suppressing disease persistence. Numerical
simulations confirmed that the disease is eliminated when %,<1
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FIGURE 4 |

and persists when 2,>1. The results further demonstrate that
increasing treatment rates substantially reduces disease preva-
lence, while increasing vaccination among susceptible individuals
has the strongest impact on eliminating the disease. A combined
strategy of vaccination and treatment was shown to be more effec-
tive than treatment alone, whereas elevated vaccine failure rates
were observed to weaken overall control efforts.

Based on these results, we recommend that governments and
health ministries prioritize early massive vaccination campaigns

Global asymptotic stability of the endemic equilibrium E,.

C(x, 1)

400

C(x,b)

300

200

x10* 1
t (days)

R(x, 1)

600

400

R(x, 1)

200

x10* 1
t (days) 0o 0

in high-risk areas and implement a combined strategy of vacci-
nation and treatment. Additionally, screening and diagnostic
testing should be implemented, with positive cases subjected to
timely medical treatment. Future work could extend this model
to incorporate other strategies, such as improved nutrition, exclu-
sive breastfeeding, enhanced surveillance for antibiotic-resistant
strains, and timely diagnosis. This model could also be extended
to a stochastic framework to better capture the uncertainty in
disease dynamics.

14 of 18

Abstract and Applied Analysis, 2026



Variation of carrier population over time Variation of infected population over time
350 T T T 30 T T T

300

250

200
S =
150
100
50
0 1 1 1
0 100 200 300 400 0 100 200 300 400
Time (days) Time (days)
— 1 =0.004 —— 1 =0.036
— m=0.012
FIGURE 5 | Effect of carrier treatment rate on the transmission dynamics of pneumococcal pneumonia.
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FIGURE 6 | Influence of infected-individual treatment rates on pneumococcal pneumonia transmission dynamics.

Abstract and Applied Analysis, 2026 15 of 18



Variation of carrier population over time

Variation of infected population over time
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FIGURE 7 | Impact of varying the vaccination rate of susceptible individuals on the transmission dynamics of pneumococcal pneumonia.
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FIGURE 8 | Influence of vaccination and treatment on pneumococcal pneumonia dynamics.
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