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ABSTRACT
This study employs a deterministic model that describes the combined dynamics of TB and HCV aimed at determining the impact
of medication in the management of TB–HCV coinfection. The analytical and numerical analyses indicate that if the TB–HCV
coinfection efective reproduction number is less than unity, the absence of both TB and HCV infections constitutes a stable
equilibrium. Additionally, the stability analysis reveals that when the TB–HCV coinfection efective reproduction number is
greater than one, the endemic equilibria become stable attractors, thus, a long-term coexistence of both infections. Sensitivity
analysis shows that an increase in the rate of human-to-human contact between the TB (or HCV)-infected individuals and the
susceptible population and the likelihood of a contact resulting in TB (or HCV) transmission results in a higher endemicity of the
infection. Numerical simulations indicate that increasing the rate at which humans with coinfection are treated decreases the
widespread presence of TB and HCV in the population. We therefore recommend that health facilities be stocked with antibiotics
for TB and antiviral medications for HCV for easy access by individuals who test positive to the respective infections.

1 | Introduction

Tuberculosis (TB) is a transmissible disease resulting from
Mycobacterium tuberculosis (Mtb) infection. The disease is esti-
mated to cause death of about one million people globally each
year [1]. TB afects the respiratory system (pulmonary TB) and
also afects other body parts (extrapulmonary TB), except the hair
and the nails.

The mode of transmission of TB is through breathing in droplets
from cough or sneeze from infected person especially with in-
fectious TB. Infectious TB persons show the visible clinical
symptoms such as loss of weight, chronic cough, sputum pro-
duction and night sweat among others. However, the TB-infected
persons without these symptoms are called latent TB-infected
persons. The latent TB-infected persons are noninfectious [2].
The latent periodmeasures the time from infection to the point at

which the individual becomes infectious to others and can persist
for varying duration, ranging from weeks to months to a lifetime
[2, 3].

Infectious TB in individuals can be detected by blood test or skin
test, followed by treatment.

Drugs for efectivemedical treatment for TB have been used since
the early 40s when they were frst developed. The treatment
regimen recommended by WHO has kept on being revised from
time to time in light of more developments in the feld of
medicine and cognisant of the fact that the microorganisms keep
evolving to some strains of microorganisms that show resistance.

The 2022 WHO guidelines [4] recommend a 4-drug regimen of
isoniazid (H), rifampicin (R), ethambutol (E) and pyrazinamide
(Z) for six months, as the latest treatment strategy for individuals
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with drug-susceptible TB (both pulmonary and extrapulmonary).
New further recommendations include, for children 12 years and
above with pulmonary TB, that is, susceptible to drugs may
receive treatment with regimen rifapentine (P), H, Z, and
moxifoxacin (M) for 4 months; children and adolescents in the
3 months to 16 years age group with nonsevere TB may receive
a 4-month treatment with regimen (2 months of H, R, Z and also
E then followed by 2months of H and R) as long as there is no
evidence of resistance to R and H.

The majority of WHO member states typically reports treatment
success rates of at least 85% for individuals on the 6-month
regimen [4].

Hepatitis C virus (HCV) is the most severe strain of hepatitis
virus that afects the liver (by infaming it). HCV is classifed
under the genus Hepacivirus and family Flaviviridae. In addition
to HCV, Flaviviridae family comprises other signifcant viruses
likeWest Nile, yellow fever and dengue [5]. HCV is a blood-borne
pathogen transmitted via blood transfusion or contact with in-
fected blood from an infected person to a noninfected person.
Blood contact can happen mostly through sharing needles,
congenital transmission (mother to child during labour or
nursing), organ transplants with unscreened organs and through
unprotected sexual contacts [6].

HCV causes both acute (short term) and chronic hepatitis (long
term illness). Some people with acute hepatitis C do not show
symptoms or show mild symptoms of the disease within 6
months of exposure and may not need hospitalisation [7].
Untreated chronic HCV can result in long term and potentially
health consequences such as liver cirrhosis, cancer and
death [8].

As stated in 2019 report by WHO, close to 58 million people
globally had chronic HCV infection and were continuing to live
with it. Approximately 400,000 deaths occur every year due to
chronic diseases caused by HCV infection. As a result, HCV
infection is considered a signifcant public health concern. There
is a likelihood of advancing to various stages of the disease on
getting infected with HCV. A comprehensive guide for the
prevention, treatment and epidemiological management of HCV
infection specifcally targeting people who inject drugs (PWID)
indicates that out of every 100 people living with HCV infection,
up to 80%, 70% and 20% will potentially progress to chronic HCV
infection, chronic liver disease and cirrhosis, respectively, and up
to 5% are at a risk of fatal cirrhosis or liver cancer [9]. The global
health sector sets a goal to eliminate viral hepatitis with a sub-
stantial decreased public threat, with a 90% decrease in global
cases and 65% decline in death [10].

Unlike TB infections, which manifest easily and necessitate
seekingmedication, infections with HCV take longer to manifest.
Thus, humans with HCV are usually not informed that they are
sick of HCV until a few years later [11, 12], hence, hardly quest
medication. It is worth noting therefore that globally, medical
check-up, clinical diagnosis and medication of hepatitis C sick
persons are still a challenge.

A report on global hepatitis of 2021 [13] revealed that between
2015–2019, of the about 58 million people living with HCV, only
26% had undergone diagnostic tests for hepatitis C and were
aware of their status (Africa had the least ratio of 6% diagnosed),
7% commenced medication and 7.7% cumulatively had ever been

treated of HCV through the use of direct-acting antiviral (DAAs)
medications.

In developed countries, it is mandatory for every TB sick person
to be checked for HCV on admission into the health system
which is not the case withmost resource limited countries in sub-
Saharan Africa. This is attributed to high cost of HCV screening
and medication. According to [14, 15], medical check-up of HCV
becomes important while establishing whether HCV could
possibly lead to liver disease with TB sick persons.

TB and hepatitis C and their coinfection are among the most
serious public health issues globally. Analysing the inter-
connected dynamics of TB and HCV infections is mathematically
a signifcant challenge as the transmission routes for the in-
fections are vastly diferent. Individuals with existing TB in-
fection are at a greater likelihood of developing chronic HCV
infection, which in turn increases their risk of experiencing liver
damage (hepatotoxicity) as a side efect of certain medications
[16, 17]. TB and HCV coinfection can trigger latent TB reac-
tivation, heightens the risk of fatal outcomes and causes liver
damage due to the drug toxicity [18]. Generally, HCV-coinfected
individuals with TB are complicated to manage, which increases
the possibility of passing on TB to others.

Also, the majority of the TB-infected individuals are HIV infected
too. Therefore, indirectly, it is possible that one is dealing with
TB–HCV–HIV trio infection, indicating a high load of medica-
tion. These individuals thus need a health liver to deal with all
the medication of the trio infection of TB, HCV and HIV. Various
mathematical modelling approaches have been employed to
comprehend the dynamics of infectious diseases such as TB
cynics [3, 19–22], HCV infection [9, 11, 12, 23], hepatitis B virus
infection [24] and coinfection scenarios as discussed below: Nino
et al. [25] conducted a study to determine whether HCV coin-
fection increases the risk of incident drug-induced hepatitis
among patients on frst-line anti-TB drug therapy. A high
prevalence of HCV coinfection was found among patients with
TB infection. Drug-induced hepatotoxicity is signifcantly asso-
ciated with HCV coinfection but severe drug-induced hepato-
toxicity is rare. El-Mokhtar et al. [26] conducted a study to
evaluate the impact of HCV on the T-cell-mediated immune
response to TB in coinfected patients. They concluded that
diferent subsets of TB-specifc CD4+ T cells in TB–HCV-infected
individuals are partially impaired in early-stage HCV infection.
Meysam et al. [18] carried out a systematic review and meta-
analysis with a purpose of determining the prevalence of HCV
infection in patients with TB infection. The results of their study
highlighted the importance of screening HCV in TB patients.
Knowing whether HCV is present or not in these patients can be
helpful in efectively treating them. Musso et al. [27] conducted
a study to assess the feasibility and efectiveness of simultaneous
treatment for HCV infection and pulmonary multidrug-resistant
TB (MDR-TB). In their study, they described two cases of patients
with pulmonaryMDR-TB and concurrent HCV chronic infection
cured with DAAs at a Tertiary Infectious Diseases Hospital in
Italy. They concluded by suggesting to always considering
treatment of chronic hepatitis C with DAAs as a useful in-
tervention for reintroduction of second-line antitubercular
agents in those patients who developed drug-induced liver injury,
reducing the risk of treatment interruption when re-exposed to
these drugs. To assess the prevalence of HCV infection among TB
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patients and to investigate its impact on TB and its treatment
outcome, Nageeb et al. [28] carried out a cross-sectional study on
500 TB patients. They revealed that coinfection of HCV in pa-
tients with TB is frequent. It increases the frequency of almost all
clinical presentations and had its predominant fndings on
laboratory and radiological investigations. Coinfection also alters
the response to TB treatment and should be screened among
tuberculous patients before treatment and closely monitored
during treatment to detect early any drug resistance or treatment
failure. Wahid et al. [29] carried out a study aimed at suggesting
proper management of patients coinfected with both HCV and
TB infections. According to their results, this is the frst evidence
that highlights sofosbuvir, daclatasvir and ribavirin as an optimal
treatment regimen for patients coinfected with TB infection.
Furthermore, it is necessary to treat TB infection before initiating
HCV treatment because of the risk of hepatotoxicity. Kempker
et al. [30] reviewed the drug metabolism of anti-TB and HCV
drugs and the known potential drug–drug interactions between
recommended HCV regimens and individual anti-TB drugs.
They realised that rifampin is the only anti-TB drug to have been
formally studied for potential drug interactions with anti-HCV
DAAs, and existing data preclude these combinations. They,
however, discovered that based on known pathways of drug
metabolism and enzyme efects, the combination of HCV DAA
regimens with all other anti-TB drugs may be feasible. In their
conclusion, pharmacokinetic studies are needed next to help
move cotreatment regimens forward for clinical use among
patients coinfected with TB and HCV infections. Aggarwal [31]
developed a nonlinear mathematical model for HIV–TB coin-
fection. They introduced a time-delay parameter to capture the
delay in diagnosis and treatment initiation for coinfected in-
dividuals. The local stability analysis of equilibrium points was
analysed in the presence of delay, revealing specifc conditions
for Hopf bifurcation to occur. Numerical simulations were
carried out using diferent parameter sets to examine the efects
of detection and treatment delays on coinfected individuals at
each equilibrium point. Bowong et al. [32] formulated and
analysed a deterministic mathematical model of the codynamics
of HBV/TB coinfection. Through simulations, they mainly found
that the two diseases will coexist whenever their partial re-
productive numbers exceed unity; the increased progression rate
due to exogenous reinfection from latent to active TB in coin-
fected individuals may play a signifcant role in the rising
prevalence of TB and the increased progression rates from acute
stage to chronic stage of HBV infection and has increased the
prevalence levels of HBV and TB. Tanvi et al. [33] formulated and
analysed an HIV–TB coinfection model which incorporated
a nonlinear treatment rate for TB infection. They developed an
HIV–TB coinfectionmodel, analysing theHIV and TB submodels
separately, and calculated the basic reproduction numbers for
HIV-only, TB-only, and the full HIV–TB coinfection model.
Numerical simulations showed that accelerating TB treatment
can efectively reduce the coinfection, highlighting the need for
programs that enhance TB treatment rates. Bhunu et al. [34]
formulated and analysed a deterministic model of the cody-
namics of HCV and HIV/AIDS in order to assess their impact on
the dynamics of each disease in the presence of treatment. They
realised that there aremore HIV-only infected individuals not yet
showing AIDS symptoms and the number of dually infected
individuals frst increases and then declines to asymptotically
low level due to full recovery from hepatitis C. In their

conclusion, HCV has an ongoing prolonged negative efect on the
health of the population, irrespective of their HIV status, and as
such, its control should be reinforced in resource-limited set-
tings. Teklu et al. [35] developed and analysed a compartmental
model with optimal control strategies to examine the dynamics of
HIV/AIDS-TB coinfection, incorporating behavioural changes
and treatment interventions. The numerical simulations dem-
onstrate that a strategically combined approach of preventive and
therapeutic interventions can efectively curtail the incidence of
HIV, TB and coinfection with HIV/AIDS-TB. Mayanja et al. [16]
formulated and analysed a deterministic model to study the
HIV–HCV coinfection dynamics in the presence of HIV therapy.
The results indicated that both HIV and HCV infections enhance
each other; and in the long run, increasing the rates at which
people are put on HIV treatment reduces the prevalence of HCV
in the community; however, it increases the prevalence of HIV.
Nampala et al. [36], proposed a coinfection mathematical model
with delay and used optimal control theory to analyse the efect
of viral latency in hepatocytes on the dynamics of HIV/HBV
coinfection. Analytical results indicate that HBV cannot take
a competitive exclusion against HIV; thus, the coinfection en-
demic equilibrium implies chronic HBV in HIV-infected pa-
tients. Teklu et al. [37] formulated and analysed a dynamical
system modelling HBV and TB coinfection to investigate the
impact of optimal control measures and conducted a cost-
efectiveness analysis, aiming to inform strategies to control
coinfection transmission. Their fndings indicate that a combined
approach of protective and treatment optimal control strategies
efectively reduces the incidence of HBV and TB coinfection.
Furthermore, cost-efectiveness analysis reveals that treating
HBV is the most cost-efective strategy to combat the spread of
HBV and TB coinfection in the community. Tanvi et al. [38]
formulated a nonlinear population model for HIV–TB coin-
fection. Their model examined how the timing of HIV treatment
initiation (early or late) in TB-treated coinfected individuals
infuenced the incidence of immune reconstitution in-
fammatory syndrome (IRIS). With fxed control parameters, the
model analysis demonstrated the existence and local stability of
disease-free and endemic equilibria. They formulated and solved
an optimal control problem incorporating time-dependent pa-
rameters, using Pontryagin’s maximumprinciple tominimise the
number of infected individuals, disease-induced deaths and
treatment costs. Numerical results suggested that implementing
optimal control strategies is more efective than constant treat-
ment rates in minimising the burden of the coinfection. In
a recent study, Kizito et al. [39] formulated and analysed a de-
terministic model to examine the dynamics of TB and HCV
coinfection without interventions, shedding light on the un-
derlying mechanisms driving the coinfection’s behaviour. The
results showed that, over time, the number of individuals
coinfected with TB and HCV signifcantly exceeded the number
in any other demographic group. In the absence of interventions,
the dynamics of TB and HCV coinfection were primarily driven
by TB. This study advances the previous research in [39] by
incorporating TB and HCV treatment and examining the dy-
namics of TB–HCV coinfection under the infuence of both
treatments. The model in this study provides new insights
through a novel mathematical modelling approach that high-
lights the crucial role of treatment in reducing the transmission
of TB and HCV infections, addressing a previously unexplored
research area, thus ultimately providing policymakers with
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evidence-based interventions to reduce the spread of both
infections..

2 | Description and Formulation of the Model

2.1 | Description of the TB–HCV Coinfection
Dynamics

The model categorises the human population into 13 distinct
and separate groups ascending to their epidemiological status,
namely susceptible individuals capable of acquiring TB or
HCV (S(t)), TB infected, latent and not contagious (IL(t)), TB
infectious individuals (IT(t)), TB infectious hospitalised in-
dividuals on medication (H(t)), TB-treated individuals (RT(t)),
HCV acutely infectious individuals but with no symptoms
(IA(t)), HCV chronically infectious individuals with symptoms
(IC(t)), HCV individuals under treatment (RH(t)), individuals
with acute HCV infection and latent TB, not infectious with
TB but infectious with HCV (IAL(t)), dually infected humans
with HCV chronic infection in the latent TB stage, non-
infectious for TB but infectious for HCV (ICL(t)), individuals
with acute HCV infection in the infectious stage of TB (IAT(t)),
individuals with chronic HCV infection in infectious stage of
TB (ICT(t)) and individuals under treatment of the dual
infection (R(t)).

The medication for HCV patients shall be considered only at the
HCV chronic stage. This is because HCV acute stage is often short
and asymptomatic in relation to the lengthy and symptomatic
HCV chronic stage. Thus, diagnosis of HCV patients is at the
chronic phase of the infection [40].

In order to formulate the dynamical system, all susceptible in-
dividuals are assumed to be just as susceptible to both TB and
HCV, and the diseases are spread by contact with an infected
individual. TB-infected individuals frst get latently infected and
go on to become infectious. However, TB latent individuals are
not infectious. Similarly, before developing chronic HCV, all
hepatitis C virus–infected persons frst contract acute HCV, and
both forms of HCV are infectious. Acute HCV individuals either
advance to the chronic stage or recover naturally. However, since
the acute form of HCV is primarily asymptomatic, there is hardly
any possibility of medication at this stage. TB- and hepatitis C-
recovered humans acquire temporary immunity before
reinfection.

The total population at time t, represented by N(t), is defned as

N(t) = S(t) + IL(t) + IT(t) + H(t) + RT(t) + IA(t) + IC(t)

+ RH(t) + IAL(t) + ICL(t) + IAT(t) + ICT(t) + R(t).
(1)

No matter when, there is a steady infow into the susceptible
class, S(t), through birth and immigration at a rate Λ. A constant
natural mortality rate, μ, exists in all subpopulations.

Susceptible humans acquire TB to move to latent TB class, IL(t),
at a rate λT defned by

λT(t) =
ξ1q1 IT(t) + ϵH(t) + a IAT(t) + ICT(t)( )( )

N(t)
, (2)

with ξ1 the rate of human-to-human contact between the TB-
infected individuals and susceptible population; q1 is the like-
lihood of a contact resulting in TB transmission; a is the en-
hancement factor for the increased risk of easily contracting TB
from a dually infected human in classes IAT and ICT . The pa-
rameter accounts for increased infectiousness in dually infected
humans compared to those with TB only [32].

ϵ is the reduction parameter considering for the reduced risk of
being infected with TB by a hospitalised TB-infected human.

Similarly, susceptible humans get infected with HCV to move to
the acute class, IA(t), at a rate λH , defned by (3).

λH(t) =
ξ2q2 ϕIA(t) + IC(t) + b1IAL(t) + b2ICL(t) + b3IAT(t) + b4ICT(t)( )

N(t)
,

(3)

where ξ2 is the rate of human-to-human contact between the
HCV-infected individuals and susceptible population; q2 is the
likelihood of a contact resulting in HCV transmission; b1, b2, b3
and b4 are enhancement factors for the increased risk of easily
contracting HCV from a dually infected individual in classes IAL,
ICL, IAT and ICT, respectively. Dual-infected individuals are more
infectious of HCV as compared to their counterparts who are
monoinfected. We note that b1, b3 > b2, b4 > 1, considering the
fact that an HCV acutely infected human is more infectious than
the HCV chronically infected human due to higher viral loads
during the early stages of the infection. ϕ is the amplifcation
parameter catering for the increased risk of being infected with
HCV from a singly acute HCV-infected individual.

TB latently infected humans, IL, either recover naturally due to
strong immune system at a rate η to return to susceptible class or
progress to active TB class, IT(t), at a rate θ.

Once humans infected with active TB are tested positive, some
are put onmedication while attended to from home at a rateω1 to
join the RT(t) class, whereas others are hospitalised at a rate ρ to
join the H(t) class while, in hospital, the active TB patients re-
ceive treatment at a rate ω2 to also join the RT(t) class.

Individuals in classes IT(t) and H(t) not only die naturally but
also die from active TB at a rate σ1 and σ2, respectively.

Acute HCV humans that happen to recover naturally return to
the susceptible class at a rate π, while others progress to the
chronic HCV class, IC(t), at a rate α. Having been detected with
chronic HCV, the infected humans are put on treatment at a rate
ψ to join the RH(t) class.

Latent TB and active TB individuals in classes IL(t) and IT(t),
respectively, at a rate of λH , become infected with HCV and
transit to state IAL(t) and IAT(t), respectively. Similarly, acute and
chronic HCV humans in classes IA(t) and IC(t) are infected with
TB at a rate λT to join classes IAL(t) and ICL(t), respectively.

Humans in IAL progress to IAT(t) and ICL(t) at rates τ1 and β1,
respectively. Similarly, humans in classes ICT(t) and IAL(t) both
progress to ICT(t) class at rates τ2 and β2, respectively. Having
tested positive to the coinfection, humans in classes
ICL(t), IAT(t) and ICT(t) are put on treatment at rates r1, r2  and r3 to
join R(t) class.

In addition to natural death, humans in IC(t) and ICL(t) classes
also die from chronic HCV-induced death at a rate δ, and those in
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classes IAT(t) and ICT(t) also die from coinfection-induced death
at rates d1 and d2, respectively.

Because previous infection does not provide permanent immu-
nity, humans in classes RH(t),RT(t) and R(t) return to susceptible
class having been treated to clearance of the infection at rates
ν1, ν2  and ν3, respectively.

The TB–HCV coinfection model is depicted in Figure 1 as
a compartmental diagram.

2.1.1 | Equations of the Model

Using the compartmental model shown in Figure 1 and the
parameters provided in Table 1, the model is derived on the basis
of the descriptions above using frst-order nonlinear ordinary
diferential equations as follows:

dS(t)
dt

= Λ + ν1RH(t) + ν2RT(t) + ν3R(t) + πIA(t)

+ ηIL(t) + γIAL(t) − λT + λH + μ( )S(t),

dIL(t)
dt

= λTS(t) + p1πIAL(t) − θ + η + μ + λH( )IL(t),

dIT(t)
dt

= θIL(t) − ω1 + ρ + μ + σ1 + λH( )IT(t),

dH(t)
dt

= ρIT(t) − ω2 + μ + σ2( )H(t),

dRT(t)
dt

= ω2H(t) + ω1IT(t) − ν2 + μ( )RT(t),

dIA(t)
dt

= λHS(t) + p2ηIAL(t) − π + α + μ + λT( )IA(t),

dIC(t)
dt

= αIA(t) − ψ + μ + δ + λT( )IC(t),

dRH(t)
dt

= ψIC(t) − ν1 + μ( )RH(t),

dIAL(t)
dt

= λTIA(t) + λHIL(t)

− τ1 + μ + β1 + γ + p1π + p2η( )IAL(t),

dICL(t)
dt

= β1IAL(t) + λTIC(t) − r1 + τ2 + μ + δ( )ICL(t),

dIAT(t)
dt

= τ1IAL(t) + λHIT(t) − r2 + β2 + μ + d1( )IAT(t),

dICT(t)
dt

= τ2ICL(t) + β2IAT(t) − r3 + μ + d2( )ICT(t),

dR(t)
dt

= r1ICL(t) + r2IAT(t) + r3ICT(t) − ν3 + μ( )R(t),

(4)

FIGURE 1 | The compartmental model diagram for TB–HCV coinfection.
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where λT and λH are as described in (2) and (3), respectively. The
variables of the system are initially set at

S(0) > 0, IL(0) ≥ 0, IT(0) ≥ 0,H(0) ≥ 0,RT(0) ≥ 0,

IA(0) ≥ 0, IC(0) ≥ 0,RH(0) ≥ 0, IAL(0) ≥ 0,

ICL(0) ≥ 0, IAT(0) ≥ 0, ICT(0) ≥ 0,  and R(0) ≥ 0.

(5)

3 | Analysis of the Model

3.1 | Positivity and Boundedness of TB–HCV
Coinfection Model Solutions

Since themodel system (4) studies human population, we need to
verify that the model system is both mathematically well-defned
and biologically relevant.

In this subsection, we analyse the solution properties of the
TB–HCV coinfection model (4) focussing on positivity and
boundedness.

Theorem 1 (positivity of solutions). The solutions S(t),
IL(t), IT(t),H(t),RT(t), IA(t), IC(t),RH(t), IAL(t), ICL(t), IAT(t),
ICT(t) and R(t) of the model System (4) are positive for t ≥ 0.

Proof 1. Let the starting values of the variables of System (4) be
as defned in Equation (5). Each component of the system’s
solution is demonstrated to be non-negative. Assuming the
contrary, we suppose that there exists a frst instant t1: S(t1) =

0, Sʹ(t1) < 0 and S(t) > 0, IL(t) > 0, … ,R(t) > 0 for 0 < t < t1 or
there exists a t2: IL(t2) = 0, IĹ(t2) < 0 and S(t) > 0,

IL(t) > 0, … ,R(t) > 0 for 0 < t < t2 or there exists a t3: IT(t3) =

0, IT́(t3) < 0 and S(t) > 0, IL(t) > 0, … ,R(t) > 0 for 0 < t < t3 or
there exists a t4: H(t4) = 0, Hʹ(t4) < 0 and S(t) > 0, IL(t) > 0, … ,

R(t) > 0 for 0 < t < t4 or there exists a t5: RT(t5) = 0,

RT́(t5) < 0 and S(t) > 0, IL(t) > 0, … ,R(t) > 0 for 0 < t < t5 or
there exists a t6: IA(t6) = 0, IÁ(t6) < 0  and S(t) > 0, IL(t) > 0, … ,

R(t) > 0 for 0 < t < t6 or there exists a t7: IC(t7) = 0, IĆ(t7) <
0 and S(t) > 0, IL(t) > 0, … , R(t) > 0 for 0 < t < t7 or there exists

TABLE 1 | Parameters used in the model formulation and their description.

Parameter Defnition
Λ Per capita recruitment rate into susceptible population
μ Natural mortality rate
σ1 Mortality rate for individuals with infectious TB
σ2 Mortality rate for individuals hospitalised with infectious TB
δ Mortality rate for individuals with chronic form of HCV
d1 Mortality rate due to infectious TB in individuals with acute HCV and infectious

TB
d2 Mortality rate due to either chronic HCV or infectious TB
θ Rate of progression from latent to infectious TB
ρ Rate at which the TB infectious individuals are hospitalised
ω1 Rate at which TB infectious individuals are put on treatment
ω2 Rate at which hospitalised infectious TB individuals are put on treatment
α Progression rate from acute class to chronic HCV class
τ1 Progression rate from IAL class to IAT class
τ2 Progression rate from ICL class to ICT class
β1 Progression rate from IAL class to ICL class
β2 Progression rate from IAT class to ICT class
ψ Rate at which chronic HCV individuals are put on treatment
r1 Rate at which individuals in ICL class are put on HCV treatment
r2 Rate at which individuals in IAT class are put on TB treatment
r3 Rate at which individuals in ICT class are put on treatment
ν1 Rate of loss of temporary immunity to HCV
ν2 Rate of loss of temporary immunity to TB
ν3 Rate of loss of temporary immunity to both TB and HCV
η Rate of natural recovery of latent TB individuals
π Rate of natural recovery of acute HCV individuals
ϵ Transmission coefcient for the hospitalised individuals
ϕ Transmission coefcient for the HCV acute individuals
γ Natural clearance of both acute HCV and latent TB in IAL class
p1 Reduction parameter for reduced natural acute HCV clearance in IAL class
p2 Reduction parameter for reduced natural latent TB clearance in IAL class
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a t8: RH(t8) = 0, RH́(t8) < 0 and S(t) > 0, IL(t) > 0, … , R(t) > 0 for 
0 < t < t8 or there exists a t9: IAL(t9) = 0, IÁL(t9) < 0  and (t) >
0, IL(t) > 0, … , R(t) > 0 for 0 < t < t9 or there exists a t10:
ICL(t10) = 0, IĆL(t10) < 0  and S(t) > 0, IL(t) > 0, … , R(t) > 0 for 
0 < t < t10 or there exists a t11: IAT(t11) = 0, IÁT(t11) < 0
 and S(t) > 0, IL(t) > 0, … , R(t) > 0 for 0 < t < t11 or there exists
a t12: ICT(t12) = 0, IĆT(t12) < 0 and S(t) > 0, IL(t) > 0, … , R(t) > 0
 for 0 < t < t12 or there exists a t13: R(t13) = 0,Rʹ(t13) < 0 and 
S(t) > 0, IL(t) > 0, … ,R(t) > 0  for 0 < t < t13. □

Considering diferential equation one of model system (4), we get

dS t1( )

dt
= Λ + ν1RH t1( ) + ν2RT t1( ) + ν3R t1( ) + πIA t1( )

+ ηIL t1( ) + γIAL t1( ) − λT + λH + μ( )S t1( ),

= Λ + ν1RH t1( ) + ν2RT t1( ) + ν3R t1( ) + πIA t1( )

+ ηIL t1( ) + γIAL t1( ) > 0,

(6)

leading to a discrepancy; thus, S(t) stays positive.

Considering diferential equation two of model System (4), we get

dIL t2( )

dt
= λTS t2( ) + p1πIAL t2( ) − θ + η + μ + λH( )IL t2( )

= λTS t2( ) + p1πIAL t2( ) > 0,

(7)

leading to a discrepancy; thus, IL(t) stays positive.

Considering diferential equation three of model System (4), we
get

dIT t3( )

dt
= θIL t3( ) − ω1 + ρ + μ + σ1 + λH( )IT t3( )

= θIL t3( ) > 0,

(8)

leading to a discrepancy; thus, IT(t) stays positive.

Considering diferential equation four of model System (4), we
get

dH t4( )

dt
= ρIT t4( ) − ω2 + μ + σ2( )H t4( )

= ρIT t4( ) > 0,

(9)

leading to a discrepancy; thus, H(t) stays positive.

Considering diferential equation fve of model System (4), we
get

dRT t5( )

dt
= ω2H t5( ) + ω1IT t5( ) − ν2 + μ( )RT t5( )

= ω2H t5( ) + ω1IT t5( ) > 0,

(10)

leading to a discrepancy; thus, RT(t) stays positive.

Considering diferential equation six of model System (4), we
get

dIA t6( )

dt
= λHS t6( ) + p2ηIAL t6( ) − π + α + μ + λT( )IA t6( )

= λHS t6( ) + p2ηIAL t6( ) > 0,

(11)

leading to a discrepancy; thus, IA(t) stays positive.

Considering diferential equation seven of model System (4), we
get

dIC t7( )

dt
= αIA t7( ) − ψ + μ + δ + λT( )IC t7( )

= αIA t7( ) > 0,

(12)

leading to a discrepancy; thus, IC(t) stays positive.

Considering diferential equation eight of model System (4), we
get

dRH t8( )

dt
= ψIC t8( ) − ν1 + μ( )RH t8( )

= ψIC t8( ) > 0,

(13)

leading to a discrepancy; thus, RH(t) stays positive.

Considering diferential equation nine of model System (4), we
get

dIAL t9( )

dt
= λTIA t9( ) + λHIL t9( )

− τ1 + μ + β1 + γ + p1π + p2η( )IAL t9( )

= λTIA t9( ) + λHIL t9( ) > 0,

(14)

leading to a discrepancy; thus, IAL(t) stays positive.

Considering diferential equation ten of model System (4), we get

dICL t10( )

dt
= β1IAL t10( ) + λTIC t10( )

− r1 + τ2 + μ + δ( )ICL t10( )

= β1IAL t10( ) + λTIC t10( ) > 0,

(15)

leading to a discrepancy; thus, ICL(t) stays positive.

Considering diferential equation 11 of model System (4), we get

dIAT t11( )

dt
= τ1IAL t11( ) + λHIT t11( )

− r2 + β2 + μ + d1( )IAT t11( )

= τ1IAL t11( ) + λHIT t11( ) > 0,

(16)

leading to a discrepancy; thus, IAT(t) stays positive.

Considering diferential equation 12 of model System (4), we get
dICT t12( )

dt
= τ2ICL t12( ) + β2IAT t12( )

− r3 + μ + d2( )ICT t12( )

= τ2ICL t12( ) + β2IAT t12( ) > 0,

(17)

leading to a discrepancy; thus, ICT(t) stays positive.

Considering diferential equation 13 of model System (4), we get

dR t13( )

dt
= r1ICL t13( ) + r2IAT t13( ) + r3ICT t13( )

− ν3 + μ( )R t13( )

= r1ICL t13( ) + r2IAT t13( ) + r3ICT t13( ) > 0,

(18)

Journal of Applied Mathematics, 2026 7 of 31

 4185, 2026, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1155/jam

a/8033235 by R
eadcube (L

abtiva Inc.), W
iley O

nline L
ibrary on [12/11/2026]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



leading to a discrepancy; thus, R(t) stays positive.

Therefore, in all cases, the solutions of the variables S(t), IL(t),
IT(t),H(t),RT(t), IA(t), IC(t), \\RH(t), IAL(t), ICL(t), IAT(t), ICT(t)
 and R(t) remain positive.

Theorem 2. The region

Ω = S(t), IL(t), IT(t),H(t),RT(t), IA(t), IC(t),RH(t),(

IAL(t), ICL(t), IAT(t), ICT(t),R(t)) ∈ R13
+ : 0 ≤ N(t) ≤

Λ
μ

},

(19)

is a positively invariant and attractive set with respect to
the model.

Proof 2. Let

S(t), IL(t), IT(t),H(t),RT(t), IA(t), IC(t),RH(t), IAL(t),(

ICL(t), IAT(t), ICT(t),R(t)) ∈ R13
+ ,

(20)

be a solution to System (4) chosen arbitrarily, subject to non-
negative values as in Equation (5). □

By adding the equations in System (4) together, we obtain

dN
dt

= Λ − μN − ηIL − σ1IT − σ2H − δ IC + ICL( )

− d1IAT − d2ICT .

(21)

Since IL, IT ,H, IA, IC, IAL, ICL, IAT, ICT ≥ 0 for t ≥ 0, then Equation
(21) simplifes to

dN
dt

≤ Λ − μN, (22)

which we can rewrite as
dN
dt

+ μN ≤ Λ. (23)

Now, solving inequality (23) subject to the initial conditions
N(t = 0) = N0, we obtain

Neμt ≤
Λ
μ
eμt + N0 −

Λ
μ

. (24)

Rearranging (24) leads to

N ≤
Λ
μ

+ N0 −
Λ
μ

( )e− μt. (25)

Thus, we get

0 ≤ N(t) ≤
Λ
μ

+ N0e− μt. (26)

Clearly, as t⟶∞, we have

0 ≤ N(t) ≤
Λ
μ

. (27)

This result implies that any feasible solution of the model system
(4) that starts in the region Ω remains confned to that region for
all time t. Consequently, region Ω is a biologically meaningful
and trapping region, meaning it remains stable under the

system’s dynamics. Therefore, the model is both mathematically
well-defned and biologically relevant.

Calculation of the efective reproduction numbers is carried out,
by frst gaining insights into the distinct behaviour of the TB-only
and HCV-only submodels with treatment and thereafter the
TB–HCV coinfection model with treatment.

By efective reproduction number, we mean the average number
of secondary infections caused by a single infective, at a given
susceptible fraction [41].

3.2 | TB-Only Sub Model

By ignoring all terms associated with HCV, the full model system
(4) simplifes to the TB-only model. That is, IA(t) = IC(t) =

RH(t) = IAL (t) = ICL(t) = IAT(t) = ICT(t) = R(t) = 0.

Therefore, the TB-only submodel now becomes

dS(t)
dt

= Λ + ηIL(t) + ν2RT(t) − λT + μ( )S(t),

dIL(t)
dt

= λTS(t) − (θ + η + μ)IL(t),

dIT(t)
dt

= θIL(t) − ω1 + ρ + μ + σ1( )IT(t),

dH(t)
dt

= ρIT(t) − ω2 + μ + σ2( )H(t),

dRT(t)
dt

= ω1IT(t) + ω2H(t) − ν2 + μ( )RT(t),

(28)

where,

λT(t) =
ξ1q1 IT(t) + ϵH(t)( )

NTB(t)
, (29)

and

NTB(t) = S(t) + IL(t) + IT(t) + H(t) + RT(t). (30)

The TB-free equilibrium point for the TB-only submodel is de-
termined by assuming that there is no TB infection in the
population. Thus, the TB-free equilibrium point for the TB-only
submodel is given by

EoTB = S, IL, IT ,H,RT( ) =
Λ
μ

, 0, 0, 0, 0( ). (31)

The next generation matrix method [42, 43], is used to compute
the efective reproduction number RTB for the TB-only submodel
with treatment.

The matrix representing the rate of new TB cases emerging in
compartment i, Fi, specifc to the TB-only submodel (28) is

Fi =

λTS
0
0

⎡

⎢
⎢
⎣

⎤

⎥
⎥
⎦. (32)

The matrix, Vi, which represents the transfer rates between
compartments i and all other compartments, is given by

Vi =

(η + μ + θ)IL
− θIL + ω1 + ρ + μ + σ1( )IT

− ρIT + ω2 + μ + σ2( )H

⎡

⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎦

. (33)
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Thus, the TB induced efective reproduction number, RTB, is
calculated as

RTB =
ξ1q1θ

(η + μ + θ) ω1 + ρ + μ + σ1( )
1 +

ϵρ
ω2 + μ + σ2( )

( ). (34)

Lemma 1. The TB infection-free equilibrium, E0TB, is locally
asymptotically stable if RTB < 1 and unstable otherwise.

Proof 3. The Jacobian matrix of the TB-only submodel (28) is
given by

J ETB( ) =

− ξ1q1
IT + ϵH( )

NTB
+ μ( ) η − ξ1q1 ξ1q1ϵ ν2

ξ1q1
IT + ϵH( )

NTB
− κ1 ξ1q1 ξ1q1ϵ 0

0 θ − κ2 0 0

0 ρ 0 − k3 0

0 0 ω1 ω2 − ν2 + μ( )

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

(35)

where

κ1 = θ + η + μ, κ2 = ω1 + ρ + μ + σ1, κ3 = ω2 + μ + σ2. (36)

□

At TB infection free equilibrium point, E0TB = (Λ/μ, 0, 0, 0, 0), the
Jacobian matrix becomes:

J ETB( ) =

− μ η − ξ1q1 ξ1q1ϵ ν2
0 − k1 ξ1q1 ξ1q1ϵ 0

0 θ − κ2 0 0

0 ρ 0 − κ3 0

0 0 ω1 ω2 − ν2 + μ( )

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (37)

However, J(E0TB) can be expressed in the form

J E0TB( ) =
J11 J12
J21 J22

[ ], (38)

where

J11 =

− μ η − ξ1q1
0 − κ1 ξ1q1
0 θ − κ2

⎡

⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎦

, J12 =

− ξ1q1ϵ ν2
ξ1q1ϵ 0

0 0

⎡

⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎦

,

J21 =
0 ρ 0

0 0 ω1
[ ] and J22 =

− κ3 0

ω2 − ν2 + μ( )
[ ].

(39)

An essential and requisite condition for local asymptotic stability
of the disease-free equilibrium is that all the eigenvalues of
submatrices J11  and J22 have negative real parts [16, 39].

For the eigenvalues of submatrix J22, we have

det J22 − λI( ) = 0, (40)

where I is a 2 × 2 matrix. Therefore,

det
− k3 − λ 0

ω2 − ν2 + μ( ) − λ
[ ] = 0. (41)

On solving Equation (41) for the eigenvalues, we get

λ1 = − κ3  and λ2 = − ν2 + μ( ). (42)

Thus, the eigenvalues of J22 are − κ3 and − (ν2 + μ)which are both
negative.

Now, the eigenvalues of J11 are calculated as follows:

det J11 − λI( ) = 0, (43)

det
− μ − λ η − ξ1q1
0 − κ1 − λ ξ1q1
0 θ − κ2 − λ

⎡

⎢
⎢
⎣

⎤

⎥
⎥
⎦ = 0, (44)

On solving Equation (44) for the eigenvalues, we get

λ3 = − μ, λ4 =
− κ1 + κ2( ) −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

κ1 + κ2( )
2 − 4 κ1κ2 − θξ1q1( )

√

2
,

λ5 =
− κ1 + κ2( ) +

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

κ1 + κ2( )
2 − 4 κ1κ2 − θξ1q1( )

√

2
.

(45)

For λ4  and λ5 to be negative, then

− κ1 + κ2( ) ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

κ1 + κ2( )
2 − 4 κ1κ2 − θξ1q1( )

√

< 0. (46)

Re-arranging inequality (46), we get

κ1 + κ2( )
2 < κ1 + κ2( )

2 − 4 κ1κ2 − θξ1q1( ). (47)

On simplifying inequality (47), we have

θξ1q1
κ1κ2

< 1. (48)

Now, from

RTB =
ξ1q1θ
κ1κ2

κ3 + ϵρ
κ3

( ). (49)

Re-arranging Equation (49), yields

θξ1q1
κ1κ2

=
κ3RTB

κ3 + ϵρ
. (50)

Thus, inequality (48) can be re-written as

κ3RTB
κ3 + ϵρ

< 1. (51)

Therefore, λ4  and λ5 are negative eigenvalues if inequality (51) is
satisfed. Hence, the TB infection-free equilibrium E0TB, is locally
asymptotically stable if RTB < 1 and unstable otherwise. This
suggests that in the event that a small group of TB-infected
persons enter the population, the systemwill eventually return to
the TB-free equilibrium over time.
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3.2.1 | Global Stability of TB Infection-Free
Equilibrium for TB-Only Sub Model

The global behaviour of TB-only sub-model (28) is analysed by
applying the approach by Castillo-Chavez et al. [44] as also
applied by [39, 45].

Rewriting the TB-only submodel (28) in the form

dXTB
dt

= F XTB,ZTB( ),

dZTB
dt

= G XTB,ZTB( ),G XTB, 0( ) = 0,

(52)

where XTB = (S) and ZTB = (IL, IT ,H,RT), with XTB ∈ R+ denot-
ing (its components) the number of uninfected humans and
ZTB ∈ R4

+ with components defning the number of individuals
infected with TB including those ones on treatment. Let E0TB =

(X0
TB, 0) = (Λ/μ, 0, 0, 0, 0) denote the TB infection free equilibrium

of system (52).

Theorem 3. The fxed point E0TB = (XTB, 0) is a globally as-
ymptotic stable equilibrium of system (52) provided RTB < 1 and
that the following conditions are satisfed.

D1:  For dXTB
dt

= F XTB, 0( ),X0
TB

is globally asymptotically stable,

D2: G XTB,ZTB( ) = MZTB − Ĝ XTB,ZTB( ),

Ĝ XTB,ZTB( ) ≥ 0, for  XTB,ZTB( ) ∈ ΩTB,

(53)

where M = ∂/∂ZTBG(X0
TB, 0) is a Metzler matrix and ΩTB is the

invariant region in which the model makes biological sense.

Proof 4. By the result of Lemma 1, local asymptotic stability of
E0TB is guaranteed if RTB < 1, implying a stable equilibrium. □

Regarding the frst condition (D1) which pertains to the global
asymptotic stability of X0

TB, we obtain

F XTB,ZTB( ) =
Λ + ηIL + ν2RT − λT + μ( )S

0
[ ], (54)

and

dXTB
dt

= F XTB, 0( ) = Λ − μS, (55)

which takes the form of a linear diferential equation. Solving
Equation (55) yields

S(t) =
Λ
μ

−
Λ
μ
e− μt + S(0)e− μt. (56)

As t increases without bound, S(t) ⟶ Λ/μ irrespective of the
initial conditions S(0). Thus, convergence in ΩTB, necessarily
implies condition (D1) holds true.

With regard to the second requirement (D2), consider

GTB XTB,ZTB( ) =

λTS − κ1IL

θIL − κ2IT

ρIT − κ3H

ω1IT + ω2H − ν2 + μ( )RT

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

ξ1q1 IT + ϵH( )
S
NTB

− κ1IL

θIL − κ2IT

ρIT − κ3H

ω1IT + ω2H − ν2 + μ( )RT

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

(57)

and

M =
∂

∂ZTB
GTB X0

TB, 0( ) =

− κ1 ξ1q1
S
NTB

ξ1q1ϵ
S
NTB

0

θ − κ2 0 0

0 ρ − κ3 0

0 ω1 ω2 − ν2 + μ( )

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(58)

Now, at E0TB

M =
∂

∂ZTB
GTB X0

TB, 0( ) =

− κ1 ξ1q1 ξ1q1ϵ 0

θ − κ2 0 0

0 ρ − κ3 0

0 ω1 ω2 − ν2 + μ( )

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (59)

But

ĜTB XTB,ZTB( ) = MZTB − GTB XTB,ZTB( ). (60)

Substituting Equations (58)–(60), and on simplifying, we have

ĜTB XTB,ZTB( ) =

ξ1q1IT 1 −
S
NTB

( ) + ξ1q1ϵH 1 −
S
NTB

( )

0

0

0

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(61)

Given that 0 < S ≤ NTB, it follows easily that ĜTB(XTB,ZTB) ≥ 0.
Additionally, matrix M is a Metzler matrix with all of-diagonal
entries being positive or zero. It follows that, E0TB is globally
asymptotically stable when RTB < 1. This means that irrespective
of the number of TB infectives introduced into the population, TB
will gradually phase out.
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3.3 | The Endemic Equilibrium Point, E∗TB
The TB endemic equilibrium, E∗TB, occurs when TB infections
persists in the population. Now, by equating the derivatives of
system (28) in the TB-only submodel to zero, we can solve for the
endemic equilibrium E∗TB as

E∗TB =
κ1κ2κ3N∗

TB
ξ1q1θ κ3 + ϵρ( )

,
κ2κ3 Λ − μN∗

TB( )

θ σ1κ3 + σ2ρ( )
,

κ3 Λ − μN∗
TB( )

σ1κ3 + σ2ρ( )
,(

ρ Λ − μN∗
TB( )

σ1κ3 + σ2ρ( )
,

Λ − μN∗
TB( ) ω2ρ + ω1κ3( )

ν2 + μ( ) σ1κ3 + σ2ρ( )
).

(62)

Lemma 2. The TB-only submodel (28) has a unique endemic
equilibrium point if RTB > 1.

Proof 5. If the disease is endemic in the population, then
dIL/dt > 0, dIT/dt > 0 and dH/dt > 0, that is

ξ1q1 IT + ϵH( )
S
NTB

− κ1IL > 0, (63)

θIL − κ2IT > 0, (64)

ρIT − κ3H > 0. (65)

□

From inequality (63), we have

κ1IL < ξ1q1 IT + ϵH( )
S
NTB

. (66)

Using the fact that S/NTB ≤ 1, inequality (66) becomes

IL <
ξ1q1
κ1

IT + ϵH( ). (67)

From inequality (65), we have

H <
ρIT
κ3

. (68)

Substituting H into inequality (67), we get

IL <
ξ1q1
κ1

1 +
ϵρ
κ3

( )IT . (69)

Now, re-arranging inequality (64), we have

IT <
θIL
κ2

. (70)

Substituting IT into inequality (69) and simplifying, we get

1 <
ξ1q1θ
κ1κ2

1 +
ϵρ
κ3

( ). (71)

Thus, RTB > 1.

Hence, a unique endemic equilibrium point E∗TB exists when
RTB > 1.

Lemma 3. If RTB > 1, the TB endemic equilibrium E∗TB is locally
stable, otherwise, it is unstable.

Proof 6. We study the local stability of the TB endemic equi-
librium by applying the Routh-Hurwitz criterion. □

The Jacobian matrix of TB-only submodel is given by

J ETB( ) =

− ξ1q1
I∗T + ϵH∗( )

N∗
TB

+ μ( ) η − ξ1q1 − ξ1q1ϵ ν2

ξ1q1
I∗T + ϵH∗( )

N∗
TB

− κ1 ξ1q1 ξ1q1ϵ 0

0 θ − κ2 0 0

0 ρ 0 − κ3 0

0 0 ω1 ω2 − ν2 + μ( )

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(72)

At the TB endemic equilibrium, the Jacobian matrix J(ETB)

becomes

J E∗TB( ) =

− z∗ + μ( ) η − ξ1q1 − ξ1q1ϵ ν2
z∗ − κ1 ξ1q1 ξ1q1ϵ 0

0 θ − κ2 0 0

0 ρ 0 − κ3 0

0 0 ω1 ω2 − ν2 + μ( )

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (73)

where

z∗ = ξ1q1
I∗T + ϵH∗( )

N∗
TB

, (74)

denotes the force of TB infection at the equilibrium where the
disease persists.

The characteristic polynomial of the Jacobian matrix J(E∗TB) is
obtained as

P(λ) = det λI − J E∗TB( )( ) = λ5 + e1λ4 + e2λ3 + e3λ2 + e4λ + e5,
(75)

where I is a 5 × 5 identity matrix and

e1 = κ1 + κ2 + κ3 + z∗ + μ + ν2,
e2 = κ2κ3 + κ1 + z∗ + μ( ) κ2 + κ3( ) + κ1 z∗ + μ( )

+ ν2 κ2 + κ3( ) + ν2 κ1 + z∗ + μ( ) − ξ1q1ϵρ − ξ1q1θ − ηz∗,

e3 = κ2κ3 κ1 + z∗ + μ( ) + κ1( κ2 + κ3( ) z∗ + μ( ) + κ2κ3ν2
+ ν2 κ1 + z∗ + μ( ) κ2 + κ3( ) + κ1ν2 z∗ + μ( ) − ξ1q1z∗θ
− ξ1q1ϵρ z∗ + μ + κ2( ) − ξ1q1ϵρν2 − ξ1q1θ z∗ + μ + κ3( )

− ξ1q1θν2 − ηz∗ κ2 + κ3( ) − ηz∗ν2 − ξ1q1ϵz∗ρ,

e4 = κ1κ2κ3 z∗ + μ( ) + κ2κ3ν2 κ1 + z∗ + μ( )

+ κ1ν2 κ2 + κ3( ) z∗ + μ( ) + ξ1q1z∗θ κ3 + ν2( )

− ξ21q
2
1ϵρκ2 − ξ1q1ϵρν2 z∗ + μ + κ2( ) − ξ21q

2
1ϵθκ3

− ξ1q1θν2 z∗ + μ + κ3( ) − ν2ω2ρz∗ − ν2ω2z∗θ
− ηz∗κ2κ3 − ηz∗ν2 κ2 + κ3( ) − ξ1q1ϵz∗ρ κ1 + ν2( ),

e5 = κ1κ2κ3ν2 z∗ + μ( ) − ξ1q1z∗θν2κ3 − ξ21q
2
1ϵρν2κ2

− ξ21q
2
1ϵθν2κ3 − ν2ω2ρz∗κ2 − ω2ν2z∗θκ2

− ηz∗ν2κ2κ3 − ξ1q1ϵz∗ρκ2ν2.
(76)

The TB endemic equilibrium is locally asymptotically stable if
and only if the Routh-Hurwitz criterion is satisfed. The criterion
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states that the polynomial, P(λ), has all roots with negative real
parts if and only if the determinants of all Hurwitz matrices, H,
are positive, that is detHi > 0, i = 1, 2, 3, 4, 5 [46]. According to
[46], for a characteristic polynomial of degree fve, the de-
terminants are given by

H1 = e1 > 0,

H2 = e1e2 − e3 > 0,

H3 = e1e2e3 + e1e3 + e1e5 − e1e4 − e3 > 0,

H4 = e3e4 − e2e5( ) e1e2 − e3( ) − e1e4 − e5( ) > 0,

H5 = e5H4 > 0.

(77)

Now, when the determinants in (77) are satisfed, then a con-
clusion can be made that the TB endemic equilibrium is locally
asymptotically stable.

3.3.1 | Global Stability of TB Endemic Equilibrium
for TB-Only Submodel

In this subsection, we investigate the global stability of the TB
endemic equilibrium, E∗TB.

Lemma 4. If RTB > 1, then the TB endemic equilibrium, E∗TB, of
TB-only submodel system is globally asymptotically stable and
unstable otherwise.

Proof 7. To investigate the global stability of, E∗TB, the Lyapunov
function L = L(S, IL, IT ,H,RT) is constructed as

L = U1 S − S∗ − S∗In
S
S∗

( )( ) + U2 IL − I∗L − I∗LIn
IL
I∗L

( )( )(

+ U3 IT − I∗T − I∗TIn
IT
I∗T

( )( ) + U4 H − H∗ − H∗In
H
H∗( )( )

+ U5 RT − R∗T − R∗TIn
RT
R∗T

( )( ),

(78)

where U1,U2, … ,U5 are positive constants. □

The time derivative of the Lyapunov function is given by

dL
dt

= U1 1 −
S∗

S
( )

dS
dt

+ U2 1 −
I∗L
IL

( )
dIL
dt

+ U3 1 −
I∗T
IT

( )
dIT
dt

+ U4 1 −
H∗

H
( )

dH
dt

+ U5 1 −
R∗T
RT

( )
dRT
dt

= U1 1 −
S∗

S
( ) Λ + ηIL + ν2RT − ξ1q1

IT + ϵH( )

NTB
S(

− μS) + U2 1 −
I∗L
IL

( ) ξ1q1
IT + ϵH( )

NTB
S − κ1IL( )

+ U3 1 −
I∗T
IT

( ) θIL − κ2IT( ) + U4 1 −
H∗

H
( ) ρIT − κ3H( )

+ U5 1 −
R∗T
RT

( ) ω1IT + ω2H − κ4RT( ),

(79)

where κ4 = ν + μ.

At the equilibrium point where TB becomes endemic, we observe
that

Λ = ξ1q1
I∗T + ϵH∗( )

N∗
TB

S∗ + μS∗ − ηI∗L − ν2R∗T ,

κ1 = ξ1q1
I∗T + ϵH∗( )

N∗
TBI

∗
L

S∗,

κ2 =
θI∗L
I∗T

,

κ3 =
ρI∗L
H∗ ,

κ4 =
ω1I∗T + ω2H∗( )

R∗T
.

(80)

Now, substituting Equation (80) into (79), we get

dL
dt

= U1 1 −
S∗

S
( ) ξ1q1

I∗T + ϵH∗( )

N∗
TB

S∗ + μS∗ − ηI∗L(

− ν2R∗T + ηIL + ν2RT − ξ1q1
IT + ϵH( )

NTB
S − μS)

+ U2 1 −
I∗L
IL

( ) ξ1q1
IT + ϵH( )

NTB
S − ξ1q1

I∗T + ϵH∗( )

N∗
TBI

∗
L

S∗IL( )

+ U3 1 −
I∗T
IT

( ) θIL −
θI∗L
I∗T
IT( )

+ U4 1 −
H∗

H
( ) ρIT −

ρI∗L
H∗H( )

+ U5 1 −
R∗T
RT

( ) ω1IT + ω2H −
ω1I∗T + ω2H∗( )

R∗T
RT( ).

(81)

Expanding and reorganising the terms, we can separate them
into positive and negative parts, giving:

dL
dt

= − X + Y , (82)

where
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X =
U1ξ1q1ITS

NTB
+
U1ξ1q1ϵHS

NTB
+ U1ηI∗L + U1μS

+
U1ξ1q1I∗TS

∗

N∗
TB

S∗

S
+
U1ξ1q1ϵHS∗

N∗
TB

S∗

S
+ U1μS∗

S∗

S

+ U1ηIL
S∗

S
+ U1ν2RT

S∗

S
+
U1ξ1q1ϵHS∗

NTB

+
U2ξ1q1I∗TS

∗

N∗
TB

IL
I∗L

+
U2ξ1q1ϵH∗S∗

N∗
TB

IL
I∗L

+
U2ξ1q1ITS

NTB

I∗L
IL

+
U2ξ1q1ϵHS

NTB

I∗L
IL

+ U3θI∗L
IT
I∗T

+ U3θI∗L
I∗T
IT

+ U4ρI∗L
H
H∗

+ U4ρIT
H∗

H
+ U5ω1I∗T

RT
R∗T

+ U5ω2H
RT
R∗T

+ U5ω1IT
R∗T
RT

+ U5ω2H
R∗T
RT

,

(83)

and

Y =
U1ξ1q1I∗TS

∗

N∗
TB

+
U1ξ1q1ϵHS∗

N∗
TB

+ U1μS∗ + U1ηIL

+ U1ν2RT + U1ηI∗L
S∗

S
+ U1ν2R∗T

S∗

S
+
U1ξ1q1ITS∗

NTB

+ U1μS∗ +
U2ξ1q1ITS

NTB
+
U2ξ1q1ϵHS

NTB
+
U2ξ1q1I∗TS

∗

N∗
TB

+
U2ξ1q1ϵH∗S∗

N∗
TB

+ U3θIL + U3θI∗L + U4ρIL + U4ρI∗L

+ U5ω1IT + U5ω2H + U5ω1I∗T + U5ω2H∗.

(84)

Hence, dL/dt ≤ 0 when Y < X; and dL/dt = 0 when
S = S∗, IL = I∗L, IT = I∗T ,H = H∗  and RT = R∗T . Therefore, the
largest invariant set (S, IL, IT ,H,RT) ∈ Ω such that dL/dt = 0 is
the singleton (E∗TB), E∗TB is the TB endemic equilibrium for TB-
only submodel system. According to Lasalle’s invariant principle
[47], the global asymptotic stability of E∗TB is guaranteed when
Y < X.

3.4 | The HCV-Only Submodel

The HCV-only submodel is derived by setting all the variables
concerning TB infection to zero; that is, IL(t) = IT(t) = H(t) =

RT(t) = IAL(t) = ICL (t) = IAT(t) = ICT(t) = R(t) = 0. Then, the
HCV-only submodel is as in Equation (85).

dS
dt

= Λ + πIA + ν1RH − λHS − μS,

dIA
dt

= λHS − (π + α + μ)IA,

dIC
dt

= αIA − (ψ + μ + δ)IC,

dRH
dt

= ψIC − μ + ν1( )RH ,

(85)

where

λH = ξ2q2
ϕIA + IC( )

NHCV
, (86)

and

NHCV = S + IA + IC + RH . (87)

The HCV infection-free equilibrium is calculated by modelling
a scenario where HCV has been entirely eliminated from the
population. Consequently, the equilibrium point with no HCV
infection in the HCV-only submodel is defned by

E0HCV = S0, I0A, I0C,R0H( ) =
Λ
μ

, 0, 0, 0( ). (88)

Lemma 5. The efective reproduction number for HCV-only
submodel (85) is

RHCV =
ξ2q2(ϕ(ψ + μ + δ) + α)

(π + α + μ)(ψ + μ + δ)
. (89)

Proof 8. To compute the efective reproduction number, RHCV ,
the next generation matrix technique is employed [42, 48]. □

The matrix for the rate of appearance of new HCV infections
in compartment i, Fi, for the HCV-only submodel (85) is given
by

Fi =

λHS

0

0

⎡

⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎦

. (90)

The rate of exchange between compartment i and other com-
partments through all processes is represented by Vi and given
by

Vi =

(π + α + μ)IA

− αIA + (ψ + μ + δ)IC

− ψIC + μ + ν1( )RH

⎡

⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎦

. (91)

Now, the Jacobian matrix, FHCV , of the new HCV infections in
compartment i at HCV infection free equilibrium point, is given
by

FHCV =

ξ2q2ϕ ξ2q2 0

0 0 0

0 0 0

⎡

⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎦

. (92)

At the disease-free equilibrium, the Jacobian matrix, VHCV ,
corresponding to the rate of exchange between compartment i
through all processes is given by

VHCV =

(π + α + μ) 0 0

− α (ψ + μ + δ) 0

0 − ψ μ + ν1( )

⎡

⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎦

, (93)

and
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V − 1
HCV =

1
(π + α + μ)

0 0

α
(π + α + μ)(ψ + μ + δ)

1
(ψ + μ + δ)

0

αψ
(π + α + μ)(ψ + μ + δ) μ + ν1( )

ψ
(ψ + μ + δ) μ + ν1( )

1
μ + ν1( )

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (94)

Now,

FHCVV − 1
HCV =

ξ2q2ϕ
(π + α + μ)

+
ξ2q2α

(π + α + μ)(ψ + μ + δ)

ξ2q2
(ψ + μ + δ)

0

0 0 0

0 0 0

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (95)

For the eigenvalues, λ, we solve the equation

det λI − FHCVV − 1
HCV( ) = 0,

det

λ −
ξ2q2(ϕ(ψ + μ + δ) + α)

(π + α + μ)(ψ + μ + δ)

ξ2q2
(ψ + μ + δ)

0

0 λ 0

0 0 λ

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= 0.

(96)

On solving Equation (96), we have

λ1 =
ξ2q2(ϕ(ψ + μ + δ) + α)

(π + α + μ)(ψ + μ + δ)
, λ2 = 0 and λ3 = 0. (97)

Thus, the efective reproduction number,RHCV , for the HCV-only
submodel is given by

RHCV =
ξ2q2(ϕ(ψ + μ + δ) + α)

(π + α + μ)(ψ + μ + δ)
. (98)

The parameters that are crucial in increasing or decreasing the
value of RHCV are discussed under sensitivity analysis in
Section 4.

Lemma 6. The stability of the HCV infection-free equilibrium
E0HCV , depends on RHCV being locally asymptotically stable for
RHCV < 1 and unstable for RHCV > 1.

Proof 9. The Jacobianmatrix, J(E0HCV ) at the HCV infection-free
equilibrium, of the HCV-only submodel (85) is given by

J E0HCV( ) =

− μ π − ξ2q2ϕ − ξ2q2 ν1
0 ξ2q2ϕ − (π + α + μ) ξ2q2 0

0 α − (ψ + μ + δ) 0

0 0 ψ − μ + ν1( )

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(99)

Now, the characteristic polynomial P(λ) is given by

P(λ) = det

(λ + μ) π − ξ2q2ϕ − ξ2q2 ν1
0 λ + (π + α + μ) − ξ2q2ϕ ξ2q2 0

0 α λ + (ψ + μ + δ) 0

0 0 ψ λ + μ + ν1( )

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (100)

On solving Equation (100), we have

P(λ) = (λ + μ) λ + μ + ν1( )( ) λ2 + a1λ + a0( ), (101)

where

a1 = (ψ + μ + δ) + (π + α + μ) − ξ2q2ϕ > 0 provided
(ψ + μ + δ) + (π + α + μ) > ξ2q2ϕ

(102)

and

a0 = (ψ + μ + δ) (π + α + μ) − ξ2q2ϕ( ) − αξ2q2,

= (ψ + μ + δ)(π + α + μ) 1 − RHCV( ) > 0, if  RHCV < 1.

(103)

By Routh-Hurwitz criterion, the characteristic polynomial λ2 +

a1λ + a0 has negative eigenvalues if a1 > 0 and a0 > 0 which is
satisfed when RHCV < 1.
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Therefore, since all the eigenvalues of the characteristic poly-
nomial of Equation (101) are negative for RHCV < 1, then the
HCV infection-free equilibrium point of system (85) is locally
asymptotically stable. □

3.4.1 | Global Stability of HCV Infection-Free
Equilibrium for HCV-Only Submodel

The global behaviour of HCV-only submodel (85) is studied by
applying the theorem by Castillo-Chavez et al. [44].

Re-writing the HCV-only submodel (85) in the form:

dXHCV
dt

= F XHCV ,ZHCV( ),

dZHCV
dt

= GHCV XHCV ,ZHCV( ),GHCV XHCV , 0( ) = 0,

(104)

where XHCV = (S) and ZHCV = (IA, IC,RH), with XHCV ∈ R+

denoting (its components) the number of uninfected humans and
ZHCV ∈ R3

+ whose elements signify the HCV-infected individuals
including those ones under treatment class. Let the HCV
infection-free equilibrium of system (104) be denoted by
E0HCV = (X0

HCV , 0) = (Λ/μ, 0, 0, 0).

Now, the following conditions need to be satisfed to guarantee
global asymptotic stability.

E1:  For dXHCV
dt

= F XHCV , 0( ),X0
HCV

is globally asymptotically stable.

E2: GHCV XHCV ,ZHCV( ) = AZHCV − ĜHCV XHCV ,ZHCV( ),

ĜHCV XHCV ,ZHCV( ) ≥ 0, for  XHCV ,ZHCV( ) ∈ ΩHCV ,

(105)

where A = ∂/∂ZHCVGHCV (X0
HCV , 0) is a Metzler matrix and ΩHCV

is the invariant region in which the model makes
biological sense.

Theorem 4. The fxed point E0HCV = (XHCV , 0) is a globally
asymptotic stable equilibrium of (104) provided RHCV < 1 and that
the conditions (E1) and (E2) are satisfed.

Proof 10. FromLemma 6,E0HCV is locally asymptotically stable if
RHCV < 1. □

Regarding the frst condition (E1), which pertains to the global
asymptotic stability of X0

HCV , we have

F XHCV ,ZHCV( ) =
Λ + πIA + ν1RH − λH + μ( )S

0
[ ], (106)

and

dXHCV
dt

= F XHCV , 0( ) = Λ − μS, (107)

which is a linear diferential equation. On solving Equation (107),
we get

S(t) =
Λ
μ

−
Λ
μ
e− μt + S(0)e− μt. (108)

In the limit as t goes to infnity, S(t) approaches Λ/μ, independent
of the starting value of S(0). Consequently, the fact that the
solution converges to ΩHCV , implies condition (E1) holds true.

For the second condition, (E2), consider

GHCV XHCV ,ZHCV( ) =

ξ2q2
ϕIA + IC( )S
NHCV

− (π + α + μ)IA

αIA − (ψ + μ + δ)

ψIC − μ + ν1( )RH

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

(109)

and

A =

ξ2q2ϕ
S

NHCV
− (π + α + μ) ξ2q2

S
NHCV

0

α − (ψ + μ + δ) 0

0 ψ − μ + ν1( )

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(110)

Now, at

E0HCV =
Λ
μ

, 0, 0, 0( ),  S
NHCV

≤ 1. (111)

Thus,

A =

ξ2q2ϕ − (π + α + μ) ξ2q2 0

α − (ψ + μ + δ) 0

0 ψ − μ + ν1( )

⎡

⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎦

, (112)

and

ĜHCV XHCV ,ZHCV( ) = AZHCV − GHCV XHCV ,ZHCV( ),

ĜHCV XHCV ,ZHCV( ) =

ξ2q2ϕIA 1 −
S

NHCV
( ) + ξ2q2IC 1 −

S
NHCV

( )

0

0

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(113)

Since 0 < S ≤ NHCV , it is clearly noticeable from Equation (113)
that ĜHCV (XHCV ,ZHCV ) ≥ 0. However, matrix A is not a Metzler
matrix since not all it of-diagonal elements are non-negative.
Hence, E0HCV may lack global asymptotic stability for RHCV < 1.
Consequently, a backward bifurcation takes place as established
by Feng at el. [49] at RHCV = 1. The system can exhibit bistability,
where both disease-free and disease-present states co-exist and
the initial conditions determine which state the system
converges to.

3.5 | HCV-Only Endemic Equilibrium Point

The HCV infection equilibrium point, E∗HCV = (S∗, I∗A, I∗C,R∗H),
occurs when HCV infection persists in the population. The de-
rivatives of HCV-only submodel (85) are equated to zero, giving
the HCV infection endemic equilibrium point, E∗HCV , as
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(π + α + μ)(ψ + μ + δ)N∗
HCV

ξ2q2(ϕ(ψ + μ + δ) + α)
,

(ψ + μ + δ) Λ − μN∗
HCV( )

αδ
,(

Λ − μN∗
HCV( )

δ
,

ψ Λ − μN∗
HCV( )

δ μ + ν1( )
).

(114)

Lemma 7. The HCV-only submodel (85) has a unique endemic
equilibrium point if RHCV > 1.

Proof 11. If the disease stays in the population, then dIA/dt > 0
and dIC/dt > 0, that is

ξ2q2 ϕIA + IC( )
S

NHCV
− (π + α + μ)IA > 0, (115)

αIA − (ψ + μ + δ)IC > 0. (116)

□

Re-arranging inequality (115), we have

IA <
ξ2q2 ϕIA + IC( )

(π + α + μ)

S
NHCV

. (117)

Using the fact that S/NHCV ≤ 1, inequality (117) reduces to

IA <
ξ2q2 ϕIA + IC( )

(π + α + μ)
. (118)

From inequality (116), we have

IC <
αIA

(ψ + μ + δ)
. (119)

Substituting IC into inequality (118) and simplifying, we get

1 <
ξ2q2(ϕ(π + α + μ) + α)

(π + α + μ)(ψ + μ + δ)
. (120)

Thus, RHCV > 1.

Hence, a unique endemic equilibrium point E∗HCV exists when
RHCV > 1.

Lemma 8. The HCV infection endemic equilibrium point
E∗HCV = (S∗, I∗A, I∗C,R∗H) is locally asymptotically stable for the ef-
fective reproduction number, RHCV > 1, and unstable otherwise.

Proof 12. To study the local stability of the HCV endemic
equilibrium point, we use the method of Routh-Hurwitz crite-
rion. At the HCV endemic equilibrium point, E∗HCV , the Jacobian
matrix is

J E∗HCV( ) =

− f ∗ + μ( ) π −
ξ2q2ϕ
RHCV

− ξ2q2
RHCV

ν1

f ∗
ξ2q2ϕ
RHCV

− (π + α + μ)
ξ2q2
RHCV

0

0 α − (ψ + μ + δ) 0

0 0 ψ − μ + ν1( )

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

(121)

where

f ∗ =
ξ2q2 Λ − μNHCV( )(ϕ(ψ + μ + δ) + α)

αδNHCV
, (122)

is the force of HCV infection evaluated at E∗HCV . The charac-
teristic polynomial P(λ) of J(E∗HCV ) is given as

P(λ) = λ4 + a1λ3 + a2λ2 + a3λ + a4, (123)

where I is a 4 × 4 identity matrix and

a1 = (π + α + μ) + (ψ + μ + δ) + μ + ν1( ) + f ∗ + μ

−
ξ2q2ϕ
RHCV

,

a2 = 3(π + α + μ)(ψ + μ + δ) + (π + α + μ)((π + α + μ)+

f ∗ + μ) − πf ∗ +
ξ2q2ϕ
RHCV

((π + α + μ) + 2(ψ + μ + δ) + μ)( ),

a3 = (ψ + μ + δ) μ + ν1( ) (π + α + μ) + f ∗ + μ( )( )

+ (π + α + μ) f ∗ + μ( ) − πf ∗ (ψ + μ + δ) + μ + ν1( )( )(

+
ξ2q2
RHCV

ϕ( (ψ + μ + δ) μ + ν1( ) + ϕμ((ψ + μ + δ)

+ μ + ν1( )) + 2αf ∗ + α μ + μ + ν1( )( )),

a4 = (π + α + μ)(ψ + μ + δ) μ + ν1( ) f ∗ + μ( )

− (ψ + μ + δ) μ + ν1( )πf ∗ + αν1ψf ∗(

+
ξ2q2 μ + ν1( )

RHCV
ϕ(ψ + μ + δ)μ + 2αf ∗ + αμ( )).

(124)
□

The local stability of the HCV endemic equilibrium is determined
by the Routh-Hurwitz criterionwhich provides the necessary and
sufcient conditions. The criterion requires that the Hurwitz
determinants, Hi with i = 1, 2, 3, 4 are all non-negative.
According to the Routh-Hurwitz, for a fourth-degree polynomial,
these determinants are given by

H1 = a1 > 1,

H2 = a1a2 − a3 > 0,

H3 = a3 a1a2 − a3( ) − a21a4 > 0,

H4 = a4 > 0.

(125)

When determinants in (125) are satisfed, thus a conclusion can
be made that the endemic equilibrium is locally asymptotically
stable.

3.5.1 | Global Stability of HCV Endemic
Equilibrium for HCV-Only Sub Model

Here, we investigate the global stability of HCV endemic equi-
librium point E∗HCV .

Lemma 9. The HCV infection endemic equilibrium point, E∗HCV
for HCV-only submodel is globally asymptotically stable if
RHCV > 1 and unstable otherwise.
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Proof 13. To establish the global asymptotic stability of the HCV
endemic equilibrium, we employ the Lyapunov function
method. □

We defne a Lyapunov function, = L(S, IA, IC,RH), as

L = U1 S − S∗ − S∗In
S
S∗

( )( ) + U2 IA − I∗A − I∗AIn
IA
I∗A

( )( )

+ U3 IC − I∗C − I∗CIn
IC
I∗C

( )( )

+ U4 RH − R∗H − R∗HIn
RH
R∗H

( )( ),

(126)

where U1,U2, … ,U4 are positive constants.

Evaluating the derivative of L with respect to time, t along with
the equations of system (84), we have

dL
dt

= U1 1 −
S∗

S
( )

dS
dt

+ U2 1 −
I∗A
IA

( )
dIA
dt

+ U3 1 −
I∗C
IC

( )
dIC
dt

+ U4 1 −
R∗H
RH

( )
dRH
dt

= U1 1 −
S∗

S
( ) Λ + πIA + ν1RH − λHS − μS( )

+ U2 1 −
I∗A
IA

( ) λH( S − (π + α + μ)IA

+ U3 1 −
I∗C
IC

( ) α( IA − (ψ + μ + δ)IC

+ U4 1 −
R∗H
RH

( ) ψIC − μ + ν1( )( )RH .

(127)

At equilibrium point where HCV infection is endemic, we have:

Λ = ξ2q2
ϕI∗A + I∗C
N∗
HCV

( )S∗ + μS∗ − πI∗A − ν1R∗H ,

(π + α + μ) = ξ2q2
ϕI∗A + I∗C
N∗
HCV

( )S∗,

(ψ + μ + δ) =
αI∗A
I∗C

,

μ + ν1( ) =
ψI∗C
R∗H

.

(128)

Substituting Equation (128) into (127), we have

dL
dt

= U1 1 −
S∗

S
( ) ξ2q2

ϕI∗A + I∗C
N∗
HCV

( )S∗ + μS∗ − πI∗A(

− ν1R∗H + πIA + ν1RH − λHS − μS)

+ U2 1 −
I∗A
IA

( ) λHS − ξ2q2
ϕI∗A + I∗C
N∗
HCV

( )S∗IA( )

+ U3 1 −
I∗C
IC

( ) αIA −
αI∗A
I∗C
IC( )

+ U4 1 −
R∗H
RH

( ) ψIC −
ψI∗C
R∗H

RH( ).

(129)

Now, expanding and collecting positive terms together and
negative terms together, we have:

dL
dt

= A − B, (130)

where

A = U1ξ2q2
ϕI∗A + I∗C
N∗
HCV

( )S∗ + U1μS∗ + U1πIA + U1ν1RH

+ U1πI∗A
S∗

S
U1ν1R∗H

S∗

S
+ U1ξ2q2

ϕIA + IC
NHCV

( )S + U1μS∗

+ U2ξ2q2
ϕIA + IC
NHCV

( )S + U2ξ2q2
ϕI∗A + I∗C
N∗
HCV

( )S∗ + U3αIA

+ U4ψIC + U4ψI∗C,

(131)

and

B = U1πI∗A + U1ν1R∗H + U1ξ2q2
ϕIA + IC
NHCV

( )S + U1μS

+ U1ξ2q2
ϕI∗A + I∗C
N∗
HCV

( )S∗
S∗

S
+ U1μS∗

S∗

S
+ U1πIA

S∗

S

+ U1ν1RH
S∗

S
+ U2ξ2q2

ϕI∗A + I∗C
N∗
HCV

( )S∗
IA
I∗A

+ U2ξ2q2
ϕIA + IC
NHCV

( )S
I∗A
IA

+ U3α∗A
IC
I∗A

+ U3αIA
I∗C
IC

+ U4ψIC
RH
R∗H

+ U4ψIC
R∗H
RH

.

(132)

Thus, we can guarantee that dL/dt ≤ 0 whenA < B and dL/dt = 0
when S = S∗, IA = I∗A, IC = I∗C and RH = R∗H . Thus, the largest
compact set that remains unchanged under the system’s evo-
lution in (S, I∗A, I∗C,R∗H) ∈ ΩHCV such that dL/dt = 0 is the single
point E∗HCV , where E

∗
HCV is the HCV endemic equilibrium for

HCV-only submodel system. This result, combined with
LaSalle’s invariant principle [47], it establishes that E∗HCV is
globally asymptotically stable in ΩH when A < B.

3.6 | TB–HCV Coinfection Model Analysis

In this subsection, the TB–HCV disease-free equilibrium, E0, and
the efective reproduction number, RTH , for the TB–HCV coin-
fection model (4) are established.

At the equilibrium point where both TB and HCV are absent,
S0 = Λ/μ, I0L = I0T ,H0 = R0T = I0A = I0C = R0H = I0AL = I0CL = I0AT =

I0CT = R0 = 0.

Therefore, the disease-free equilibrium point is given by

E0 =
Λ
μ

, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0( ). (133)

Lemma 10. The efective reproduction number for TB–HCV
coinfection model, RTH = max RTB,RHCV{ }.

Proof 14. The next generation method is used to calculate R0.
Now, using themethod in [42, 48, 50, 51] on TB–HCV coinfection
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model system (4), the matrices representing the rate of new
infection emergence Fi, in compartment i, and the rate of

exchange between compartment i and other components
through various processes, Vi, are obtained as follows:

F =

0 ξ1q1 ξ1q1ϵ 0 0 0 0 0 0 ξ1q1 ξ1q1a2 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 ξ2q2ϕ ξ2q2 0 ξ2q2b1 ξ2q2b2 ξ2q2b3 ξ2q2b4 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (134)

Fi =

λTS
0
0
0

λHS
0
0

λTIA + λHIL
λTIC
λHIT
0
0

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (135)

and

Vi =

− p1πIAL + θ + η + μ + λH( )IL
− θIL + ω1 + ρ + μ + σ1 + λH( )IT

− ρIT + ω2 + μ + σ2( )H

− ω2H − ω1IT + ν2 + μ( )RT
− p2ηIAL + π + α + μ + λT( )IA

− αIA + ψ + μ + δ + λH( )IC
− ψIC + ν1 + μ( )RH

τ1 + μ + β1 + γ + p1π + p2η( )IAL
− β1IAL + r1 + τ2 + μ + δ( )ICL

− τ1IAL + r2 + β2 + μ + d1( )IAT
− τ2ICL − β2IAT + r3 + μ + d2( )ICT
− r1ICL − r2IAT − r3ICT + ν3 + μ( )R

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (136)

□

The Jacobian matrix, F, of the new infection emergence at
disease-free equilibrium point, E0, is given in Equation (134).

The rate of exchange between compartment i and other com-
partments through various processes at the disease-free equi-
librium point E0 are represented by the Jacobianmatrix V , which
is given by

V =

h1 0 0 0 0 0 0 − p1π 0 0 0 0

− θ h2 0 0 0 0 0 0 0 0 0 0

0 − ρ h3 0 0 0 0 0 0 0 0 0

0 ω1 − ω2 h4 0 0 0 0 0 0 0 0

0 0 0 0 h5 0 0 − p2η 0 0 0 0

0 0 0 0 − α h6 0 0 0 0 0 0

0 0 0 0 0 ψ h7 0 0 0 0 0

0 0 0 0 0 0 0 h8 0 0 0 0

0 0 0 0 0 0 0 − β1 h9 0 0 0

0 0 0 0 0 0 0 − τ1 0 h10 0 0

0 0 0 0 0 0 0 0 − τ2 − β h11 0

0 0 0 0 0 0 0 0 − r1 − r2 − r3 h12

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where

h1 = (θ + η + μ), h2 = ω1 + ρ + μ + σ1( ),

h3 = ω2 + μ + σ2( ),h4 = ν2 + μ( ), h5 = (π + α + μ),

h6 = (ψ + μ + δ), h7 = ν1 + μ( ),

h8 = τ1 + μ + β1 + γ + p1π + p2η( ),

h9 = r1 + τ2 + μ + δ( ),h10 = r2 + β2 + μ + d1( ),

h11 = r3 + μ + d2( ), h12 = ν3 + μ( ).

(137)
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However, the efective reproduction number, RTH , for the
TB–HCV coinfection model is the greatest of eigenvalues
λ1, λ2, λ3, λ4, λ5, λ6, λ7, λ8, λ9, λ10, λ11  and λ12 of the next generation
matrix, FV − 1. That is,

RTH = max
ξ1q1θ

(η + μ + θ) ω1 + ρ + μ( )
1 +

ϵρ
ω2 + μ + σ2( )

( ),{

ξ2q2(ϕ(ψ + μ + δ) + α)

(π + α + μ)(ψ + μ + δ)
, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0}.

(138)

Therefore,

RTH = max RTB,RHCV{ }, (139)

where RTB and RHCV are the efective reproduction numbers of
TB and HCV-only submodels, respectively. This means that the
spread of TB–HCV coinfection will be largely infuenced by the
disease with higher transmission potential.

The following Theorem 5 is a consequence of Theorem 2 of Van
den Driessche and Watmough [42].

Theorem 5. The disease-free equilibrium point, E0, in the
TB–HCV coinfection model (4) is stable locally if RTH < 1 and loses
stability when RTH > 1.

3.6.1 | Global Stability of Disease-Free Equilibrium
Point for TB–HCV Coinfection Model

In order to investigate the global stability of the disease-free
equilibrium point, E0, for the TB–HCV coinfection model System
(4), we apply the same approach used by Castillo-Chavez
et al. [44].

Rewriting the TB–HCV coinfection model (4) in the following
form:

dX
dt

= F(X,Z)

dZ
dt

= G(X,Z),G(X, 0) = 0,

(140)

where X = (S) and Z = (IL, IT ,H,RT , IA, IC,RH , IAL, ICL,

IAT , ICT ,R), with X ∈ R+ denoting the number of uninfected
humans and Z ∈ R12+ whose elements represent individuals in-
fected with TB, HCV or both TB and HCV including those under
treatment of TB or HCV.

Let E0 = (X0, 0) = (Λ/μ, 0) be the disease-free equilibrium of
system (140). To ensure global asymptotic stability, we need to
ascertain that conditions (S1) and (S2) are satisfed.

S1( ): For dX
dt

= F(X, 0),X0  is globally asymptotically stable,

S2( ): G(X,Z) = NZ − Ĝ(X,Z) ≥ 0, for (X,Z) ∈ Ω,

(141)

where N = DZG(X0, 0) is a Metzler matrix and Ω is the domain
where the model is biologically applicable. Therefore, provided
system (140) satisfes conditions (S1) and (S2), Theorem 6
holds true.

Theorem 6. The equilibrium point E0 = (X, 0) is an attractor
for all initial conditions of system (140) provided RTH < 1 and that
the conditions (S1) and (S2) are fulflled.

Proof 15. From Theorem 5, E0 is locally asymptotically stable if
RTH < 1. □

Considering the frst condition (S1), that is, the global attractivity
of X0, we have

F(X,Z) =
Λ + ν1RH + ν2RT + ν3R + πIA + ηIL + γIAL − λT + λH + μ( )S

0
[ ],

(142)

and

dX
dt

= F(X, 0) = Λ − μS, (143)

which takes the form of a linear diferential equation. Solving
Equation (143), gives

S(t) =
Λ
μ

−
Λ
μ
e− μt + S(0)e− μt. (144)

As t, increases without bound S(t) ⟶ Λ/μ irrespective of the
value of S(0). Thus, a convergence in Ω, signifying that condition
(S1) holds true.

For the second condition, (S2), we consider

G(X,Z) =

λTS + p1πIAL − θ + η + μ + λH( )IL

θIL − ω1 + ρ + μ + σ1 + λH( )IT

ρIT − ω2 + μ + σ2( )H

ω2H + ω1IT − ν2 + μ( )RT

λHS + p2ηIAL − π + α + μ + λT( )IA

αIA − ψ + μ + δ + λT( )IC

ψIC − ν1 + μ( )RH

λTIA + λHIL − τ1 + μ + β1 + γ + p1π + p2η( )IAL

β1IAL + λTIC − r1 + τ2 + μ + δ( )ICL

τ1IAL + λHIT − r2 + β2 + μ + d1( )IAT

τ2ICL + β2IAT − r3 + μ + d2( )ICT

r1ICL + r2IAT + r3ICT − ν3 + μ( )R

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

(145)

and
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K =

− j1 ξ1q1 ξ1q1ϵ 0 0 0 0 p1π 0 ξ1q1a1 ξ1q1a2 0

θ − j2 0 0 0 0 0 0 0 0 0 0

0 ρ − j3 0 0 0 0 0 0 0 0 0

0 ω1 ω2 − j4 0 0 0 0 0 0 0 0

0 0 0 0 − j5 ξ2q2 0 ξ2q2b1 + p2η ξ2q2b2 ξ2q2b3 ξ2q2b4 0

0 0 0 0 α − j6 0 0 0 0 0 0

0 0 0 0 0 ψ − j7 0 0 0 0 0

0 0 0 0 0 0 0 − j8 0 0 0 0

0 0 0 0 0 0 0 β1 − j9 0 0 0

0 0 0 0 0 0 0 τ1 0 − j10 0 0

0 0 0 0 0 0 0 0 τ2 β2 − j11 0

0 0 0 0 0 0 0 0 r1 r2 r3 − j12

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (146)

where

j1 = (θ + η + μ), j2 = ω1 + ρ + μ + σ1( ),

j3 = ω2 + μ + σ2( ), j4 = ν2 + μ( ),

j5 = ξ2q2ϕ − (π + α + μ), j6 = (ψ + μ + δ),

j7 = ν1 + μ( ), j8 = τ1 + μ + β1 + γ + p1π + p2η( ),

j9 = r1 + τ2 + μ + δ( ),

j10 = r2 + β2 + μ + d1( ), j11 = r3 + μ + d2( ), j12 = ν3 + μ( ).

(147)

Then,

Ĝ(X,Z) =

Ĝ1(X,Z)

Ĝ2(X,Z)

Ĝ3(X,Z)

Ĝ4(X,Z)

Ĝ5(X,Z)

Ĝ6(X,Z)

Ĝ7(X,Z)

Ĝ8(X,Z)

Ĝ9(X,Z)

Ĝ10(X,Z)

Ĝ11(X,Z)

Ĝ12(X,Z)

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= KZ − G(X,Z),

=

λHIL + ξ1q1 1 −
S
N

( ) IT + ϵH + a1IAT + a2ICT( )

θIL + λHIT

0

0

λTIA + ξ2q2 ϕIA + IC + b1IA + b2IC + b3IAT + b4ICT( ) 1 −
S
N

( )

λTIC

0

− λTIA + λHIL( )

− λTIC

− λHIT

0

0

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
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⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎤

⎥
⎥
⎥
⎥
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⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
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⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(148)

Since Ĝ8(X,Z) < 0 Ĝ9(X,Z) < 0 and Ĝ10(X,Z) < 0, which implies
that condition (S2) does not hold. Thus, E0 = (X0, 0) may not be
stable in the long run for RTH < 1. This analysis predicts
a backward bifurcation at RTH = 1 as demonstrated by Feng et al.
[49]. In a biological context, backward bifurcation indicates that
a stable state with ongoing transmission and state with no in-
fection can simultaneously exist when the efective reproduction
number is less than unity. It further illustrates that an occurrence
due to the disease may persist even if the efective reproduction
number is reduced to one.

4 | Existence and Stability of TB–HCV
Coinfection Endemic Equilibrium

The analytical determination of the steady state where both TB
and HCV are endemic is strenuous. Thus, its existence and
stability is verifed through numerical simulations as demon-
strated in study [39].
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The initial states of the variables, S, IL, IT ,H,RTIA, IC,RH , IAL,

ICL, IAT , ICT  and R, are adjusted to determine if they converge to
the same positive equilibrium values over time despite diferent
initial variable values. The values of the parameters used in the
numerical study are presented in Table 2.

Now, in Figure 2, the starting values of the specifed variable are
adjusted while holding the starting values of other variables of
the TB–HCV coinfection model constant so as to establish
whether they converge to the same positive equilibrium values
over time despite diferent initial variable values. Curves in
Figure 2 eventually converge to the same positive equilibrium
values over time despite diferent initial variable values.

In Figure 3, we further demonstrate the existence and stability of
the endemic state of the TB–HCV coinfection model. The values
of some singled-out parameters say, the rate of human-to-human
contact between the TB-infected individuals and susceptible

population, ξ1 and the rate of human-to-human contact between
the HCV-infected individuals and susceptible population, ξ2 are
varied for some singled-out variables, say, TB infectious in-
dividuals assumed not on medication, IT , acute HCV infected
individuals, IA, chronic HCV-infected individuals, IC and dually
infected individuals with chronic HCV infections in the TB in-
fectious stage, ICT . This is done to ascertain whether these
variables would in the due course level of to nonzero values
regardless of the varying values of ξ1 and ξ2. Figure 3 reveals that
despite the varying values of ξ1 and ξ2, in the long term,
IT , IA, IC  and ICT attain a nonzero steady state, hence verifying the
presence of a globally stable endemic equilibrium for the
TB–HCV coinfection model.

4.1 | Sensitivity Analysis

The sensitivity analysis is performed to assess the model’s ability
to withstand parameter fuctuations. This analysis can reveal
which parameter has the greatest infuence on RTH [52, 53].
Additionally, it facilitates the assessment of the relative impact of
parameter changes on the state variable [52]. The normalised
forward sensitivity index shall be used to assess the sensitivity of
each parameter of the model [39, 54].

Defnition 1. Let the variableW be a diferentiable function of
the parameter, p, then the normalised forward sensitivity index
of a variable W with respect to a parameter p is defned as

iWp =
∂W
∂p

×
p
W

. (149)

4.1.1 | Computation of Sensitivity Indices of the
Basic Reproduction Numbers With Respect to the
Parameters of the Model

Now, we proceed to perform the sensitivity analysis of the ef-
fective reproduction number of the TB–HCV coinfection model,
RTH , to each of the parameter by computing the sensitivity in-
dices of RTH with respect to the parameters of themodel using the
normalised forward sensitivity index method [52].

Since RTH = max RTB,RHCV{ }, sensitivity analysis of RTH with
respect to each of the parameters is carried out separately for RTB
and RHCV . The sensitivity indices of RTB and RHCV have been
calculated using formulaes (149) and (150), respectively:

iRTBp =
∂RTB
∂p

×
p
RTB

, (150)

and

iRHCVp =
∂RHCV
∂p

×
p

RHCV
. (151)

The parameter values used with their respective sources and
others assumed are presented in Table 2.

The sensitivity indices of RTB and RHCV are summarised in Ta-
ble 3, in which parameters are in order of sensitivity.

4.2 | Analysis of Sensitivity Results

The sensitivity indices presented in Table 3 are explained in such
a way that, when a parameter with a positive sensitivity index

TABLE 2 | The TB–HCV coinfection model parameter values.

Parameter Value/yr− 1 Source
μ 0.02 [16]
σ1 0.0575 [19]
σ2 0.00205 [20]
δ 0.82 [23]
d1 0.6 Assumed
d2 0.8 Assumed
θ 0.25 [32]
ρ 0.0415 [20]
ω1 0.7311 [19]
ω2 0.8733 [20]
α 2 [16]
ψ 0.30 [16]
ϵ 0.35 Assumed
τ1 0.00013 Assumed
τ2 0.00015 Assumed
β1 0.00014 Assumed
β2 0.00016 Assumed
r1 0.5 Assumed
r2 0.6 Assumed
r3 0.4 Assumed
ν1 0.025 [16]
ν2 0.03 [32]
ν3 0.05 Assumed
η 0.4405 [32]
π 0.27 [16]
ϕ 0.20 Assumed
γ 0.05 Assumed
ξ1, ξ2 4, 2 people [16, 32]
q1, q2 0.08, 0.07 [16, 32]
a 1.002 Assumed
b1, b2, b3 and b4 1.003, 1.002, 1.005, 1.001 Assumed
p1, p2 0.4, 0.2 Assumed
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increases (or decreases) with the rest of other parameter values
maintained constant, the related efective reproduction number
increases (or decreases). On the other hand, when a parameter
with a negative sensitivity index increases (or decreases) with
other parameter values kept constant, the associated efective
reproduction number decreases (or increases).

For instance, raising (or lowering) the value of the rate of human-
to-human contact between the TB infected individuals and
susceptible population, ξ1, by 20% while other parameters are
kept constant, raises (lowers) the value of RTB by 20%. Then,
increasing (or decreasing) the value of the rate of natural re-
covery η, of TB latent individuals by 10%while keeping the values
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FIGURE 2 | The number of coinfected individuals against time.
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FIGURE 3 | The number of infectious TB, acute HCV, chronic HCV and chronic HCV-infectious TB coinfected individuals against time with
ξ1  and ξ2, respectively, varied.
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of other parameters constant, decreases (or increases) the value
of RTB by 6.2%. Comparably, the sensitivity indices of all other
parameters can be explained.

Therefore, we conclude that the prevalence of TB infection in-
creases when the values of the rate of human-to-human contact
between the TB infected individuals and susceptible population
ξ1, the likelihood of a contact resulting in TB transmission q1 and
the rate of progression of individuals from latent to active stage θ
are increased. However, the prevalence is observed to decrease
when the values of the rate of treatment of TB infectious in-
dividuals ω1, the rate of natural recovery of TB latent individuals
η, the rate of hospitalisation of TB infectious individuals ρ, per
capita natural mortality rate μ and the rate at which the hos-
pitalised TB infectious individuals are put on treatment ω2 are
increased. The key factors of TB infection are ξ1 and q1 which are
just as sensitive, followed by θ.

From Table 3, it is deduced that HCV infection becomes more
prevalent when the values of rate of human-to-human
contact between the HCV infected individuals and suscep-
tible population ξ2, the likelihood of a contact resulting in
HCV transmission q2, transmission coefcient for the acute
HCV individuals ϕ and the rate of progression of individuals
from acute to chronic HCV stage α are increased while those
of rate at which chronic HCV individuals are put on treat-
ment ψ, rate at which the chronic HCV die δ, natural recovery
rate for the acute HCV humans π and the per capita natural
mortality rate μ are decreased. The key factors of HCV in-
fection are ξ2 and q2 which have equal sensitivity, followed by
ϕ and α.

Therefore, eforts should focus on decreasing the values of
ξ2, q2, ϕ and α.

Therefore, for reduced transmission of TB (or HCV) infection,
interventions like health education campaigns involving
screening and isolation of the infectious individuals, wearing
masks by TB infectious individuals (or screening, sterilisation
of surgical instruments and condom use for HCV infectious
individuals) should be implemented. Also, seeking for early
treatment of TB (or HCV) infectious individuals should be
encouraged for those that test positive of TB (or HCV)
infection.

Computation of RTH: Inserting the parameter values from Table 2
into Equations (34) and (98), the values of RTB = 1.9407 and
RHCV = 1.1521 are yielded.

From Equation (139), the efective reproduction number of the
TB–HCV coinfection model is determined as follows:

RTH = max RTB,RHCV{ } = max 1.9407, 1.1521{ } = 1.9404. (152)

Since RTB > RHCV , this implies that the interaction between TB
and HCV infections in coinfected individuals is dominated by TB
infection. This indicates that TB infection is more prevalent than
HCV infection in a given community. This would mean more
attention given to TB infection if the coinfection burden is to be
reduced.

TABLE 3 | Numerical values for the sensitivity indices of RTB and
RHCV with respect to parameters.

Efective reproduction
number Parameter

Sensitivity
index

RTB

ξ1 1.0000
q1 1.0000
ω1 �0.8600
θ 0.6481
η �0.6200

ω2 �0.5610
σ1 �0.0676
σ2 �0.0366
ρ �0.0312
ϵ 0.0160

RHCV

ξ2 1.0000
q2 1.0000
δ �0.6457
ψ �0.2362
π �0.1179
ϕ 0.1023
α 0.0243

Time (in years)

0

50

100

150

200

250

C
hr

on
ic

 H
C

V
-in

fe
ct

io
us

 T
B 

co
in

fe
ct

ed
 h

um
an

s

0 1 2 3 4 5 6 7 8 9 10

ω1 = 0.3656
ω1 = 0.7311
ω1 = 1.4622

FIGURE 4 | The number of chronic HCV-infectious TB coinfected humans against time with TB treatment rate, ω1, varied.
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4.3 | Numerical Discussion

In the preceding sections, we have examined the analytical
dynamics and characteristics of TB–HCV coinfection model with
treatment as well as the submodels. Here, we carry out numerical
simulations to validate and support the analytical fndings,
providing a deeper understanding of the TB–HCV coinfection
dynamics with treatment. Assuming the initial values of the state
variables as S(0) = 40, 000, IL(0) = 500, IT(0) = 450,H(0) =

250,RT(0) = 500, IA(0) = 350, IC(0) = 400,RH(0) = 350, IAL(0) =

250, ICL(0) = 250, IAT(0) = 250, ICT(0) = 250 and R(0) = 250. A
number of parameters have been obtained from existing litera-
ture, that is, μ, σ1, σ2, δ, θ, ρ, ω1, ω2, α, ψ , ν1, ν3, η and π, as de-
scribed in Table 2. Other parameters were carefully assumed
depending on the dynamics of the coinfection, for example,
τ2 > τ1 implying that ICL individuals are more likely to progress
to ICT than IAL progressing to IAT . Similarly, the progression rate,
β2 from IAT to ICT , is greater than the progression rate, β1 from IAL
to ICL, since IAT is more infectious of TB than IAL. MATLAB
software was employed to simulate the model using the ODE 45

solver. Both cases for RTH < 1 and RTH > 1 are catered for with
parameter modifcation.

4.4 | Efect of Treating TB on the Coinfection
Dynamics of TB and HCV

The results presented in Figure 4 indicate that enhancing the TB
treatment rate leads to a substantial decrease in the prevalence of
chronic HCV-infectious TB coinfected humans. Furthermore, in
Figures 5(a) and 5(b), a similar decreasing trend is observed in
the populations of humans coinfected with chronic HCV-latent
TB, as well as people with acute HCV and infectious TB
coinfection.

4.5 | Efect of Hospitalisation on the Coinfection
Dynamics of TB and HCV

Figure 6 illustrates that enhancing the TB hospitalisation rate
yields a proportional and substantial reduction in the number of
humans with chronic HCV-infectious TB coinfection. Consistent
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FIGURE 5 | The number of chronic HCV-latent TB coinfected humans against time, and number of acute HCV-infectious TB coinfected humans
against time with TB treatment rate ω1 varied. (a) The number of chronic HCV-latent TB coinfected humans against time with TB treatment rate ω1

varied. (b) The number of acute HCV-infectious TB coinfected humans against time with TB treatment rate ω1 varied.
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FIGURE 6 | The number of chronic HCV-infectious TB coinfected humans against time with hospitalisation rate, ρ varied.
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FIGURE 7 | The number of chronic HCV-latent TB coinfected humans against time, and number of acute HCV-infectious TB coinfected humans
against time with hospitalisation rate ρ varied. (a) The number of chronic HCV-latent TB coinfected humans against time with hospitalisation rate ρ
varied. (b) The number of acute HCV-infectious TB coinfected humans against time with hospitalisation rate ρ varied.
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FIGURE 8 | The number of chronic HCV-latent TB coinfected humans against time, and number of acute HCV-infectious TB coinfected humans
against time with HCV treatment rate, r1 varied. (a) The number of chronic HCV-infectious TB coinfected humans against time with HCV treatment
rate, r1 varied. (b) The number of acute HCV-infectious TB coinfected humans against time with HCV treatment rate, r1 varied.
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with the trend observed in Figure 6, Figures 7a and 7b dem-
onstrate that the populations of humans coinfected with chronic
HCV and latent TB, and those coinfected with acute HCV and
infectious TB, also show a corresponding decline.

4.6 | Role of Treatment Rates, r1, r2 and r3 on the
Coinfection Dynamics of TB and HCV

Figures 8(a), 8(b), 9(a), 9(b) indicate that when the rates r1 and r2,
respectively, at which humans are put on HCV and TB medi-
cation rise, the number of people infected by chronic HCV-
infectious TB and chronic HCV-latent TB coinfection

decreases. Similarly, Figures 10, 11(a), and 11(b) reveal that
increasing the rate r3, respectively, at which humans are put on
TB andHCVmedical treatment, decreases the number of chronic
HCV-latent TB coinfected humans and acute HCV-infectious TB
coinfected humans.

4.7 | Efect of Treating HCV on the Coinfection
Dynamics of TB and HCV

Figure 12 demonstrates that enhancing the HCV treatment rate
yields a proportional and substantial reduction in the number of
humans with chronic HCV-infectious TB coinfection. Consistent
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FIGURE 9 | The number of chronic HCV- latent TB coinfected humans against time, and number of acute HCV-infectious TB coinfected humans
against time with TB treatment rate, r2 varied. (a) The number of chronic HCV-infectious TB coinfected humans against time with TB treatment rate, r2
varied. (b) The number of acute HCV-infectious TB coinfected humans against time with TB treatment rate, r2 varied.
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FIGURE 11 | The number of chronic HCV-latent TB coinfected humans against time, and number of acute HCV-infectious TB coinfected humans
against time with treatment rate r3 varied. (a) The number of chronic HCV-latent TB coinfected humans against time with treatment rate r3 varied. (b)
The number of acute HCV-infectious TB coinfected humans against time with treatment rate r3 varied.
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FIGURE 12 | The number of chronic HCV-infectious TB coinfected humans against time with HCV treatment rate, ψ , varied.
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with the trend observed in Figure 12, Figures 13a and 13b
demonstrate a decline in the populations of individuals coin-
fected with chronic HCV and latent TB and those coinfected with
acute HCV and infectious TB.

5 | Conclusion

This study developed and analysed a mathematical model to
investigate the behaviour of TB and HCV coinfection with
medication, extending the previous work in reference [39]. The
model was intended to assess the impact of the medication on the
progression of TB and HCV coinfection. Under medication for
both TB andHCV, the intricate dynamics of TB–HCV coinfection
is dominated by TB. From sensitivity analysis, it is deduced that
the rate of human-to-human contact between the TB (or HCV)
infectious individuals and susceptible population and the like-
lihood of a contact resulting in TB (or HCV) transmission have an
equal potential to lead to an increase in TB (or HCV) cases.
Furthermore, enhancing these parameters also boosts TB (or

HCV) infection levels. Our results are consistent with the
fndings of reference [39], which explored the dynamics of
TB–HCV coinfection without intervention for either infection.
Therefore, we recommend that for decreased TB (or HCV) in-
fections, there is a need to greatly reduce the rate of human-to-
human contact between the TB (or HCV) infectious individuals
and susceptible population. Numerical simulation results un-
equivocally reveal that over time, increasing the TB treatment
rate, HCV treatment rate, hospitalisation rate and the rates at
which individuals in coinfected classes are identifed and put on
TB and HCV treatment can signifcantly reduce the prevalence of
TB–HCV coinfection. Implementing the above interventions can
have a profound impact on reducing the burden of the coin-
fection and thus improving public health outcomes. We,
therefore, recommend that health facilities be stocked with
antibiotics for TB and antiviral medications for easy access to
individuals who taste positive to the respective infections. This
study can be further expanded to include optimal control
strategies and evaluate the cost-efectiveness of the diferent
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FIGURE 13 | The number of chronic HCV-latent TB coinfected humans against time, and number of acute HCV-infectious TB coinfected humans
against time with HCV treatment rate ψ varied. (a) The number of chronic HCV-latent TB coinfected humans against time with HCV treatment rate ψ
varied. (b) The number of acute HCV-infectious TB coinfected humans against time with HCV treatment rate ψ varied.
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control strategies. Themodel in this study can also be improved by
incorporating time delays in the treatment process such as delays
in diagnosis, treatment initiation and treatment completion.
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