Journal of Applied Mathematics

| RESEARCH ARTICLE

'.) Check for updates

WILEY

Analysis of a Mathematical Model on the Dynamics of
TB-HCV Coinfection With Medication

Kizito Mohammed' () | Hasifa Nampala*(®) | Pius Ariho'

'Department of Mathematics, Mbarara University of Science and Technology, P.O. Box 1410, Mbarara, Uganda | *Department of Mathematics and

Statistics, Kyambogo University, P.O. Box 1, Kyambogo, Uganda

Correspondence: Kizito Mohammed (kmohammed@must.ac.ug)

Received: 10 June 2024 | Revised: 18 January 2026 | Accepted: 20 January 2026

Academic Editor: Theodore Simos

Keywords: coinfection | deterministic model | effective reproduction number | hepatitis C | tuberculosis

ABSTRACT

This study employs a deterministic model that describes the combined dynamics of TB and HCV aimed at determining the impact
of medication in the management of TB-HCV coinfection. The analytical and numerical analyses indicate that if the TB-HCV

coinfection effective reproduction number is less than unity, the absence of both TB and HCV infections constitutes a stable

equilibrium. Additionally, the stability analysis reveals that when the TB-HCV coinfection effective reproduction number is

greater than one, the endemic equilibria become stable attractors, thus, a long-term coexistence of both infections. Sensitivity

analysis shows that an increase in the rate of human-to-human contact between the TB (or HCV)-infected individuals and the

susceptible population and the likelihood of a contact resulting in TB (or HCV) transmission results in a higher endemicity of the

infection. Numerical simulations indicate that increasing the rate at which humans with coinfection are treated decreases the

widespread presence of TB and HCV in the population. We therefore recommend that health facilities be stocked with antibiotics

for TB and antiviral medications for HCV for easy access by individuals who test positive to the respective infections.

1 | Introduction

Tuberculosis (TB) is a transmissible disease resulting from
Mpycobacterium tuberculosis (Mtb) infection. The disease is esti-
mated to cause death of about one million people globally each
year [1]. TB affects the respiratory system (pulmonary TB) and
also affects other body parts (extrapulmonary TB), except the hair
and the nails.

The mode of transmission of TB is through breathing in droplets
from cough or sneeze from infected person especially with in-
fectious TB. Infectious TB persons show the visible clinical
symptoms such as loss of weight, chronic cough, sputum pro-
duction and night sweat among others. However, the TB-infected
persons without these symptoms are called latent TB-infected
persons. The latent TB-infected persons are noninfectious [2].
The latent period measures the time from infection to the point at

which the individual becomes infectious to others and can persist
for varying duration, ranging from weeks to months to a lifetime
(2, 3].

Infectious TB in individuals can be detected by blood test or skin
test, followed by treatment.

Drugs for effective medical treatment for TB have been used since
the early 40s when they were first developed. The treatment
regimen recommended by WHO has kept on being revised from
time to time in light of more developments in the field of
medicine and cognisant of the fact that the microorganisms keep
evolving to some strains of microorganisms that show resistance.

The 2022 WHO guidelines [4] recommend a 4-drug regimen of
isoniazid (H), rifampicin (R), ethambutol (E) and pyrazinamide
() for six months, as the latest treatment strategy for individuals
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with drug-susceptible TB (both pulmonary and extrapulmonary).
New further recommendations include, for children 12 years and
above with pulmonary TB, that is, susceptible to drugs may
receive treatment with regimen rifapentine (P), H, Z, and
moxifloxacin (M) for 4 months; children and adolescents in the
3 months to 16 years age group with nonsevere TB may receive
a 4-month treatment with regimen (2 months of H, R, Z and also
E then followed by 2 months of H and R) as long as there is no
evidence of resistance to R and H.

The majority of WHO member states typically reports treatment
success rates of at least 85% for individuals on the 6-month
regimen [4].

Hepatitis C virus (HCV) is the most severe strain of hepatitis
virus that affects the liver (by inflaming it). HCV is classified
under the genus Hepacivirus and family Flaviviridae. In addition
to HCV, Flaviviridae family comprises other significant viruses
like West Nile, yellow fever and dengue [5]. HCV is a blood-borne
pathogen transmitted via blood transfusion or contact with in-
fected blood from an infected person to a noninfected person.
Blood contact can happen mostly through sharing needles,
congenital transmission (mother to child during labour or
nursing), organ transplants with unscreened organs and through
unprotected sexual contacts [6].

HCV causes both acute (short term) and chronic hepatitis (long
term illness). Some people with acute hepatitis C do not show
symptoms or show mild symptoms of the disease within 6
months of exposure and may not need hospitalisation [7].
Untreated chronic HCV can result in long term and potentially
health consequences such as liver cirrhosis, cancer and
death [8].

As stated in 2019 report by WHO, close to 58 million people
globally had chronic HCV infection and were continuing to live
with it. Approximately 400,000 deaths occur every year due to
chronic diseases caused by HCV infection. As a result, HCV
infection is considered a significant public health concern. There
is a likelihood of advancing to various stages of the disease on
getting infected with HCV. A comprehensive guide for the
prevention, treatment and epidemiological management of HCV
infection specifically targeting people who inject drugs (PWID)
indicates that out of every 100 people living with HCV infection,
up to 80%, 70% and 20% will potentially progress to chronic HCV
infection, chronic liver disease and cirrhosis, respectively, and up
to 5% are at a risk of fatal cirrhosis or liver cancer [9]. The global
health sector sets a goal to eliminate viral hepatitis with a sub-
stantial decreased public threat, with a 90% decrease in global
cases and 65% decline in death [10].

Unlike TB infections, which manifest easily and necessitate
seeking medication, infections with HCV take longer to manifest.
Thus, humans with HCV are usually not informed that they are
sick of HCV until a few years later [11, 12], hence, hardly quest
medication. It is worth noting therefore that globally, medical
check-up, clinical diagnosis and medication of hepatitis C sick
persons are still a challenge.

A report on global hepatitis of 2021 [13] revealed that between
2015-2019, of the about 58 million people living with HCV, only
26% had undergone diagnostic tests for hepatitis C and were
aware of their status (Africa had the least ratio of 6% diagnosed),
7% commenced medication and 7.7% cumulatively had ever been

treated of HCV through the use of direct-acting antiviral (DAAs)
medications.

In developed countries, it is mandatory for every TB sick person
to be checked for HCV on admission into the health system
which is not the case with most resource limited countries in sub-
Saharan Africa. This is attributed to high cost of HCV screening
and medication. According to [14, 15], medical check-up of HCV
becomes important while establishing whether HCV could
possibly lead to liver disease with TB sick persons.

TB and hepatitis C and their coinfection are among the most
serious public health issues globally. Analysing the inter-
connected dynamics of TB and HCV infections is mathematically
a significant challenge as the transmission routes for the in-
fections are vastly different. Individuals with existing TB in-
fection are at a greater likelihood of developing chronic HCV
infection, which in turn increases their risk of experiencing liver
damage (hepatotoxicity) as a side effect of certain medications
[16, 17]. TB and HCV coinfection can trigger latent TB reac-
tivation, heightens the risk of fatal outcomes and causes liver
damage due to the drug toxicity [18]. Generally, HCV-coinfected
individuals with TB are complicated to manage, which increases
the possibility of passing on TB to others.

Also, the majority of the TB-infected individuals are HIV infected
too. Therefore, indirectly, it is possible that one is dealing with
TB-HCV-HIV trio infection, indicating a high load of medica-
tion. These individuals thus need a health liver to deal with all
the medication of the trio infection of TB, HCV and HIV. Various
mathematical modelling approaches have been employed to
comprehend the dynamics of infectious diseases such as TB
cynics [3, 19-22], HCV infection [9, 11, 12, 23], hepatitis B virus
infection [24] and coinfection scenarios as discussed below: Nino
et al. [25] conducted a study to determine whether HCV coin-
fection increases the risk of incident drug-induced hepatitis
among patients on first-line anti-TB drug therapy. A high
prevalence of HCV coinfection was found among patients with
TB infection. Drug-induced hepatotoxicity is significantly asso-
ciated with HCV coinfection but severe drug-induced hepato-
toxicity is rare. El-Mokhtar et al. [26] conducted a study to
evaluate the impact of HCV on the T-cell-mediated immune
response to TB in coinfected patients. They concluded that
different subsets of TB-specific CD4* T cells in TB-HCV-infected
individuals are partially impaired in early-stage HCV infection.
Meysam et al. [18] carried out a systematic review and meta-
analysis with a purpose of determining the prevalence of HCV
infection in patients with TB infection. The results of their study
highlighted the importance of screening HCV in TB patients.
Knowing whether HCV is present or not in these patients can be
helpful in effectively treating them. Musso et al. [27] conducted
a study to assess the feasibility and effectiveness of simultaneous
treatment for HCV infection and pulmonary multidrug-resistant
TB (MDR-TB). In their study, they described two cases of patients
with pulmonary MDR-TB and concurrent HCV chronic infection
cured with DAAs at a Tertiary Infectious Diseases Hospital in
Italy. They concluded by suggesting to always considering
treatment of chronic hepatitis C with DAAs as a useful in-
tervention for reintroduction of second-line antitubercular
agents in those patients who developed drug-induced liver injury,
reducing the risk of treatment interruption when re-exposed to
these drugs. To assess the prevalence of HCV infection among TB
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patients and to investigate its impact on TB and its treatment
outcome, Nageeb et al. [28] carried out a cross-sectional study on
500 TB patients. They revealed that coinfection of HCV in pa-
tients with TB is frequent. It increases the frequency of almost all
clinical presentations and had its predominant findings on
laboratory and radiological investigations. Coinfection also alters
the response to TB treatment and should be screened among
tuberculous patients before treatment and closely monitored
during treatment to detect early any drug resistance or treatment
failure. Wahid et al. [29] carried out a study aimed at suggesting
proper management of patients coinfected with both HCV and
TB infections. According to their results, this is the first evidence
that highlights sofosbuvir, daclatasvir and ribavirin as an optimal
treatment regimen for patients coinfected with TB infection.
Furthermore, it is necessary to treat TB infection before initiating
HCV treatment because of the risk of hepatotoxicity. Kempker
et al. [30] reviewed the drug metabolism of anti-TB and HCV
drugs and the known potential drug-drug interactions between
recommended HCV regimens and individual anti-TB drugs.
They realised that rifampin is the only anti-TB drug to have been
formally studied for potential drug interactions with anti-HCV
DAAs, and existing data preclude these combinations. They,
however, discovered that based on known pathways of drug
metabolism and enzyme effects, the combination of HCV DAA
regimens with all other anti-TB drugs may be feasible. In their
conclusion, pharmacokinetic studies are needed next to help
move cotreatment regimens forward for clinical use among
patients coinfected with TB and HCV infections. Aggarwal [31]
developed a nonlinear mathematical model for HIV-TB coin-
fection. They introduced a time-delay parameter to capture the
delay in diagnosis and treatment initiation for coinfected in-
dividuals. The local stability analysis of equilibrium points was
analysed in the presence of delay, revealing specific conditions
for Hopf bifurcation to occur. Numerical simulations were
carried out using different parameter sets to examine the effects
of detection and treatment delays on coinfected individuals at
each equilibrium point. Bowong et al. [32] formulated and
analysed a deterministic mathematical model of the codynamics
of HBV/TB coinfection. Through simulations, they mainly found
that the two diseases will coexist whenever their partial re-
productive numbers exceed unity; the increased progression rate
due to exogenous reinfection from latent to active TB in coin-
fected individuals may play a significant role in the rising
prevalence of TB and the increased progression rates from acute
stage to chronic stage of HBV infection and has increased the
prevalence levels of HBV and TB. Tanvi et al. [33] formulated and
analysed an HIV-TB coinfection model which incorporated
a nonlinear treatment rate for TB infection. They developed an
HIV-TB coinfection model, analysing the HIV and TB submodels
separately, and calculated the basic reproduction numbers for
HIV-only, TB-only, and the full HIV-TB coinfection model.
Numerical simulations showed that accelerating TB treatment
can effectively reduce the coinfection, highlighting the need for
programs that enhance TB treatment rates. Bhunu et al. [34]
formulated and analysed a deterministic model of the cody-
namics of HCV and HIV/AIDS in order to assess their impact on
the dynamics of each disease in the presence of treatment. They
realised that there are more HIV-only infected individuals not yet
showing AIDS symptoms and the number of dually infected
individuals first increases and then declines to asymptotically
low level due to full recovery from hepatitis C. In their

conclusion, HCV has an ongoing prolonged negative effect on the
health of the population, irrespective of their HIV status, and as
such, its control should be reinforced in resource-limited set-
tings. Teklu et al. [35] developed and analysed a compartmental
model with optimal control strategies to examine the dynamics of
HIV/AIDS-TB coinfection, incorporating behavioural changes
and treatment interventions. The numerical simulations dem-
onstrate that a strategically combined approach of preventive and
therapeutic interventions can effectively curtail the incidence of
HIV, TB and coinfection with HIV/AIDS-TB. Mayanja et al. [16]
formulated and analysed a deterministic model to study the
HIV-HCV coinfection dynamics in the presence of HIV therapy.
The results indicated that both HIV and HCV infections enhance
each other; and in the long run, increasing the rates at which
people are put on HIV treatment reduces the prevalence of HCV
in the community; however, it increases the prevalence of HIV.
Nampala et al. [36], proposed a coinfection mathematical model
with delay and used optimal control theory to analyse the effect
of viral latency in hepatocytes on the dynamics of HIV/HBV
coinfection. Analytical results indicate that HBV cannot take
a competitive exclusion against HIV; thus, the coinfection en-
demic equilibrium implies chronic HBV in HIV-infected pa-
tients. Teklu et al. [37] formulated and analysed a dynamical
system modelling HBV and TB coinfection to investigate the
impact of optimal control measures and conducted a cost-
effectiveness analysis, aiming to inform strategies to control
coinfection transmission. Their findings indicate that a combined
approach of protective and treatment optimal control strategies
effectively reduces the incidence of HBV and TB coinfection.
Furthermore, cost-effectiveness analysis reveals that treating
HBV is the most cost-effective strategy to combat the spread of
HBV and TB coinfection in the community. Tanvi et al. [38]
formulated a nonlinear population model for HIV-TB coin-
fection. Their model examined how the timing of HIV treatment
initiation (early or late) in TB-treated coinfected individuals
influenced the incidence of immune reconstitution in-
flammatory syndrome (IRIS). With fixed control parameters, the
model analysis demonstrated the existence and local stability of
disease-free and endemic equilibria. They formulated and solved
an optimal control problem incorporating time-dependent pa-
rameters, using Pontryagin’s maximum principle to minimise the
number of infected individuals, disease-induced deaths and
treatment costs. Numerical results suggested that implementing
optimal control strategies is more effective than constant treat-
ment rates in minimising the burden of the coinfection. In
a recent study, Kizito et al. [39] formulated and analysed a de-
terministic model to examine the dynamics of TB and HCV
coinfection without interventions, shedding light on the un-
derlying mechanisms driving the coinfection’s behaviour. The
results showed that, over time, the number of individuals
coinfected with TB and HCV significantly exceeded the number
in any other demographic group. In the absence of interventions,
the dynamics of TB and HCV coinfection were primarily driven
by TB. This study advances the previous research in [39] by
incorporating TB and HCV treatment and examining the dy-
namics of TB-HCV coinfection under the influence of both
treatments. The model in this study provides new insights
through a novel mathematical modelling approach that high-
lights the crucial role of treatment in reducing the transmission
of TB and HCV infections, addressing a previously unexplored
research area, thus ultimately providing policymakers with
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evidence-based interventions to reduce the spread of both
infections..

2 | Description and Formulation of the Model

2.1 | Description of the TB-HCV Coinfection
Dynamics

The model categorises the human population into 13 distinct
and separate groups ascending to their epidemiological status,
namely susceptible individuals capable of acquiring TB or
HCV (S(t)), TB infected, latent and not contagious (I(t)), TB
infectious individuals (Ir(t)), TB infectious hospitalised in-
dividuals on medication (H(t)), TB-treated individuals (R(t)),
HCV acutely infectious individuals but with no symptoms
(I4(t)), HCV chronically infectious individuals with symptoms
(Ic(1)), HCV individuals under treatment (Ry(t)), individuals
with acute HCV infection and latent TB, not infectious with
TB but infectious with HCV (I4.(t)), dually infected humans
with HCV chronic infection in the latent TB stage, non-
infectious for TB but infectious for HCV (I¢1(t)), individuals
with acute HCV infection in the infectious stage of TB (I47(t)),
individuals with chronic HCV infection in infectious stage of
TB (Icr(t)) and individuals under treatment of the dual
infection (R(¢)).

The medication for HCV patients shall be considered only at the
HCV chronic stage. This is because HCV acute stage is often short
and asymptomatic in relation to the lengthy and symptomatic
HCV chronic stage. Thus, diagnosis of HCV patients is at the
chronic phase of the infection [40].

In order to formulate the dynamical system, all susceptible in-
dividuals are assumed to be just as susceptible to both TB and
HCV, and the diseases are spread by contact with an infected
individual. TB-infected individuals first get latently infected and
go on to become infectious. However, TB latent individuals are
not infectious. Similarly, before developing chronic HCV, all
hepatitis C virus-infected persons first contract acute HCV, and
both forms of HCV are infectious. Acute HCV individuals either
advance to the chronic stage or recover naturally. However, since
the acute form of HCV is primarily asymptomatic, there is hardly
any possibility of medication at this stage. TB- and hepatitis C-
recovered humans acquire temporary immunity before
reinfection.

The total population at time ¢, represented by N(¢), is defined as

N(t) = S(t) + I.(¢) + I7(t) + H(t) + Rr(t) + Ls(t) + Ic(t) )
+ Ry (8) + Ly (8) + Icr (8) + Lap(0) + Icr() + R(2).

No matter when, there is a steady inflow into the susceptible
class, S(t), through birth and immigration at a rate A. A constant
natural mortality rate, yu, exists in all subpopulations.

Susceptible humans acquire TB to move to latent TB class, I (t),
at a rate Ay defined by

&1q1(Ir(0) + eH (D) + a(lar(D) + Ier(6)))
N(t) ’

Ar(t) = @)

with & the rate of human-to-human contact between the TB-
infected individuals and susceptible population; q; is the like-
lihood of a contact resulting in TB transmission; a is the en-
hancement factor for the increased risk of easily contracting TB
from a dually infected human in classes Iyr and Ic7. The pa-
rameter accounts for increased infectiousness in dually infected
humans compared to those with TB only [32].

¢ is the reduction parameter considering for the reduced risk of
being infected with TB by a hospitalised TB-infected human.

Similarly, susceptible humans get infected with HCV to move to
the acute class, I4(¢), at a rate 1y, defined by (3).

&2q2(PIa(E) + Ic(8) + brlar(£) + bolcr(t) + b3lar() + balcr(1))
N(b) ’

Au(t) =
(3)

where &, is the rate of human-to-human contact between the
HCV-infected individuals and susceptible population; g, is the
likelihood of a contact resulting in HCV transmission; by, b,, b;
and b, are enhancement factors for the increased risk of easily
contracting HCV from a dually infected individual in classes I,
Icr, Ix7 and Icr, respectively. Dual-infected individuals are more
infectious of HCV as compared to their counterparts who are
monoinfected. We note that by, b3 > by, by > 1, considering the
fact that an HCV acutely infected human is more infectious than
the HCV chronically infected human due to higher viral loads
during the early stages of the infection. ¢ is the amplification
parameter catering for the increased risk of being infected with
HCV from a singly acute HCV-infected individual.

TB latently infected humans, I, either recover naturally due to
strong immune system at a rate # to return to susceptible class or
progress to active TB class, Ir(t), at a rate 6.

Once humans infected with active TB are tested positive, some
are put on medication while attended to from home at a rate o, to
join the Rr(t) class, whereas others are hospitalised at a rate p to
join the H(t) class while, in hospital, the active TB patients re-
ceive treatment at a rate w, to also join the Rr(t) class.

Individuals in classes Ir(f) and H(t) not only die naturally but
also die from active TB at a rate o1 and o,, respectively.

Acute HCV humans that happen to recover naturally return to
the susceptible class at a rate z, while others progress to the
chronic HCV class, I¢(t), at a rate a. Having been detected with
chronic HCV, the infected humans are put on treatment at a rate
y to join the Ry(¢) class.

Latent TB and active TB individuals in classes I;(t) and I(¢),
respectively, at a rate of 1y, become infected with HCV and
transit to state I, (¢) and L7 (¢), respectively. Similarly, acute and
chronic HCV humans in classes I,(t) and Ic(t) are infected with
TB at a rate Ay to join classes Iy (¢) and I (t), respectively.

Humans in I4; progress to Isr(t) and I (t) at rates r; and f,
respectively. Similarly, humans in classes Ic-7(t) and I4.(t) both
progress to Icr(t) class at rates 7, and f,, respectively. Having
tested positive to the coinfection, humans in classes
Icr(t), Iyr(t)and Icr(t) are put on treatment at rates ry, r, andr; to
join R(t) class.

In addition to natural death, humans in I-(t) and Ic.(t) classes
also die from chronic HCV-induced death at a rate §, and those in
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classes I,7(t) and Icr(t) also die from coinfection-induced death dH(t)
at rates d; and d,, respectively. a7 Ir(t) = (@2 + p + 02)H (D),
Because previous infection does not provide permanent immu- dRr(1)
= wH(t) + w1 Ir(t) — + 1)Rr(8),
nity, humans in classes Ry(¢), Rr(t)and R(¢) return to susceptible dt 02H(D) + ouIr(0) = (v2 + R2(0)
class having been treated to clearance of the infection at rates dIL(0)
V1, vpandus, respective]y_ dt = /quS(t) + pZUIAL(t) - (ﬂ tat+u+ AT)IA(t)’
The TB-HCV coinfection model is depicted in Figure 1 as dIc(t)
a compartmental diagram. g = A =t u+ 6+ Ale(®),
dRy (1)
. ———=wylc(t) — Ry (1),
2.1.1 | Equations of the Model dt yle() = (1 + R ()
. . . dI t
Using the comPartmental model shown .1n Fl.gure 1 and th.e aL(t) = 2rLa(t) + Al () €))
parameters provided in Table 1, the model is derived on the basis dt
of the descriptions above using first-order nonlinear ordinary — (i +pu+ P +7+piz+ pan)lar(0),
differential equations as follows:
dlc(t)
das(t ——= = Plar(t) + Arlc(t) — (1 + 72 + p + O)Icr (),
()=A+u1RH(t)+y2RT(t)+1/3R(t)+n'IA(t) i PrLar(e) + Arlc(®) — (n + 72 + p + O)Icr(8)
dt dLr(t)
ar(l
+ 11 (0) + 7Lar(0) — G + Ay + p)S(D), ar = D+ Aulr() = (r2 + B + e+ d)lar (D),
dI (¢ dler(®) _
25 ) = A7S(0) + praLar(t) — (0 + 1 + p + AL (D), T Tl (t) + Palar(t) — (r3 + p + da)ler(0),
dR(t)
dIr(t hin c A -
;: ) _ OLL(1) — (01 + p + 1 + 01+ A)Tn(D), at riler(t) + ralar(t) + r3ler(t) — (vs + uR(D),
?J_;‘R
U!RJI'
,e" o .'\'
___t Rﬂ )‘_'_"‘I-IR“
FIGURE 1 | The compartmental model diagram for TB-HCV coinfection.
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TABLE 1 | Parameters used in the model formulation and their description.
Parameter Definition
A Per capita recruitment rate into susceptible population
u Natural mortality rate
o1 Mortality rate for individuals with infectious TB
Iy} Mortality rate for individuals hospitalised with infectious TB
1) Mortality rate for individuals with chronic form of HCV
dy Mortality rate due to infectious TB in individuals with acute HCV and infectious
TB
d, Mortality rate due to either chronic HCV or infectious TB
0 Rate of progression from latent to infectious TB
p Rate at which the TB infectious individuals are hospitalised
w1 Rate at which TB infectious individuals are put on treatment
3 Rate at which hospitalised infectious TB individuals are put on treatment
a Progression rate from acute class to chronic HCV class
7 Progression rate from Iy, class to I4r class
T Progression rate from Iy, class to Icr class
i Progression rate from I, class to I¢y, class
i Progression rate from I4r class to Icr class
v Rate at which chronic HCV individuals are put on treatment
r Rate at which individuals in I class are put on HCV treatment
r Rate at which individuals in I47 class are put on TB treatment
r3 Rate at which individuals in Icr class are put on treatment
u Rate of loss of temporary immunity to HCV
vy Rate of loss of temporary immunity to TB
U3 Rate of loss of temporary immunity to both TB and HCV
n Rate of natural recovery of latent TB individuals
z Rate of natural recovery of acute HCV individuals
€ Transmission coefficient for the hospitalised individuals
¢ Transmission coefficient for the HCV acute individuals
y Natural clearance of both acute HCV and latent TB in I; class
D1 Reduction parameter for reduced natural acute HCV clearance in L4y class
D2 Reduction parameter for reduced natural latent TB clearance in L4 class

where Ay and Ay are as described in (2) and (3), respectively. The
variables of the system are initially set at

5(0) > 0,1(0) > 0,I1(0) > 0, H(0) > 0, R7(0) > 0,
I,(0) > 0,1c(0) > 0, Ry(0) > 0,14.(0) > 0, (5
Icr(0) > 0, I47(0) > 0, Icr(0) > 0, and R(0) > 0.

3 | Analysis of the Model

3.1 | Positivity and Boundedness of TB-HCV
Coinfection Model Solutions

Since the model system (4) studies human population, we need to
verify that the model system is both mathematically well-defined
and biologically relevant.

In this subsection, we analyse the solution properties of the
TB-HCV coinfection model (4) focussing on positivity and
boundedness.

Theorem 1 (positivity of solutions). The solutions S(t),

IL(t): IT(t)’ H(t): RT(t): IA(t)’ IC(t)’ RH(t)’ IAL(t): ICL(t): IAT(t):
Icr(t)andR(t) of the model System (4) are positive for t > 0.

Proof 1. Let the starting values of the variables of System (4) be
as defined in Equation (5). Each component of the system’s
solution is demonstrated to be non-negative. Assuming the
contrary, we suppose that there exists a first instant t: S(t;) =
0,5'(t1) < 0andS(t) > 0,I;.(t) > 0, ...,R(t) > 0for0 <t <t; or
there exists a t: I () =0, I/L(tz) < 0andS(t) > 0,
I(t) > 0, ...,R(t) > 0for0 < t < t, or there exists a t3: Ir(t3) =
0, Ix(t3) < 0andS(t) > 0, I(1) > 0, ...,R(t) > 0for0 < t<t; or
there exists a t4: H(t;) =0, H'(&;) < 0andS(t) > 0, It (1) > 0, ...,
R(t)>0for0<t<t, or there exists a ts5:Ryp(t5)=0,
Ry(ts) < 0andS(t) > 0, I (f) >0, ..., R(t) > 0for0 < t < 5 or
there exists a tq5: In(ts) = 0, I;(t6) <0 andS(t) >0, I (t) >0, ...,
R(t) > 0for0 < t < tg or there exists a t;: Ic(t7) =0, Ilc(t7) <
OandS(t) > 0, I.(t) > O, ..., R(t) > 0for0 < t < t; or there exists
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ats: Ry(ts) = 0, Ryy(f5) < 0andS(t) > 0, I () > 0, ..., R(t) > Ofor
0 <t <tg or there exists a to: I4r(ty) =0, I;‘L(tg) <0 and(t) >
0,I.(t) >0, ..., R(t)>0for0<t<ty or there exists a to:
Ter(tio) = 0, Iy (t10) < 0 andS(f) > 0, I(f) > 0, ..., R(t)> Ofor
0<t<typ or there exists a ty: Ixr(t11) =0, I;,T(tn) <0
andS(t) > 0,Ir(t) > 0, ..., R(t) > 0for0 < t < t;; or there exists
atyy: Ier(ti) = 0, (i) < 0andS(e) > 0, I,(£) > 0, ..., R(t) > 0
forO < t < t;, or there exists a f3: R(fi3) = 0,R'(f13) < Oand
S()>0,I.(t) >0, ...,R(t) >0 for0 < t < ty3. O

Considering differential equation one of model system (4), we get

as(t)
dt

= A+ v1Ry(t1) + vaRr(t1) + v3R(t1) + 7la(t1)

+ I (t) + ylag(t1) — (Ar + Ag + p)S(t), ©)

= A+ Ru(t) + v2Rr(t) + v3R(4) + #la(t1)
+nlL(t) + yla(ty) > 0,
leading to a discrepancy; thus, S(¢) stays positive.
Considering differential equation two of model System (4), we get

M = ArS(t2) + pralar(tz) — (0 +n + p + AL (t2)
dt (7)

= ﬂ,TS([z) + pll'[IAL(tz) > 0,
leading to a discrepancy; thus, I1(t) stays positive.

Considering differential equation three of model System (4), we
get

dlr(ts) = 0I.(t3) — (01 + p + p + 01 + A)I7(83)
dt ®)

= HIL(tg,) >0,

leading to a discrepancy; thus, Ir(f) stays positive.

Considering differential equation four of model System (4), we
get

chli(tt4) = plr(ta) = (@2 + p + 02)H(ta)
)

= plr(ty) > 0,
leading to a discrepancy; thus, H(t) stays positive.
Considering differential equation five of model System (4), we

get

dRq(ts) _ w2H(ts) + o117(ts) — (v2 + u)Rr(ts)
dt (10)

= w,H(ts) + w1Ir(ts) > 0,

leading to a discrepancy; thus, Ry(t) stays positive.

Considering differential equation six of model System (4), we

get

dIa(t
I:Z(t o) _ AuS(ts) + panlar(te) — (zm + o + p + Ar)Ia(ts)
(€3)
= AuS(t) + panlar(ts) > 0,

leading to a discrepancy; thus, I4(f) stays positive.
Considering differential equation seven of model System (4), we
get
dI(t
fi(t 2 ala(ty) — (w + p+ 6+ An)lc(ty)
(12)

= (ZIA(t7) >0,

leading to a discrepancy; thus, Ic(t) stays positive.

Considering differential equation eight of model System (4), we
get

dRpy(ts) _
dt

wlc(ts) — (v1 + w)Ru(ts)
(13)

= l/lIc(tg) >0,
leading to a discrepancy; thus, Ry(f) stays positive.

Considering differential equation nine of model System (4), we
get

Al (to)
dt

= Arla(te) + AL (to)

— (1 +p+pr+y+pim+ palar(te) a4)

= Arla(te) + AulL(to) > O,

leading to a discrepancy; thus, I,;(t) stays positive.

Considering differential equation ten of model System (4), we get

dlcr(tio)

a Prlar(tio) + Arlc(tio)

—(n+ 72+ p+8)lcr(to) (15)
= flar(tio) + Arlc(tio) > 0,
leading to a discrepancy; thus, Ic;(f) stays positive.

Considering differential equation 11 of model System (4), we get

dIsr(t
% = nlar(tn) + Anlr(tin)

= (r2+ 2+ p + di)lar(tin) (16)
= 11141 (t11) + Aulr(tn) > 0,
leading to a discrepancy; thus, Is7(t) stays positive.

Considering differential equation 12 of model System (4), we get

dlcr(tz)

a tolcr(fiz) + falar(tiz)

= (r3 + p + d)Icr(t2) an

= tlcr(tiz) + folar(tiz) > 0,
leading to a discrepancy; thus, Icr(t) stays positive.

Considering differential equation 13 of model System (4), we get

dR(t13)
dt

= rilcr(ti3) + ralar(tiz) + r3ler(his)
— (3 + WR(t13) (18)

= riler(ti3) + ralar(tiz) + r3ler(tis) > 0,
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leading to a discrepancy; thus, R(t) stays positive.

Therefore, in all cases, the solutions of the variables S(¢), I..(t),
Ir(6), H(E), Rr(t), Ia(0), Ic(®),  \\Ru(0), LaL(0), Icr(t), Lar (D), Ier(£)
and R(¢) remain positive.

Theorem 2. The region
Q= (S(l'), IL(t), IT(t)’ H(t)’ RT(t)’ IA(t)’ IC(t)’ RH(t)’

A
Lar(8), Ier (8), Lar (), Ier (), R(D) € R 0 <N(1) < ;},
19)
is a positively invariant and attractive set with respect to
the model.
Proof 2. Let

(S(t)’ IL(t)’ IT(t)’ H([)’ RT(I)’ IA(I)’ IC([)’ RH(t)’ IAL(t):

Ier (0, Lar (), Ier(t), R(D)) € RY, =

be a solution to System (4) chosen arbitrarily, subject to non-
negative values as in Equation (5). OJ
By adding the equations in System (4) together, we obtain

dN
— =A—uN —nl — oI — 0,H — 5([(; +ICL)

—diIar — doler.

Since Ir, I, H, I4, I, Iar, Icr, IAT, Icr > O for t > 0, then Equation
(21) simplifies to

dN

Z1 <A—uN, 22

a =" H 22)
which we can rewrite as

dN

Now, solving inequality (23) subject to the initial conditions
N(t = 0) = Ny, we obtain

A A
Ne'' < ="' + Ny — —. (24)
Iz H
Rearranging (24) leads to
A A
N<—+ (NO - 7>e_"t. (25)
2 7
Thus, we get
A —ut
0 < N(f) < — 4 Nge ™, (26)
U
Clearly, as t — oo, we have
A
0<N(@)<— 27
u

This result implies that any feasible solution of the model system
(4) that starts in the region £2 remains confined to that region for
all time ¢t. Consequently, region €2 is a biologically meaningful
and trapping region, meaning it remains stable under the

system’s dynamics. Therefore, the model is both mathematically
well-defined and biologically relevant.

Calculation of the effective reproduction numbers is carried out,
by first gaining insights into the distinct behaviour of the TB-only
and HCV-only submodels with treatment and thereafter the
TB-HCV coinfection model with treatment.

By effective reproduction number, we mean the average number
of secondary infections caused by a single infective, at a given
susceptible fraction [41].

3.2 | TB-Only Sub Model

By ignoring all terms associated with HCV, the full model system
(4) simplifies to the TB-only model. That is, I4(t) = Ic(t) =
Ry(t) = Lag, (8) = IcL(t) = Lar(8) = Icr(t) = R(t) = 0.

Therefore, the TB-only submodel now becomes

B0 A0+ aRe O G+ 050,
T 1550~ @+ 0+ W)
dlgt(t) = 0I.(t) — (w1 + p + u + o)Ir(D), (28)
dl;[—ft) = pIr(t) — (w2 + p + 62)H(D),
T — 1y 0+ o HO) ~ @2+ WRA O,
where,
_ &iqu(Ir(®) + eH())
Ar(t) = T(t)’ (29)
and
Nrg(t) = S(O) + I(6) + Ir(E) + H(t) + Ry(0). (30)

The TB-free equilibrium point for the TB-only submodel is de-
termined by assuming that there is no TB infection in the
population. Thus, the TB-free equilibrium point for the TB-only
submodel is given by

A
E% = (S, I, I, H,Ry) = (—, 0,0,0, 0). (31)
"

The next generation matrix method [42, 43], is used to compute
the effective reproduction number Ryg for the TB-only submodel
with treatment.

The matrix representing the rate of new TB cases emerging in
compartment i, F;, specific to the TB-only submodel (28) is

ArS
F=| o | (32)

The matrix, V;, which represents the transfer rates between
compartments i and all other compartments, is given by

n+u+0l
Vi=| -0+ (w1 +p+u+o)lr | (33)
—pIT+(CO2 +,M+O'2)H
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Thus, the TB induced effective reproduction number, Rrg, is
calculated as

Rug &1q:0 <1 €p

T Grar O tprutod\ (@ +ﬂ+02)>. 4

Lemma 1. The TB infection-free equilibrium, E%;, is locally
asymptotically stable if Rrg < 1 and unstable otherwise.

Proof 3. The Jacobian matrix of the TB-only submodel (28) is
given by

[ Ir+eH
—<§1Q1(TN4)+#) n —&q1 &iqie 12
B
It +c¢H
flql(TNi) -1 &1 Sique 0
B
J(Erg) = )
0 0 —Ky 0 0
0 ) 0 —ks O
L 0 0 @y, —(y+p)
(35)
where

Ki=0+n+ux=w1+p+uto,kxz=wr+pu+o. (36)
O

At TB infection free equilibrium point, ES; = (A/u, 0, 0,0, 0), the
Jacobian matrix becomes:

- n =&q &qie va
0 —ki &q1 &iqie 0
JEm=|0 0 - 0 o | @7
0 p 0 —K3 0
0 0 @, —(v2+p)

However, J(E9;) can be expressed in the form

Ju Ji2 |
=[]
where
- n —&q [ —&1g1€ 12
Ju=| 0 —x1 &q1 [[Jz2=| &1qie 0 |,
0 0 —K> | 0 0 (39)
0 0 —K 0
J = p andJ,, = ’ .
00 o Wy —(v2+p)

An essential and requisite condition for local asymptotic stability
of the disease-free equilibrium is that all the eigenvalues of
submatrices J;; andJ,, have negative real parts [16, 39].

For the eigenvalues of submatrix J,,, we have
det(Jo, — AI) = 0, (40)

where I is a 2 X 2 matrix. Therefore,

—ks—2 0
det = (41)
Wy  —(atp)—12
On solving Equation (41) for the eigenvalues, we get
/11 = —K3 andﬂz = —(Uz + ,Lt) (42)

Thus, the eigenvalues of J,, are —x3 and —(v, + u) which are both
negative.

Now, the eigenvalues of J;; are calculated as follows:

det(]n - /II) =0, (43)
—p—4 n =611
det 0 —K1 — A 51‘]1 =0, (44)
0 0 —Ky — A

On solving Equation (44) for the eigenvalues, we get

—(k1 + K2) — \/(Kl + Kz)z — 4Kk — 061q1)
2 .

A3 =—p Ay =

L)+t o) —dr —08ig)
5= A

2
(45)
For 1,and4s to be negative, then
—(K'1 + K2) + \/(Kl + K2)2 - 4(K1K2 — 951(11) <0. (46)
Re-arranging inequality (46), we get
(k1 +k2)* < (k1 4 K2)* — 4(k1k2 — O1q1). (47)
On simplifying inequality (47), we have
o
%q (48)
K1K2
Now, from
0 ~
Ryp = Sa (K3 + 6/))' (49)
K1K2 K3
Re-arranging Equation (49), yields
[ R
S1q1 _ KsRrp . (50)
K1K2 k3 +€p
Thus, inequality (48) can be re-written as
R
BAE 1. (51)
k3 + €p

Therefore, 1,and 15 are negative eigenvalues if inequality (51) is
satisfied. Hence, the TB infection-free equilibrium E, is locally
asymptotically stable if Ryp < 1 and unstable otherwise. This
suggests that in the event that a small group of TB-infected
persons enter the population, the system will eventually return to
the TB-free equilibrium over time.
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3.2.1 | Global Stability of TB Infection-Free
Equilibrium for TB-Only Sub Model

The global behaviour of TB-only sub-model (28) is analysed by
applying the approach by Castillo-Chavez et al. [44] as also
applied by [39, 45].

Rewriting the TB-only submodel (28) in the form

ax
dTB = F(X1, Z1B),
t
(52)
az
dtTB = G(XtB, Z18), G(X718,0) = 0,

where X7p = (S)and Zrg = (Iy, I, H, R7), with X753 € R, denot-
ing (its components) the number of uninfected humans and
Zg € Ri with components defining the number of individuals
infected with TB including those ones on treatment. Let E9; =
(X%, 0) = (A/u, 0, 0, 0, 0) denote the TB infection free equilibrium
of system (52).

Theorem 3. The fixed point E5; = (X1p,0) is a globally as-
ymptotic stable equilibrium of system (52) provided Rrg < 1 and
that the following conditions are satisfied.

dXrp
dt

D1: For = F(Xrz, 0), X95

isgloballyasymptoticallystable,
(53)

D2: G(Xrp, Zrp) = MZrp — a(XTB: Z1B),

G(Xrp, Zrp) 2 0, for(Xrp, Zrp) € 213,

where M = 6/6ZTBG(X‘}B, 0) is a Metzler matrix and Q7p is the
invariant region in which the model makes biological sense.

Proof 4. By the result of Lemma 1, local asymptotic stability of
E(}B is guaranteed if Ry < 1, implying a stable equilibrium. []

Regarding the first condition (D1) which pertains to the global
asymptotic stability of X5,, we obtain

A +7’[IL + vRr — (/17' +/l)S

F(X1p, Z18) = 0 , (54)
and
dijtTB = F(X5,0) = A — uS, (55)

which takes the form of a linear differential equation. Solving
Equation (55) yields

sty = A= A 4 s0)e . (56)
uoop

As t increases without bound, S(t) — A/u irrespective of the
initial conditions S(0). Thus, convergence in Q7g, necessarily
implies condition (D1) holds true.

With regard to the second requirement (D2), consider

/ITS - K‘llL

HIL - K2[T
Gra(Xrs, Z18) =

pIT - K'3H

oIt + wH — (1/2 + M)RT

[ §1Q1(1T+6H)i—K11L ] (57)
Nrp
B OI;, — kpIr
ply —xsH
| w1l + w2H — (12 + u)Rr |

and
[ —k1 & i &qre— 0 ]
1 611 Nrs 191 Ny
0 0 —K2 0 0
M= %GTB(X(I)"B’ 0)=
0 P —K3 0
L 0 2 @ = +p)
(58)
Now, at EJ,
—x1 &1q1 &1qie 0
3 (XO ) 0 -k, O 0 (59)
M=->0G ,0) = (59
0Zpg TNTE 0 p —k3 0
0 o w —(a+p
But
57"\B(XTB: Zrg) = MZ1p — Grg(X1B, Z1B). (60)

Substituting Equations (58)-(60), and on simplifying, we have

_ S G
I(1- 2 )+ aqer(1 - 2
&qa T( NTB) &qie ( NTB)

— 0
Gre(Xrp, Z18) =
0
0

(61)

Given that 0 < S < N3, it follows easily that ET\B(XTB, Zrg) > 0.
Additionally, matrix M is a Metzler matrix with all off-diagonal
entries being positive or zero. It follows that, E%; is globally
asymptotically stable when Ryp < 1. This means that irrespective
of the number of TB infectives introduced into the population, TB
will gradually phase out.
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3.3 | The Endemic Equilibrium Point, E7;

The TB endemic equilibrium, E};, occurs when TB infections
persists in the population. Now, by equating the derivatives of
system (28) in the TB-only submodel to zero, we can solve for the
endemic equilibrium E7, as

B - ( K1kak3NGp  Kak3(A — uNyg) k3(A — uNyp)
B \&1q10(ks + ep)  O(o1k3 + 02p) * (01K3 + 02p)

(62)

p(A = puNig) (A = uN7p)(@2p + w1K3)>
(o163 + 02p) (w2 + p)(01K3 + 02p)

Lemma 2. The TB-only submodel (28) has a unique endemic
equilibrium point if Rrg > 1.

Proof 5. If the disease is endemic in the population, then
dI;/dt > 0, dI/dt > 0 and dH/dt > 0, that is

S
§1q1(1T+€H)——K11L > 0, (63)
Nrp
0l — koIt > 0, (64)
oIy — ksH > 0. (65)
O

From inequality (63), we have

kil < flql(IT + SH)—B (66)

Using the fact that /Ny < 1, inequality (66) becomes

I, < ﬂ(IT + eH). (67)

From inequality (65), we have

1
<L (68)
K3
Substituting H into inequality (67), we get
I, < @<1 n ?>IT. (69)
K1 K3
Now, re-arranging inequality (64), we have
ol
Ir < 2=, (70)
K2

Substituting Ir into inequality (69) and simplifying, we get
1< w(l + %) 71)

K1K2 K3

Thus, Rz > 1.

Hence, a unique endemic equilibrium point E7, exists when
Rpp > 1.

Lemma 3. IfRyp > 1, the TB endemic equilibrium E; is locally
stable, otherwise, it is unstable.

Proof 6. We study the local stability of the TB endemic equi-
librium by applying the Routh-Hurwitz criterion. O

The Jacobian matrix of TB-only submodel is given by

[ (I7 + eH*)
-6 T"‘ﬂ n —&iq1 —é1qie 12
TB
(1* eH") : p o
- —k1 ¢1q1 191€
N7
J(Erp) =
0 0 -k 0 0
0 P 0 —K3 0
L 0 0 w1 w, =+l
(72)

At the TB endemic equilibrium, the Jacobian matrix J(Erg)
becomes

@& +p) n —&q —&iqie 17

£

z -1 &1 &ique 0
J(Etg) = 0 0 —x 0 0 , (73)
0 0 —K3 0
0 0 @ —(atp)
where
I + eH*
Z = §1Q1( T * ), (74)
Nrg

denotes the force of TB infection at the equilibrium where the
disease persists.

The characteristic polynomial of the Jacobian matrix J(E%g) is
obtained as
P(2) = det(Al — J(Ejp)) = 2° + e1d* + e22° + e31° + esd + e,
(75)
where I is a 5 X 5 identity matrix and
er=ki++Kr+7 +utuy
e = kok3 + (k1 + 2" + p)(k2 + K3) + k1 (2" + p)
+ va(ka + K3) + va(ky + 25 + p) — Eiquep — E1q10 — 1T,
es = Kok3(ky + 2 + p) + (k1 (ka + k3)(Z° + p) + Kaksvs
+ vk + 25 + (k2 + &3) + K@ + p) — E1q12°0
—&1q1ep(T* + p +x2) — Eiqueprr — E1q1O(Z" + p + k3)
—&1q10vy — 0z (k2 + k3) — 12'v2 — E1qreT’p,
eq = k1kak3(Z" + p) + Kaksva(ky + 25 + p)
+ K1k + 13)(@ + 1) + E1127 03 + 12)
— Eqiepky — Equepna(Z + p + K2) — E1q; €0ks
— 8110 (T + p + K3) — awapZt — VrWZ O
—nZ'va(ky + k3) — §1qu€z”p(xy + v2),
— &lqieprans
- fque@z/zlq — 120207 Ky — W17 Ok

— &1quez’ pravs.

— 1z Kk

es = Kikaksta (2 + p) — £1012" Ovaks

— N2 VakaKs
(76)

The TB endemic equilibrium is locally asymptotically stable if
and only if the Routh-Hurwitz criterion is satisfied. The criterion
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states that the polynomial, P(1), has all roots with negative real
parts if and only if the determinants of all Hurwitz matrices, H,
are positive, that is detH; > 0, i = 1,2,3,4,5 [46]. According to
[46], for a characteristic polynomial of degree five, the de-
terminants are given by

Hy=¢e >0,

H, =eje; —e;3 >0,

H; = ejese; +ejez + ejes —ejeqs —e3 > 0, 77)
Hy = (e3eq — exes)(erep — e3) — (ereq — e5) > 0,

Hs =esHy, > 0.

Now, when the determinants in (77) are satisfied, then a con-
clusion can be made that the TB endemic equilibrium is locally
asymptotically stable.

3.3.1 | Global Stability of TB Endemic Equilibrium
for TB-Only Submodel

In this subsection, we investigate the global stability of the TB
endemic equilibrium, E7.

Lemma 4. If Rrg > 1, then the TB endemic equilibrium, Eg, of
TB-only submodel system is globally asymptotically stable and
unstable otherwise.

Proof 7. To investigate the global stability of, E;5, the Lyapunov
function L = L(S, I, I, H, Rt) is constructed as

S I
L= U1(<S—S* —S*In(§>> + U2<IL I —IIn <I§>>
Ir . (H
+ Us(Ir =I5 = Lidn| = ) ) + Us[ H — H* — H*In[ =
T H
« _ per (RT
+ Us| Rr = Ry = Ryln| 75 ) )
T

where Uy, Uy, ...,

(78)

Us are positive constants. O

The time derivative of the Lyapunov function is given by
aL S*\dS IT\dI, Ip\dIr
E_m(l S)d U2<1 )dtw(l )dt

H*\dH R\ dRr
P Yo

(IT + (:'H)S

S*
=U(1——=|[A+7nI Rt —
1( S)( +nlp + 2Rt — &1y Nog

S Sy

s+ *

I H
+ U3(1 - —T)(HIL —Ir) + U4<1 - —)(pIT — Kk3H)
I H

*

R
+ U5(1 - —T>((,()11T + (,l)zH - K4RT),
Rr
(79)

where k4 = v+ u.

At the equilibrium point where TB becomes endemic, we observe
that

A=&q - S + uS* —nl; — 2R},
NTB
I+ eH*
=&q1 %S",
NTBIL
or;
Ky = *L) (80)
IT
I*
K3 = P ;’:,
H
B (wll? + (qu*)
R} '
Now, substituting Equation (80) into (79), we get
dL S* (I + eH")
—=Uy(1—-— A LA S* —nl;
at 1< )(fl q: Nip +u niyp,
Ir+eH
— R} + 9l + Ry — E1n %S — uS)
TB
I; (Ir + eH) ¢ (1* +eHY),
+ U 1——L)<5 —&q -t — 28]
2( IL 1q1 N N;BIL t
I or;
+U. 1——T)(01 — L )
3( Ir L L T
H* I
+ U5(1 - R—T (wIIT + a)zH - (wlTRi*wz)RT)
T T
(81)

Expanding and reorganising the terms, we can separate them
into positive and negative parts, giving:

dL
e X4V, 82
7 + (82)

where
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_ U1§1Q1ITS+ Uié1q1€HS

X
Nrp Nrp

+ Ull’]Iz + UiuS

U s s* U HS* S*
+ 1&qudp ST S™ 161q1€ S st

Nig S Nig S

s
S

S* Sx Ulflqlé‘HS*
+ Ul —+ UyvaRp—+ —————
1L S 12Kk S Nrs

+ AHaIpS" I UnbiqieH'S" I, UnbiqulrS Iy

Ny I Nig I7 Nz I (83)

UsérqieHS I Ir I H
§ 22D or L Usor L Ugpl =
Neg I 20Rp T UL T R

+U. IH*+U e U, mRE
4/7TH 501 TR; 5W2 R;

% *

+ Usw1It— + Usw,H
[ 1 w 7,
5 1TR 502 R

and

_ Ubiqul;S*  UiéiqieHS”
Nig Nig

Y + [J]//lS’k + U]I’]IL

st S UaQIS*
+ Uy + Uil + UraRy 5 + %

U2§1Q1ITS+ Uz§1Q1€HS+ U6 qultS"  (84)
Nrp Nrp Nig

+ U]ﬂS* +

U H*S*
+ 2‘51]‘3]176 + U360l + Us6I% + Uaply, + Uyp:
TB

+ U5(()1[T + Usa)zH + UswlI; + Usa)zH*.

Hence, dL/dt<0 when Y <X; and dL/dt=0 when
S=8%1 =I'L,Ir =I},H = H andRy = R}. Therefore, the
largest invariant set (S, I, I, H, Ry) € £ such that dL/dt = 0 is
the singleton (E7g), E}p is the TB endemic equilibrium for TB-
only submodel system. According to Lasalle’s invariant principle
[47], the global asymptotic stability of Ej, is guaranteed when
Y <X

3.4 | The HCV-Only Submodel

The HCV-only submodel is derived by setting all the variables
concerning TB infection to zero; that is, I.(f) = I7(t) = H(t) =
Rr(t) = Int(t) = Iy (8) = Inr(t) = Icr(t) = R(t) = 0. Then, the
HCV-only submodel is as in Equation (85).

ds
E=A+7[IA+V1RH—}.HS—/JS,
dl,
d—?z/lHS—(n+a+y)IA,
(85)
dIc
——=aly—(y+pu+l,
dt
dR
TtH =wlc — (4 +v1)Rm,

where

s + 1
An = &q2 %, (86)
HCV
and
Nycy =S+ 14 + Ic + Ry. (87)

The HCV infection-free equilibrium is calculated by modelling
a scenario where HCV has been entirely eliminated from the
population. Consequently, the equilibrium point with no HCV
infection in the HCV-only submodel is defined by

A
Eyey = (%15, 1%, RY) = (—, 0,0, 0). (88)
Y2

Lemma 5. The effective reproduction number for HCV-only
submodel (85) is

_oq(ply +u+d)+a)
Riev = (r+a+uwy+pu+d) (89)

Proof 8. To compute the effective reproduction number, Ry,
the next generation matrix technique is employed [42, 48]. []

The matrix for the rate of appearance of new HCV infections
in compartment i, F;, for the HCV-only submodel (85) is given
by

AuS
FE=| o [ (90)

The rate of exchange between compartment i and other com-
partments through all processes is represented by V; and given

by
(m+a+ iy
Vi=|—ala+ @Ww+u+8Ic | (91)

—ylc + (u +v1)Ry

Now, the Jacobian matrix, Fycy, of the new HCV infections in
compartment i at HCV infection free equilibrium point, is given

by
&q20 692 0
Fuev=| 0 0 ol (92)
0 0 0

At the disease-free equilibrium, the Jacobian matrix, Vycy,
corresponding to the rate of exchange between compartment i
through all processes is given by

(m+a+p) 0 0
Vhey = —a y+p+s) O ) (93)
0 -y (u+11)

and
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1
S 0 0
(m+a+p)
a 1
Viey = — 0o | 94
v G+ at )y +a+0) EYTD) G4
oy 1/g 1
| (m+a+p)y+p+0)u+r) WHp+dp+v) (u+u) ]

Now,
924 Sa2qea &g
(z+a+p) (@+a+u)y+p+8) (y+u+d)
FrieyVicy = 0 o ol (95)
0 0 0
For the eigenvalues, 1, we solve the equation The parameters that are crucial in increasing or decreasing the
_ lue of R are discussed under sensitivity analysis in
det(Al — FueyViky) = 0, va Hev Yy analy
et( HevViiev) Section 4.
5Py +u+8) +a) &2
T (ta TR +pu+0) (W+u+o) Lemma 6. The stability of the HCV infection-free equilibrium
(96)  E%.,, depends on Rycy being locally asymptotically stable for
det 0 1 ol= 0. Rycy < 1 and unstable for Rycy > 1.

0 0 J Proof 9. The Jacobian matrix, J(EY,,,) at the HCV infection-free

equilibrium, of the HCV-only submodel (85) is given by

On solving Equation (96), we have —H 7= 542 —&2q2 2

0 &H@p—(m+atp) 2Yep) 0

+p+8)+ _
= fszz(fﬁ(ll/ s ) a), A = 03.1’1(1).3 =0. (97) J(E(IEICV) -
(Z+a+uw)y+u+d) 0 a —(w+u+o) 0
0 0 v —(u+ 1)

Thus, the effective reproduction number, Rycy, for the HCV-only (99)

submodel is given by

_ EHq(ply +pu+6)+a) Now, the characteristic polynomial P(1) is given by

R = X 98
Y™ Gra+wy+u+0) (58)

A +u) =52 —6q2 121

0 A+ (Z+a+ - 0
P() = det ( #) — &2q2¢ 5242 . (100)
0 a A+w+pu+06) 0
0 0 W A+ (u+rv1)
On solving Equation (100), we have a0 = (y + p + ) (n + a + p) — E:q29) — aéxqa,
P(2) = A+ wA+ (u+ )2 +ad+ao), (101) =(W+u+8)rx+a+u)(1—Rycy) >0, ifRycy <1

where (103)

ar =+ +0) + (7 +a+p) = £2q2¢ > Oprovided (102) By Routh-Hurwitz criterion, the characteristic polynomial 2+
W+pu+8)+@@+a+pu)>Eq0 a14 + ap has negative eigenvalues if a; > 0 and ao > 0 which is

satisfied when Rycy < 1.
and
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Therefore, since all the eigenvalues of the characteristic poly-
nomial of Equation (101) are negative for Rycy < 1, then the
HCV infection-free equilibrium point of system (85) is locally
asymptotically stable. O

3.4.1 | Global Stability of HCV Infection-Free
Equilibrium for HCV-Only Submodel

The global behaviour of HCV-only submodel (85) is studied by
applying the theorem by Castillo-Chavez et al. [44].

Re-writing the HCV-only submodel (85) in the form:

dax,
;tcv = F(Xucv, Zucv),
(104)
dZucy G _
BT tev(Xucv, Zrcv )y Grev(Xaev, 0) = 0,

where Xpycy = (S)andZycy = (I, I, Ry), with  Xpcy € Ry
denoting (its components) the number of uninfected humans and
Zucv € Ri whose elements signify the HCV-infected individuals
including those ones under treatment class. Let the HCV
infection-free equilibrium of system (104) be denoted by
Ejiey = Xy 0) = (A/, 0,0,0).

Now, the following conditions need to be satisfied to guarantee
global asymptotic stability.

dX,
E1: For nev

= F(XHCV: 0), X?ICV
isgloballyasymptoticallystable.
E2: Grev(Xucvs Zuev) = AZucv — Grev(Xucvs Zucv),

(;I;V(XHCV) Zucv) 20, for(Xucv, Zucv) € Lucv,

(105)
where A = 8/8Zycv Gucv(X¥yey, 0) is a Metzler matrix and Qpcy

is the invariant region in which the model makes
biological sense.

Theorem 4. The fixed point E%q, = (Xucy,0) is a globally
asymptotic stable equilibrium of (104) provided Rycy < 1 and that
the conditions (E1) and (E2) are satisfied.

Proof10. From Lemma 6, E?,.,, is locally asymptotically stable if
Rycy < 1. O

Regarding the first condition (E1), which pertains to the global
asymptotic stability of X%, we have

A+ nly + 1Ry — (AH + ﬂ)S

F(Xuev, Zucy) = 0 , (106)
and
X,
o= FXucy, 0) = A~ S, (107)

which is a linear differential equation. On solving Equation (107),
we get

A A
S(t) = — = —e# + S(0)e™H. (108)
HooH

In the limit as ¢ goes to infinity, S(¢) approaches A/u, independent
of the starting value of S(0). Consequently, the fact that the
solution converges to 2pcy, implies condition (E1) holds true.

For the second condition, (E2), consider

) (pIa + Ic)S

424 Nucy

—(r+a+ iy

Grev(Xucev, Zucy) = aly — (y + p + ) ’

wlc — (u+v1)Ru

(109)
and
bgab— = (rratp) £ 0
— T
242 Nocy H 242 Nucv
A= a —(w+pu+9d) 0
0 W —(u+u1)
(110)
Now, at
E? —-(470 0 0) <1 (111)
HCV ,M’ b U > NHCV = L
Thus,
EHqap — (m+a+p) &9z 0
A= a —(y+p+90) 0 , (112)
W —(u+u1)
and

Grev Xucv, Zucv) = AZucv — Guev(Xucv, Zacv ),

S
Ic(1—
) +&6q2 c( NHCV>

0

52‘12¢IA<1 - NS

HCV

GrevXucv, Zcv) =

(113)

Since 0 < S < Ngcv, it is clearly noticeable from Equation (113)

that CEEV(XHCV, Zycv) > 0. However, matrix A is not a Metzler
matrix since not all it off-diagonal elements are non-negative.
Hence, E%,, may lack global asymptotic stability for Rycy < 1.
Consequently, a backward bifurcation takes place as established
by Feng at el. [49] at Rycy = 1. The system can exhibit bistability,
where both disease-free and disease-present states co-exist and
the initial conditions determine which state the system
converges to.

3.5 | HCV-Only Endemic Equilibrium Point

The HCV infection equilibrium point, Ej, = (S*, I}, I, R}y,
occurs when HCV infection persists in the population. The de-
rivatives of HCV-only submodel (85) are equated to zero, giving
the HCV infection endemic equilibrium point, Ej;.,, as
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<(7r +a+ )y +p+ 8Ny W+u+8)(A—uNye,)

HQLPy+u+d)+a) ad
(114)

(A —uN ;ICV) W(A —uN }:ICV)
o odu+n) )

Lemma 7. The HCV-only submodel (85) has a unique endemic
equilibrium point if Rgcy > 1.

Proof 11. 1If the disease stays in the population, then dI/dt > 0
and dIc/dt > 0, that is

S
§2q2(¢1,4 + Ic) — (77,' +a+ ,M)IA > 0, (115)
Nucv
aly — (w+pu+8)Ic > 0. (116)
O

Re-arranging inequality (115), we have

< EQ(PIa+1c) S

Iy X
(z+a+pu) Nucv

(117)

Using the fact that S/Nycy < 1, inequality (117) reduces to

Eq2(pIa + I0)

Iy < .
A T+ a+p)

(118)

From inequality (116), we have

(ZIA
Ie< —2 119
T wtu+d) (119)

Substituting Ic into inequality (118) and simplifying, we get

S+ a+p) + a)

1< .
(m+a+u)y +p+9)

(120)

ThUS, Ryey > 1.

Hence, a unique endemic equilibrium point Ej;-, exists when
Ryeyv > 1.

Lemma 8. The HCV infection endemic equilibrium point
Ejcv = (8%, I, I, Ry is locally asymptotically stable for the ef-
fective reproduction number, Rycy > 1, and unstable otherwise.

Proof 12. To study the local stability of the HCV endemic
equilibrium point, we use the method of Routh-Hurwitz crite-
rion. At the HCV endemic equilibrium point, E},, the Jacobian
matrix is

_ &2q2(A — uNpcev )@y + pu + 8) + @)

122
adNpycy (122)

f*

is the force of HCV infection evaluated at Ej,,. The charac-
teristic polynomial P(1) of J(E},,) is given as
PO =2+ a14% + 4,4 + azd + a, (123)
where I is a 4 X 4 identity matrix and
a=@+ta+tp)+@+u+d)+u+v)+f +p

_ Sqd

,
Rucv

@ =3x+a+puy+u+d)+@+a+pu)(z+atu+

Eq2¢

Rucv

f*+/t)—<7rf*+ ((n+a+u>+2<w+u+5)+u>),

az =W +pu+8)u+v)(@+a+p)+ (" +p)
+ @+ a+ )" + 1) = (f (w +u+8) + (1 + 1)

&

+ bl
Rucv

(pQy + p + 6)(u + v1) + pu((y + p + 5)

+ (u+ 1)) + 2af" + a(u + (u +11))),
as=(m+a+ )y +u+o)u+v)(f™ +p
=+ u+ 8+ v)af* + anyf”

+ w((ﬁ(w + p+ O + 2af* + ap)).
HCV

(124
|

The local stability of the HCV endemic equilibrium is determined
by the Routh-Hurwitz criterion which provides the necessary and
sufficient conditions. The criterion requires that the Hurwitz
determinants, H; with i=1,2,3,4 are all non-negative.
According to the Routh-Hurwitz, for a fourth-degree polynomial,
these determinants are given by

Hl =a > 1,

H, =aja, —az >0,

(125)
H; = a3(a1a2 - a3) — 0%04 >0,

H4=Cl4>0.

When determinants in (125) are satisfied, thus a conclusion can

[ ¢ +p) — 52929 —&q2 Y be made that the endemic equilibrium is locally asymptotically
Rucv Rucev ! stable.
) s ifq_”” ~Graty 2B 0 3.5.1 | Global Stability of HCV Endemic
H(EBhov) = Hev Hev © Equilibrium for HCV-Only Sub Model
0 a —(y+u+9) 0 Here, we investigate the global stability of HCV endemic equi-
librium point Ej;.y, .
L 0 0 7 —(p+ 1) |
(121) Lemma 9. The HCV infection endemic equilibrium point, Ej;.,,
for HCV-only submodel is globally asymptotically stable if
where Rycv > 1 and unstable otherwise.
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Proof 13. To establish the global asymptotic stability of the HCV
endemic equilibrium, we employ the Lyapunov function
method. O

We define a Lyapunov function, = L(S, I4, I, Ry), as

S I
L= Ul(S S* — s*m(s*)) + UZ(IA —Tiln (Ij}))

I
+ U3<Ic -1 1n<If>) (126)

« _purp (RH
+ U4<RH - RH — RHII’I<T)>,
RH

where Us, Uy, ..., Uy are positive constants.

Evaluating the derivative of L with respect to time, ¢ along with
the equations of system (84), we have

dL S°\ds )\ d
E—Ul(l——>dt+U<1 )dt
IY dlc dRy
Ui\ 1- &)+ U1 -2
+ 3( )dt+ ( )dt

S*
=U; (1 — §>(A + nls + v1Ry — AgS — ,MS)
(127)

%

I
+ Uz(l - I—A>(/1HS —(Z+a+uly
A

%

I
+ U3(1 - I—C)(aIA —(w+u+dolc
(o}

*

+ U4(1 - ﬁ—H)(l//Ic = (4 +v1))Ry.
H

At equilibrium point where HCV infection is endemic, we have:

I+ I8\ . .
A= §2q2(%)5" + uS* — xly — iR},
HCV
pr' + I5\
(T+a+p) = fzﬁh(W)S*,
NHC'V
(128)
(W+u+d)=—2
IC
wlt
(/" + Ul) = R*C.

Substituting Equation (128) into (127), we have

dL s* oL + I
—=(1- S* + uS* — I,
e e A

- DlR}k{ + zly + 1Ry — AgS —/,tS)

+ U2<1 - I—)(AHS 52(12(4]]\,*7”)5*1 ) (129)
HCV

I; al’
Us(1—=E)(al, — =4I,
01 ot - e

Now, expanding and collecting positive terms together and
negative terms together, we have:

dL
a =A-B, (130)
where
PIy + 1t .
A= U1§2q2 N* S + U, /,lS + U17TIA + Ull/lRH
HCV
+ Uynly,—=UwnR;;—+ U, CIs+U uS*
17t 4 S 11 S 182 2( NHCV 1M
Iy + 1 I + I
+ szz(]z(%)s + U2§2q2<%)5* + Usaly
HCV HCV
+ Usylc + Uy,
(131)
and
B= Ulﬂ'I: + UIDIR;[ + U1§2q2 ¢ At S + Ul
NHCV
P+ 15 . S* s s*
+ U ———|S + UyuS*— + Uy nl,
152%( Ny S 1S lao
S* I+ I
+ Ull/lRH? + Uziz(]z(lﬁjé* )S* I* (132)
HCV
Iy + 1 1 I
+ U2§2q2<(/) 4+t C)S + U3az—f+ U3aIA—C
Nycy I Ic
R*
+ U4l//Ic + U4l//Ic7
H

Thus, we can guarantee that dL/dt < Owhen A < Band dL/dt =0
when S =S*1I4 =I},Ic =1} and Ry = R};. Thus, the largest
compact set that remains unchanged under the system’s evo-
lution in (S, I, I, R*H) € Qpcy such that dL/dt = 0 is the single
point Ej,,, where Ej, is the HCV endemic equilibrium for
HCV-only submodel system. This result, combined with
LaSalle’s invariant principle [47], it establishes that Ej,, is
globally asymptotically stable in 2y when A < B.

3.6 | TB-HCV Coinfection Model Analysis

In this subsection, the TB-HCV disease-free equilibrium, E°, and
the effective reproduction number, Rry, for the TB-HCV coin-
fection model (4) are established.

At the equilibrium point where both TB and HCV are absent,
= I =T HO =R = Iy = = Ry = Iy = 1 = Ty =
.=R"=0.

Therefore, the disease-free equilibrium point is given by

A
E’ = (—, 0,0,0,0,0,0,0,0,0,0,0, 0). (133)
U

Lemma 10. The effective reproduction number for TB-HCV
coinfection model, Rty = max{Rrs, Rycv}.

Proof 14. The next generation method is used to calculate Ry.
Now, using the method in [42, 48, 50, 51] on TB-HCV coinfection
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model system (4), the matrices representing the rate of new

infection emergence F;, in compartment i, and the rate of

[0 &1q1 &1que O
0 0

S O O
oS O O

0 0

0 0

SO O O O O O o o o o o
O O O o0 O o o o oo
O O O O o o o o o o
SO O O O O o o o o o o
S O © © © O

SO O © © © o

ArS ]

AuS

0

0

Arla + Aplp,

Arle
Aulr

0

0

and
—pixlar + @ +n+p+ L
—OIL + (w1 +p+pu+o1+ iy
—plIr + (w3 + u + 02)H
—woH — oIt + (12 + )Ry
—panlar + (w+a+p+ Ap)ly
—alq+ (y +p+ 6+ in)lc
—wlc + (1 + Ry
(z1+p+ 1 +y+pim+ pan)lar
—pilar +(n + 2+ p+d)lcr
—nlar + (12 + f2 +p+ di)lar
—tolcr, — falar + (r3 + p + do)ler
| —r1lcr — r2dar — r3ler + (vs + )R |

(136)

d

The Jacobian matrix, F, of the new infection emergence at
disease-free equilibrium point, E°, is given in Equation (134).

The rate of exchange between compartment i and other com-
partments through various processes at the disease-free equi-
librium point E° are represented by the Jacobian matrix V, which
is given by

&G0 $2qn

O O O O O O O o o o o o

exchange between compartment i and other components
through various processes, V;, are obtained as follows:

0 0 a1 &iquaz 0]
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
$2qab1 S2qaby E2qabs £2G2bs O
o o o o o 139
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0 |
(135)
[ h, O 0 0 0 0 0 —pir O 0 0o 0
-0 h, 0 0 O O 0O O 0O 0O O O
0 —p hy 0 0 0O O O 0O 0O O O
0 wg —w, hy 0 0 0 O 0O 0 O O
0 0 0 0 hs OO —pp O O O O
0 O 0 0 —a hg O 0 0 0 0o 0
V= 00 0 00 why 0 0 0 0 0]
0 0 0 O 0 0 0 hg 0O 0 O O
0O 0 0 0 0 0 O0 —-f hy O 0 O
0O 0 0 0 0 0O -3 O hg O O
0 O 0O 0 0O O O 0 -1, —f hy O
| 0 0 0 0 0 00 O =—r —r,—r; hy]
where
h=0+n+u),hy=(@1+p+u+o1),
hy =(w2+p+02),ha=@2+p)hs =@ +a+p),
he =y +p+08),hy = (v +p),
hs = (z1 +p+ p1 +y +piz+ pan),
ho=(n+n+p+d) ho=(2+p+u+d)
hiy = (rs +p+da), hiz = (v3 + ).
(137)
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However, the effective reproduction number, Rry, for the
TB-HCV coinfection model is the greatest of eigenvalues
M, A2, A3, Ay As, Ae, A7, s, A9, A1, 411 and A1, of the next generation
matrix, FV 1. That is,

Ry = max{

&iq10 <1+ €p )
+u+60) (w1 +p+p) (w2 +pu+02))

&E2q2(py +p +6) + @)
(m+a+u)y+p+6)

0,0,0,0,0,0,0,0,0, 0}.

(138)

Therefore,

Ryy = max{Rrp, Rucv}, (139)

where Rrp and Rycy are the effective reproduction numbers of
TB and HCV-only submodels, respectively. This means that the
spread of TB-HCV coinfection will be largely influenced by the
disease with higher transmission potential.

The following Theorem 5 is a consequence of Theorem 2 of Van
den Driessche and Watmough [42].

Theorem 5. The disease-free equilibrium point, E°, in the
TB-HCYV coinfection model (4) is stable locally if Rry < 1 and loses
stability when Rry > 1.

3.6.1 | Global Stability of Disease-Free Equilibrium
Point for TB-HCV Coinfection Model

In order to investigate the global stability of the disease-free
equilibrium point, E°, for the TB-HCV coinfection model System
(4), we apply the same approach used by Castillo-Chavez
et al. [44].

Rewriting the TB-HCV coinfection model (4) in the following
form:

where N = D;G(X°, 0) is a Metzler matrix and £ is the domain
where the model is biologically applicable. Therefore, provided
system (140) satisfies conditions (S;) and (S,), Theorem 6
holds true.

Theorem 6. The equilibrium point E° = (X, 0) is an attractor
for all initial conditions of system (140) provided Rty < 1 and that
the conditions (S1) and (S2) are fulfilled.

Proof 15. From Theorem 5, E° is locally asymptotically stable if
Rry < 1. O

Considering the first condition (S1), that is, the global attractivity
of X%, we have
A+ v1Ry + vaR7 + v3R + 7wly + nlp + ylap — (Ar + Ag + p)S
F(X,7) = ving + okt + 13 ala + Iy + ylap — (Ar + Ag + p) ,
0
(142)

and

% =F(X,0) = A — uS, (143)
which takes the form of a linear differential equation. Solving

Equation (143), gives

A A
S(t) = == —e™* 4+ S(0)e ™. (144)
HoH

As t, increases without bound S(t) — A/u irrespective of the
value of S(0). Thus, a convergence in £2, signifying that condition
(S1) holds true.

For the second condition, (S2), we consider

/?,TS+p17TIAL — (9+17+/l +}LH)IL

Ol — (01 +p+u+o1+g)lr

ax I — (w2 +p +02)H
EZF(X’Z) plr — (w2 + p 2)
(140) @yH + oIt — (v + u)Rr
dz
2 = 0% 2),GX,0 =0, S + panlar, — (T + o + p + A)4
where X = (S) and Z = (IL, I, H, Ry, Iy, Ic, Ry, Iz, Icr, aly — (1//+,u +5+/1T)IC
Iyr, Icr, R), with X € R, denoting the number of uninfected GX,2)= ,
humans and Z € R'? whose elements represent individuals in- ylc — i + )Ry
fected with TB, HCV or both TB and HCV including those under s+ dmly — (61 + i+ B+ 7 + pir+ )
treatment of TB or HCV. AT AL ITTATATYTPIET Palan
Let E° = (X% 0) = (A/u,0) be the disease-free equilibrium of Plar +Arle = (n + 7+ p+ 6)lcr
system (140). To ensure global asymptotic stability, we need to _
ascertain that conditions (S;) and (S,) are satisfied. alar + Al = (2 4 fo 4 gt d)lar
dx Toler + olar — (rs + pu + do)lcr
(S1): Ford— = F(X, 0), X’ isgloballyasymptoticallystable,
! riler + ralar + rsler — (v3 + )R i
(S,): G(X,2) =NZ—-G(X,Z) >0, for(X,2)€ &, (145)
(141)  and
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pir 0 &qiay &quay O
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

&2qab1 + pan Saqabr £2g2bs Srqabs O
0 0 0 0 0

s (146)
0 0 0 0 0

s 0 0 0 0
P —Jo 0 0 0
71 0 —jw 0 0
0 72 b2 —Jju 0

n ) 3 —ji

S
}'HIL + flql(l bt N>(IT +eH + allAT + ClzICT)

Ol + Agly
0

0
S
Arlg + E2q2(pIa + Ic + bila + byle + bslyr + b4ICT)(1 - N)

= Arlc
0
—(ArIa + Aglp)
—Arlc
—Aulr
0

0

(148)

Since ég(X, 7)< Oﬁg(X, Z) < 0and 610(X, Z) < 0, which implies
that condition (S,) does not hold. Thus, Ey = (X°, 0) may not be
stable in the long run for Rpy < 1. This analysis predicts
a backward bifurcation at Ryy = 1 as demonstrated by Feng et al.
[49]. In a biological context, backward bifurcation indicates that
a stable state with ongoing transmission and state with no in-
fection can simultaneously exist when the effective reproduction
number is less than unity. It further illustrates that an occurrence
due to the disease may persist even if the effective reproduction
number is reduced to one.

4 | Existence and Stability of TB-HCV
Coinfection Endemic Equilibrium

The analytical determination of the steady state where both TB
and HCV are endemic is strenuous. Thus, its existence and
stability is verified through numerical simulations as demon-
strated in study [39].

[ —j1 &1¢1 &igie O 0 0 O
0 -, 0 0 0 0 0
0 p —3 0 0 0 0
0 w1 () —j4 0 0 0
0 o0 0 0 —js &g O
|0 0 0 0 e oo
00 0 0 0 w —j
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
| O 0 0 0 0 0 0
where
Ji=@+n+p)j= (01 +p+u+o1)
Jz=(w2+p+02)ja= (2 +p),
Js = 6@ — @+a+p)js = w+u+0o),
Jr=@1+p)js= (1 +pu+p1+y+pir+pon)
jg =(l"1 +7.'2+M+(S),
Jow=@+f+u+di)jun=0+u+d)jia = s +p).
(147)
Then,
[ G.(x,2) |
G2(X, 2)
Gy(X, 2)
Gy(X, 2)
Gs(X, 2)
Gs(X, 2)
GX,2) =
G/(X, 2)
Gs(X, 2)
Gy(X, Z)
Go(X. 2)
Gu(X. 2)
| a12(X, Z) |
=KZ-G(X, Z),
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The initial states of the variables, S, I, I, H, Rrla, Ic, Ry, Iar,
Icr, In7, IcTandR, are adjusted to determine if they converge to
the same positive equilibrium values over time despite different
initial variable values. The values of the parameters used in the
numerical study are presented in Table 2.

Now, in Figure 2, the starting values of the specified variable are
adjusted while holding the starting values of other variables of
the TB-HCV coinfection model constant so as to establish
whether they converge to the same positive equilibrium values
over time despite different initial variable values. Curves in
Figure 2 eventually converge to the same positive equilibrium
values over time despite different initial variable values.

In Figure 3, we further demonstrate the existence and stability of
the endemic state of the TB-HCV coinfection model. The values
of some singled-out parameters say, the rate of human-to-human
contact between the TB-infected individuals and susceptible

TABLE 2 | The TB-HCV coinfection model parameter values.

Parameter Value/yr! Source
" 0.02 [16]
o1 0.0575 [19]
P 0.00205 [20]
5 0.82 [23]
d; 0.6 Assumed
d, 0.8 Assumed
0 0.25 [32]
P 0.0415 [20]
w1 0.7311 [19]
w> 0.8733 [20]
a 2 [16]
W 0.30 [16]
€ 0.35 Assumed
71 0.00013 Assumed
T2 0.00015 Assumed
iRt 0.00014 Assumed
P 0.00016 Assumed
r 0.5 Assumed
r 0.6 Assumed
I3 0.4 Assumed
n 0.025 [16]
v 0.03 (32]
U3 0.05 Assumed
n 0.4405 [32]
T 0.27 [16]
¢ 0.20 Assumed
4 0.05 Assumed
&8 4, 2 people [16, 32]
q1 92 0.08, 0.07 [16, 32]
a 1.002 Assumed
b1, by, bz and by 1.003, 1.002, 1.005, 1.001 Assumed
D1, P2 04,0.2 Assumed

population, & and the rate of human-to-human contact between
the HCV-infected individuals and susceptible population, &, are
varied for some singled-out variables, say, TB infectious in-
dividuals assumed not on medication, I, acute HCV infected
individuals, I4, chronic HCV-infected individuals, Ic and dually
infected individuals with chronic HCV infections in the TB in-
fectious stage, Icy. This is done to ascertain whether these
variables would in the due course level off to nonzero values
regardless of the varying values of &; and &,. Figure 3 reveals that
despite the varying values of & and &, in the long term,
Ir, I4, IcandIcy attain a nonzero steady state, hence verifying the
presence of a globally stable endemic equilibrium for the
TB-HCV coinfection model.

4.1 | Sensitivity Analysis

The sensitivity analysis is performed to assess the model’s ability
to withstand parameter fluctuations. This analysis can reveal
which parameter has the greatest influence on Rpy [52, 53].
Additionally, it facilitates the assessment of the relative impact of
parameter changes on the state variable [52]. The normalised
forward sensitivity index shall be used to assess the sensitivity of
each parameter of the model [39, 54].

Definition 1. Let the variable W be a differentiable function of
the parameter, p, then the normalised forward sensitivity index
of a variable W with respect to a parameter p is defined as

w_oW_p

4.1.1 | Computation of Sensitivity Indices of the
Basic Reproduction Numbers With Respect to the
Parameters of the Model

Now, we proceed to perform the sensitivity analysis of the ef-
fective reproduction number of the TB-HCV coinfection model,
Rry, to each of the parameter by computing the sensitivity in-
dices of Rty with respect to the parameters of the model using the
normalised forward sensitivity index method [52].

Since Rpy = max{Rrg, Rycy}, sensitivity analysis of Ryy with
respect to each of the parameters is carried out separately for Ry
and Rpcy. The sensitivity indices of Rrp and Rycy have been
calculated using formulaes (149) and (150), respectively:

OR
ke = OB o P 150
i 3 < Rey (150)
and
iRuev _ ORucv - P (151)
P op Rucv

The parameter values used with their respective sources and
others assumed are presented in Table 2.

The sensitivity indices of Ry and Rycy are summarised in Ta-
ble 3, in which parameters are in order of sensitivity.
4.2 | Analysis of Sensitivity Results

The sensitivity indices presented in Table 3 are explained in such
a way that, when a parameter with a positive sensitivity index
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FIGURE 2 | The number of coinfected individuals against time.

increases (or decreases) with the rest of other parameter values
maintained constant, the related effective reproduction number
increases (or decreases). On the other hand, when a parameter
with a negative sensitivity index increases (or decreases) with
other parameter values kept constant, the associated effective

reproduction number decreases (or increases).

1000

800

600
400

200

Infectious TB humans

0 ! ! ! ! ! !

0 5 10 15 20 25 30
Time (in years)

— & =4

— &a=7

—— &a=10

800 T T T T T T

600

400

200

Chronic HCV humans

0 ! ! ! ! ! !

0 5 10 15 20 25 30
Time (in years)

_— §2 =4

— £2=5

_ §2 =6

FIGURE 3 | The number of infectious TB, acute HCV, chronic HCV and chronic HCV-infectious TB coinfected individuals against time with

£ and &, respectively, varied.

3000 T T T T T T T T T

2500 B
2000 B
1500 F E
1000 B

500 L B

0 10 20 30 40 50 60 70 80 90 100
Time (in years)

I, individuals

3000 T T T T T T T T T
2500
2000

1500
1000

R individuals

0 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 8 90 100

Time (in years)

— R,=250
— R,=1250
—— R,=2550

For instance, raising (or lowering) the value of the rate of human-
to-human contact between the TB infected individuals and
susceptible population, &;, by 20% while other parameters are
kept constant, raises (lowers) the value of Rz by 20%. Then,
increasing (or decreasing) the value of the rate of natural re-
covery 7, of TB latent individuals by 10% while keeping the values
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TABLE 3 | Numerical values for the sensitivity indices of Ryp and
Rycy with respect to parameters.

Effective reproduction Sensitivity
number Parameter index
& 1.0000
o 1.0000
[ —0.8600
0 0.6481
Reg n —0.6200
> —0.5610
o1 —0.0676
[ —0.0366
p —0.0312
€ 0.0160
& 1.0000
% 1.0000
o —0.6457
RHCV "8 —0.2362
b4 —0.1179
P 0.1023
a 0.0243

of other parameters constant, decreases (or increases) the value
of Ryp by 6.2%. Comparably, the sensitivity indices of all other
parameters can be explained.

Therefore, we conclude that the prevalence of TB infection in-
creases when the values of the rate of human-to-human contact
between the TB infected individuals and susceptible population
&1, the likelihood of a contact resulting in TB transmission q; and
the rate of progression of individuals from latent to active stage 8
are increased. However, the prevalence is observed to decrease
when the values of the rate of treatment of TB infectious in-
dividuals w1, the rate of natural recovery of TB latent individuals
n, the rate of hospitalisation of TB infectious individuals p, per
capita natural mortality rate y and the rate at which the hos-
pitalised TB infectious individuals are put on treatment w, are
increased. The key factors of TB infection are &; and g; which are
just as sensitive, followed by 6.

From Table 3, it is deduced that HCV infection becomes more
prevalent when the values of rate of human-to-human
contact between the HCV infected individuals and suscep-
tible population &, the likelihood of a contact resulting in
HCV transmission q,, transmission coefficient for the acute
HCV individuals ¢ and the rate of progression of individuals
from acute to chronic HCV stage a are increased while those
of rate at which chronic HCV individuals are put on treat-
ment y, rate at which the chronic HCV die §, natural recovery
rate for the acute HCV humans = and the per capita natural
mortality rate y are decreased. The key factors of HCV in-
fection are &, and g, which have equal sensitivity, followed by
¢ and a.

Therefore, efforts should focus on decreasing the values of
&2, q2, ¢ and a.

Therefore, for reduced transmission of TB (or HCV) infection,
interventions like health education campaigns involving
screening and isolation of the infectious individuals, wearing
masks by TB infectious individuals (or screening, sterilisation
of surgical instruments and condom use for HCV infectious
individuals) should be implemented. Also, seeking for early
treatment of TB (or HCV) infectious individuals should be
encouraged for those that test positive of TB (or HCV)
infection.

Computation of Rry: Inserting the parameter values from Table 2
into Equations (34) and (98), the values of Ryp = 1.9407 and
Rpcy = 1.1521 are yielded.

From Equation (139), the effective reproduction number of the
TB-HCV coinfection model is determined as follows:

Rry = max{Ryp, Rycy} = max{1.9407, 1.1521} = 1.9404. (152)

Since Ryg > Rpcv, this implies that the interaction between TB
and HCV infections in coinfected individuals is dominated by TB
infection. This indicates that TB infection is more prevalent than
HCV infection in a given community. This would mean more
attention given to TB infection if the coinfection burden is to be
reduced.

250 1 T T T T
200
150

100

Chronic HCV-infectious TB coinfected humans

Time (in years)

—— w,=03656
— w,=07311
w, =1.4622

FIGURE 4 | The number of chronic HCV-infectious TB coinfected humans against time with TB treatment rate, w,, varied.
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4.3 | Numerical Discussion

In the preceding sections, we have examined the analytical
dynamics and characteristics of TB-HCV coinfection model with
treatment as well as the submodels. Here, we carry out numerical
simulations to validate and support the analytical findings,
providing a deeper understanding of the TB-HCV coinfection
dynamics with treatment. Assuming the initial values of the state
variables as S(0) = 40, 000, 1;(0) = 500,I7(0) = 450, H(0) =
250, R(0) = 500, [,(0) = 350, Ic(0) = 400, R (0) = 350, I4(0) =
250, Ic1.(0) = 250, I47(0) = 250, Icr(0) = 250andR(0) = 250. A
number of parameters have been obtained from existing litera-
ture, that is, u, 01,02 6,0, p, w1, w2, @, W, 11, v3, nandx, as de-
scribed in Table 2. Other parameters were carefully assumed
depending on the dynamics of the coinfection, for example,
7, > 71 implying that Iy individuals are more likely to progress
to Icr than Iy, progressing to I47. Similarly, the progression rate,
P from I to Icr, is greater than the progression rate, f; from I,
to Icr, since I4r is more infectious of TB than I4;. MATLAB
software was employed to simulate the model using the ODE 45

solver. Both cases for Rty < 1 and Ry > 1 are catered for with
parameter modification.

4.4 | Effect of Treating TB on the Coinfection
Dynamics of TB and HCV

The results presented in Figure 4 indicate that enhancing the TB
treatment rate leads to a substantial decrease in the prevalence of
chronic HCV-infectious TB coinfected humans. Furthermore, in
Figures 5(a) and 5(b), a similar decreasing trend is observed in
the populations of humans coinfected with chronic HCV-latent
TB, as well as people with acute HCV and infectious TB
coinfection.

4.5 | Effect of Hospitalisation on the Coinfection
Dynamics of TB and HCV

Figure 6 illustrates that enhancing the TB hospitalisation rate
yields a proportional and substantial reduction in the number of
humans with chronic HCV-infectious TB coinfection. Consistent
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The number of chronic HCV-latent TB coinfected humans against time, and number of acute HCV-infectious TB coinfected humans

against time with TB treatment rate w; varied. (a) The number of chronic HCV-latent TB coinfected humans against time with TB treatment rate w,

varied. (b) The number of acute HCV-infectious TB coinfected humans against time with TB treatment rate w; varied.
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with the trend observed in Figure 6, Figures 7a and 7b dem-
onstrate that the populations of humans coinfected with chronic
HCV and latent TB, and those coinfected with acute HCV and
infectious TB, also show a corresponding decline.

4.6 | Role of Treatment Rates, r;, r, and r; on the
Coinfection Dynamics of TB and HCV

Figures 8(a), 8(b), 9(a), 9(b) indicate that when the rates r; and r,,
respectively, at which humans are put on HCV and TB medi-
cation rise, the number of people infected by chronic HCV-
infectious TB and chronic HCV-latent TB coinfection

The number of chronic HCV-infectious TB coinfected humans against time with treatment rate, r; varied.

decreases. Similarly, Figures 10, 11(a), and 11(b) reveal that
increasing the rate r3, respectively, at which humans are put on
TB and HCV medical treatment, decreases the number of chronic
HCV-latent TB coinfected humans and acute HCV-infectious TB
coinfected humans.

4.7 | Effect of Treating HCV on the Coinfection
Dynamics of TB and HCV

Figure 12 demonstrates that enhancing the HCV treatment rate
yields a proportional and substantial reduction in the number of
humans with chronic HCV-infectious TB coinfection. Consistent
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with the trend observed in Figure 12, Figures 13a and 13b
demonstrate a decline in the populations of individuals coin-
fected with chronic HCV and latent TB and those coinfected with
acute HCV and infectious TB.

5 | Conclusion

This study developed and analysed a mathematical model to
investigate the behaviour of TB and HCV coinfection with
medication, extending the previous work in reference [39]. The
model was intended to assess the impact of the medication on the
progression of TB and HCV coinfection. Under medication for
both TB and HCV, the intricate dynamics of TB-HCV coinfection
is dominated by TB. From sensitivity analysis, it is deduced that
the rate of human-to-human contact between the TB (or HCV)
infectious individuals and susceptible population and the like-
lihood of a contact resulting in TB (or HCV) transmission have an
equal potential to lead to an increase in TB (or HCV) cases.
Furthermore, enhancing these parameters also boosts TB (or

HCV) infection levels. Our results are consistent with the
findings of reference [39], which explored the dynamics of
TB-HCV coinfection without intervention for either infection.
Therefore, we recommend that for decreased TB (or HCV) in-
fections, there is a need to greatly reduce the rate of human-to-
human contact between the TB (or HCV) infectious individuals
and susceptible population. Numerical simulation results un-
equivocally reveal that over time, increasing the TB treatment
rate, HCV treatment rate, hospitalisation rate and the rates at
which individuals in coinfected classes are identified and put on
TBand HCV treatment can significantly reduce the prevalence of
TB-HCV coinfection. Implementing the above interventions can
have a profound impact on reducing the burden of the coin-
fection and thus improving public health outcomes. We,
therefore, recommend that health facilities be stocked with
antibiotics for TB and antiviral medications for easy access to
individuals who taste positive to the respective infections. This
study can be further expanded to include optimal control
strategies and evaluate the cost-effectiveness of the different
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control strategies. The model in this study can also be improved by
incorporating time delays in the treatment process such as delays
in diagnosis, treatment initiation and treatment completion.
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