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Effect of Active Learning through the Heuristic
Problem-Solving Approach on Students’
Achievement in Linear Programming

Robert Wakhata,! University of Rwanda, Rwanda
Védaste Mutarutinya, University of Rwanda, Rwanda
Sudi Balimuttajjo, Mbarara University of Science and Technology, Uganda

Abstract: This study examined the effect of active learning through the heuristic problem-solving approach on students’
achievement in linear programming (LP). The participants were 608 eleventh-grade students from eight public and
private secondary schools in central and eastern Uganda. Multistage cluster sampling was used to select participants. A
mixed-method approach was used. Specifically, a pretest-posttest non-equivalent quasi-experimental design was adopted.
Classroom observation and LP diagnostic tests constituted data collection tools. Eight secondary schools participated;
four applied the problem-solving heuristic approach while the remaining four applied the usual conventional instructional
approach. To overcome the effect of non-randomization, data were matched using propensity score matching (PSM), and
the Difference in Difference (DID) estimand was used for analysis. The findings revealed that the problem-solving
heuristic approach had a significant impact on students’ achievement in LP (DID = 15.40). Generally, although both
groups (comparison vs treatment) appear to have improved their average scores (4% vs 20%), the paired sample t-test
(t(607) = 18.41, p = .000), and the effect size (Cohen’s d = 0.65) showed that students from the treatment group exhibited
proficiency in solving LP problems compared to their counterparts from the comparison group. Students from central
Uganda performed better. Generally, the entire classroom observation of the treatment group revealed that students’
mathematization of LP problems, their conceptual and procedural knowledge, understanding, and application of requisite
knowledge in solving novel non-routine LP and related problem contexts improved. The study recommends adopting the
problem-solving heuristic approach in secondary school mathematics to enhance instruction and assessment.

Keywords: Equations, Heuristic Problem-Solving Approach, Inequalities, Linear Programming, Model Eliciting Activities

Introduction

eveloping students’ problem-solving abilities has been a major area of focus in the twenty

first-century education systems. During the learning and assessment of mathematics,

several ad hoc problem-solving methods are needed to find solutions to mathematics
tasks. Different approaches have been designed to help teachers effectively develop students’
mathematical knowledge and skills. At the same time, specific methods as well as assessment
tools for learning have been designed to help students retain knowledge and skills, and apply
them in solving new and more challenging problems in new contexts (Jonassen 2011; Kilpatrick,
Swafford, and Findell 2001; NCTM 2014; Polya 2004; Stein et al. 2000). Teachers struggle to
develop and foster students’ cognitive, affective, and psychomotor knowledge domains through
problem-solving so that they may enhance students’ critical thinking, procedural fluency,
relational and conceptual understanding, and application of the knowledge and skills learned in
solving real-world problems (Angraini and Wahyuni 2020; Samuelsson 2010). Problem-solving
is therefore an integral part of day-to-day living experiences since every aspect of life is about
problem-solving (Jonassen 2011). To develop and promote learners’ mathematical proficiency,
the National Council of Teachers of Mathematics (NCTM 2014) recommends the adoption of
five interrelated strands of “conceptual understanding, procedural fluency, strategic competence,
adaptive reasoning, and productive disposition” (NCTM 2014, 7). It is from the above perspective
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that different school mathematics curricula worldwide support and emphasize students’
acquisition of problem-solving skills (Shikuku and Amadalo 2015; Mushlihah and Sugeng 2018).
Linear programming (LP) is a branch of operations research and is one of the topics taught
to eleventh-grade Ugandan lower secondary school students. Linear programming problems are
formulated from decision-making word problems and are symbolically represented (Kenney et
al. 2020). The solution to LP problems consists of decision variables that reflect the decisions to
be made and an objective function to be optimized (minimized or maximized) subject to a set of
mathematical constraints on the variables. In this article, the content is limited to an introduction
to LP concepts and is aimed at developing a foundation for more complex LP problems later at
the university and other tertiary institutions of learning. The unit or topic of LP is also referred to
as linear mathematical optimization and is taught under quantitative techniques in tertiary
institutions. In this research, the graphical solution of LP problems is mainly emphasized.
According to the National Curriculum Development Centre (NCDC 2018), the topic of linear
programming is introduced to secondary school students to develop their decision-making skills
and problem-solving abilities. A typical LP problem in two dimensions is written in the form:

min./max. x; £ x,
s.tax; + bxy, <=¢

dx; + ex, <>f

gx, thx, <>

X1 >0

Xy >0

To solve the above LP problem, the non-negative constraints (x; > 0 and x, > 0) and the set
of points satisfying the main constraints (axi + bx, <> ¢, dx; £ ex,<>f and gx1 = hx, <> i) are
plotted on the same coordinate axes. The feasible region is identified at the intersection of the
lines (after shading unwanted regions). The corner points of the bounded half-plane constraint set
are then substituted into min/max x; £ X, which is called the objective function and used for
finding optical solutions. Question 1 below shows an example of a typical LP problem.

Question 1: A factory makes two kinds of bottle tops “Coca-Cola” tops and “Pepsi Cola” tops.
The same equipment can be used to make either. In making Coca-Cola tops, one man can
supervise ten machines and this batch will give a profit (amount) of pounds sterling (£) 50 per
week. Pepsi Cola tops yield a profit of (£) 250 a week, using 25 machines and 8 men. There are
200 machines and 40 men available. By taking x batches of Coca-Cola tops and y batches of Pepsi
Cola tops; write down inequalities for the:

a) (i) number for machines used (ii) number of men employed (iii) expression for profit, P.

b) Using inequalities in (a) above, draw a suitable graph on the same coordinate axes and
clearly show the feasible region.

c) From your graph, determine the number of Coca-Cola tops and Pepsi Cola tops which
should be made to obtain the maximum profit. Hence, find the maximum profit.

When trying to solve the above (and other related) LP optimization problem (Question 1), some
students may struggle to understand and/or transform mathematics word problem statements into
symbolic models in the form of equations and inequalities. Students further face challenges in
determining and optimizing the feasible area and vice versa. Looking at the Ugandan mathematics
curriculum materials, it was observed that the LP content in the Ugandan lower secondary school
mathematics textbooks, other curriculum materials, and teachers’ reference books foster the
students’ procedural understanding more than conceptual understanding. Yet, research shows that
there exists a linkage between the concepts students learn and the approaches used by teachers to
introduce the concepts (Kilpatrick, Swafford, and Findell 2001). Consequently, if relational
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concepts are adequately introduced and mastered, students’ conceptual understanding may be
guaranteed. Students’ challenges in learning and solving LP problems are perhaps a consequence
of various difficulties encountered in learning algebra, equations, and inequalities. There seems to
be a mismatch between the mathematics curriculum expectations and the actual learning outcomes.

In arelated genre, the approaches employed by some mathematics teachers to introduce equations
and inequality concepts and their connection to the students’ conceptual and procedural understanding
of LP may be inadequate. In introducing LP concepts (as non-routine tasks), teachers are expected to
review students’ knowledge of algebra and related symbolism, the use of the number line, equations,
inequalities, set theory, coordinate geometry, and the correct application of basic mathematical rules,
operations, and principles. Thus, this research sought to answer the research question of whether or
not employing active learning through the heuristic problem-solving approach could deepen and
broaden students’ understanding of LP concepts. We hoped that the observed learning gaps and
challenges in LP could provide opportunities for students to acquire basic mathematical concepts for
higher education, and for teachers to develop suitable learning approaches.

Although empirical literature from different settings and contexts generally attribute
students’ difficulties in mathematics to the nature of the curriculum, teaching-learning
environment, conventional learning approaches, and students’ attitude toward mathematics (e.g.,
Alex and Mammen 2018; Allsopp, Kyger, and Lovin 2007; Budak 2015; De Jesus, Cyrino, and
Oliveira 2015; Jonassen 2011; Mukuka, Balimuttajjo, and Mutarutinya 2020; NCTM 2014; Polya
2004; Quintero and Rosario 2016; Samuelsson 2010; Smith and Stein 1998; Stein, Grover, and
Henningsen 1996), an extensive body of research shows that students’ difficulties in LP generally
stem from their inability in comprehending the basic knowledge of equations and inequalities
(Almog and llany 2012; Bazzini and Tsamir 2004; Jupri and Drijvers 2016; Kenney et al. 2020;
Makonye and Shingirayi 2014; Pongsakdi et al. 2020; Tsamir and Almog 2001; Tsamir and
Bazzini 2004; Verikios and Farmaki 2010).

Kilpatrick, Swafford, and Findell (2001) have argued that different problems (ranging from
simple to complex) require different problem-solving approaches. Moreover, for effective learning,
proficiency in mathematics problem-solving depends not only on students’ engagement, their
cognition, and ability but also on the interaction with the curriculum (nature of the problems), the
teachers’ pedagogical content knowledge, and their professional development (Abdelsamad and
Kandeel 2021; NCTM 2014; Stein et al. 2000). Besides, proficiency in problem-solving is partly
dependent on students’ levels of cognitive demand based on their stages of growth and development
(Allsopp, Kyger, and Lovin 2007). Kilpatrick, Swafford, and Findell (2001) asserted and argued
that students” mathematical proficiency is a gradual process and mainly depends on the quality of
instruction and the types of tasks given to the students during instruction.

Proficiency in mathematics is acquired over time when students have fully identified
mathematical relationships between the previous and subsequent content. Each year they
are in school, students ought to become increasingly proficient. For example, third
graders should be more proficient with the addition of whole numbers than they were in
the first grade. (Kilpatrick, Swafford, and Findell 2001, 135)

The Heuristic Problem-Solving Strategies (HPSS)

According to Polya (2004) in his book “How to Solve It,” problem-solving heuristics entails
“understanding the problem, devising a plan, carrying out a plan, and looking back” (Polya 2004,
201). Kilpatrick, Swafford, and Findell (2001) proposed a more comprehensive problem-solving
heuristic approach based and in relation to Polya’s stages of problem-solving. According to
Kilpatrick, Swafford, and Findell (2001), proficiency in problem-solving entails five strands,
which include conceptual understanding, procedural fluency, strategic competence, adaptive
reasoning, and productive disposition. To Kilpatrick, Swafford, and Findell, the above strands are
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intertwined and aid students’ acquisition and development of cognitive, affective, and
psychomotor domains of knowledge. The authors believed that

as a child gains conceptual understanding, computational procedures are remembered
better and used more flexibly to solve new problems. In turn, as a procedure becomes more
automatic, the child is enabled to think about other aspects of a problem and to tackle new
kinds of problems, which leads to new understanding. When using a procedure, a child
may reflect on why the procedure works, which may, in turn, strengthen existing
conceptual understanding. (Kilpatrick, Swafford, and Findell 2001, 134)

Several empirical studies have applied the problem-solving heuristic approach based on different
theoretical perspectives in different contexts and settings. For instance, Ofori-Kusi and Mogari
(2017) investigated the effect of the problem-solving heuristic approach on learners’ conception
and achievement in algebra. The findings revealed that the heuristic teaching approach improved
students’ average scores in algebra. The study further recommended the integration of this
approach in learning other mathematical concepts and topics. Moreover, algebraic expressions,
rules, and principles are directly linked to the mathematization of mathematics word problems.
Whereas Ofori-Kusi and Mogari’s study was conducted in the primary school context, we believe
that secondary school students’ proficiency in learning LP largely depends on a basic prior
conceptual understanding of algebraic expressions and related concepts.

Despite the growing evidence of research into the relationship between several instructional
methods, varied mathematics tasks, and students’ performance (De Jesus, Cyrino, and Oliveira
2015; Stein et al. 2000; Suh 2007), there is still limited understanding of how students and teachers
relate during designing specific tasks and linking the tasks to suitable approaches that may enhance
students’ performance, proficiency, critical thinking, conceptual understanding and retention of
knowledge and skills. The integration of students’ engagement to the HPSS is, therefore, inevitable
in addressing specific mathematics learning deficiencies. The HPSS are a form of active learning
instructional approach that develops and fosters a student’s critical thinking and engagement in
science, technology, engineering, and mathematics (STEM). If applied effectively, active learning
through the heuristic problem-solving approach may enhance students’ deeper and broader
mathematical conceptual understanding. The HPSS are the theoretical and practical application of
problem-solving techniques that provide approximate solutions to business, STEM, and societal
problems that cannot be solved exactly. The HPSS have been applied in different contexts and
settings and have yielded significant results (e.g., Abu Bakar and Ismail 2020; Apkarian et al. 2021;
Feden and Vogel 2003; Ting, Lam, and Shroff 2019).

The Learning of Linear Programming in the Ugandan Context

To effectively teach mathematics, the Ugandan lower secondary school curriculum emphasizes
problem-solving, which is embedded within the objectives of learning mathematics (NCDC 2008,
2018). Moreover, by the end of the eleventh grade (locally called senior four), students should be
able to acquire basic, comprehensive, theoretical, and practical mathematical knowledge and skills
for solving community problems. Indeed, students should demonstrate an understanding and be able
to mathematize word problems and effectively apply the basic mathematical knowledge, principles,
skills, and understanding of LP concepts in solving real-life, novel, non-routine world problems.
The students’ problem-solving abilities are inevitable for the growth and development of a holistic
person as well as for national development (NCDC 2018). However, the Uganda National
Examinations Board (UNEB) reports on the work of candidates at the Uganda Certificate of
Education (UCE) reveal persistent high failure rates in mathematics, and in particular, LP, which
seems challenging to most students (UNEB 2016, 2018, 2019, 2020). In this topic, majority of
students have consistently failed to form correct inequalities from LP word problems (mathematize),
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use the correct scale, correctly represent the formulated inequalities on the graph, correctly label the
axes, list integral solutions, and optimize the feasible region. In this context, we believed that
application of effective learning approaches that promote students’ conceptual and procedural
understanding may enhance students’ abilities in mathematics, and LP in particular.

The Conceptual Framework and Literature Review

This research employed a problem-solving framework developed by Kilpatrick, Swafford, and
Findell (2001). Kilpatrick, Swafford, and Findell developed five interwoven strands for achieving
mathematical proficiency. The conceptual framework is based on the ideas of Kilpatrick et al. that
proficiency in mathematics problem-solving entails students’ holistic achievement of the three
domains: cognitive, affective, and psychomotor. Thus, the methods of teaching mathematics should
emphasize and promote learners’ acquisition and application of the knowledge, beliefs, and skills
in solving real-life problems in the communities they live. In this regard, Kilpatrick et al.
summarized five interconnected strands which aid the acquisition of students’ mathematical
proficiency through problem-solving. The five strands are conceptual understanding, procedural
fluency, strategic competence, adaptive reasoning, and productive disposition. The objective of the
heuristic teaching approach was to develop and foster students’ LP abilities in the above strands. In
formulating the LP diagnostic tests for instruction and assessment, six principles (reality, model
construction, self-assessment, construct documentation, construct shareability and reusability, and
effective prototype) for creating modeling eliciting activities (MEAS) were applied (Lesh et al.
2000). In the context of LP, MEAs refer to specific open-ended tasks that were designed to engage
and challenge students to reason and think critically in building models for solving real-world non-
routine problems. This was justified by the fact that LP tasks are related to mathematical modeling.
Thus, the tasks were all thought-revealing and modeling eliciting.

It is important to note that by examining answers to LP problems and related non-routine
problems, the student’s abilities and challenges in problem comprehension, interpretation, and
mathematization were revealed explicitly. The process of finding the solution to the above LP
problem and examining students’ paper-and-pen responses revealed students’ LP proficiency or
their inability in problem-solving. The characteristics of the above LP problem provided in
Question 1 can, therefore, be contextualized based on Kilpatrick et al.’s five strands.

Conceptual understanding is about the comprehension of LP mathematical word linguistic
problems, requisite concepts of mathematical operations, rules and principles, set theory, number
system, coordinate geometry, equations and inequalities, and their relationships. Conceptual
understanding, therefore, entails coherency and the application of basic algebraic concepts of
problem-solving. Thus, students recognize, plan, and summarize the information from an LP
word problem by writing down the knowns and the unknowns and establishing if the given
information is sufficient. This is the starting point and helps to highlight the connection between
students’ strengths and weaknesses in mathematizing the LP problem for effective learning. The
student’s prior knowledge and understanding are used to devise effective learning approaches.

Procedural fluency involves figuring out the connection between what is known and
unknown. It takes into account the application of knowledge and skills of basic algebraic concepts
to efficiently and effectively carry out mathematical computations following acceptable
mathematical procedures and principles. In this regard, mathematics teachers design suitable
instructional strategies, by designing similar and different challenging tasks for students.
Consequently, students think of other auxiliary problems, find solutions to them, and draw
relational meaning and connection in trying to solve subsequent problems. Students’ proficiency
in applying basic algebraic principles to perform mathematical computations without
memorization and reproduction of basic mathematical principles in number theory, equations,
and inequalities exhibits procedural fluency. Consequently, students conjecture, justify, and
predict the solutions to the stated and related problems.
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Strategic competence entails verification and proves that the procedures adopted or adapted are
correct. This strand reveals students’ ability or inability to use mathematical rules and principles, and
conceptual understanding to formulate, represent, and effectively solve mathematical problems. In the
context of LP, students are expected to correctly write inequalities from the given LP word problem,
obtain coordinates from the formulated equations, and graph inequalities on the same coordinate axes.
In this strand, students begin to appreciate the relationship between different tasks and their relational
understanding during problem-solving. The teachers, therefore, plan effective instructional problem-
solving approaches and strategies for appraising students’ learning.

Adaptive reasoning implies students’ ability to reason logically and sequentially while
reflecting and explaining the formulated LP models. Whether the LP models are correct or wrong,
the students should demonstrate their capacity and ability to represent, justify, and obtain meaning
from coordinates and equations drawn on the same coordinate axes. Students’ ability or their
inability, through adaptive and relational reasoning, to formulate and critically evaluate the LP
models is paramount. The application of mathematical rules and basic algebraic principles leads
to the formulation of correct models. Students apply their reasoning and problem-solving abilities
to ensure that the arguments to the solution sketches are sufficient.

Productive disposition is the final strand where the final solution is examined with the given
problem. In other words, is the solution to the given LP problem meaningful? This can be
established by looking back to the original question and verifying if the procedures and answers
to the problem are relevant. In this context, the productive disposition is based on the notion that
the optimal solutions to a particular LP problem are meaningful. To the teacher, the productive
disposition is the function of the students’ holistic understanding of the entire LP problem and
how the knowledge and skills attained in one problem can be applied in subsequent problems.
The strengths and weaknesses in learning LP can effectively be addressed by the teacher during
planning, teaching, and assessment. To develop students’ mathematical proficiency (LP in
particular), the inadequacies in students’ mathematical thinking should be treated as opportunities
for subsequent learning. In this case, teachers develop suitable content and methods to justify or
support mathematical arguments during the learning process. Students’ learning challenges may
also be addressed during the teachers’ professional development courses, and feasible strategies
to overcome specific learning challenges can be sought.

It is important to note that students’ learning and understanding of mathematical concepts largely
depend on the teachers’ classroom instructional practices in consistently integrating the above
Kilpatrick, Swafford, and Findell five strands. The main reason why students may not correctly
mathematize several mathematics word problems is due to their failure to link school mathematics to
everyday life experiences. In this research, students’ intuitive solutions to the novel non-routine LP
problems formed the basic components that were evaluated for mathematical proficiency. As earlier
stated, and to provide answers to the effect of active learning through the heuristic problem-solving
approach on students’ achievement in LP, the following hypothesis was tested.

Ho1: There is no statistically significant difference between the mean achievement scores
of students taught using active learning through the heuristic problem-solving
instructional approach and those taught using the usual conventional axiomatic method
of learning linear programming.

Method
The Population, the Sample, and Sampling Techniques
All the eleventh-grade (senior four) students from public and private secondary schools in Eastern

and Central Uganda for the school academic year 2020/2021 constituted the sampling frame. The
sample consisted of intact eleventh-grade classes from eight secondary schools in Mukono district
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of central Uganda and Mbale district of eastern Uganda. The multistage cluster sampling method
was used to purposively choose four secondary schools from each region. First, the two regions
were purposively selected based on students’ previous academic performance at UCE. Second,
four secondary schools were selected from each region (two schools from each region were
assigned to the experimental group). According to Fraenkel, Wallen, and Hyun (2011), cluster
sampling was suitable because it is cost-effective in terms of time and money.

Selected secondary schools for the experimental group were approximately 250 km away from
one another for two reasons—first, to avoid diffusion and spurious results and second, to compare and
contrast students’ abilities and achievements in LP in the two regions. The units of analysis in their
intact classes were all selected as clusters to represent the entire sampling frame. All the 11th grade
students from the sampled schools participated in the study. There were 639 students at the time of
administering the pretest. During data entry and analysis, the scores of thirty-one students from the
experimental group were excluded due to missing posttest average scores. The students missed the
posttest because they were absent on the day the posttest was administered. Consequently, the findings
reported in this research were based on data from 608 students. All students assented and consented
before they voluntarily participated. Of the 608 participants, 342 (56.25%) were female and 266
(43.75%) were males. The students’ age ranged from 17 to 20 (M = 17.70; SD = 0.95).

Research Design

The study adopted a mixed-method approach to adequately address the stated hypothesis (Creswell
and Plano 2018; Creswell 2014). This design was appropriate as it enabled the researcher to benefit
from the advantages of triangulation by concurrently collecting both quantitative and qualitative
data. A quasi-experimental non-equivalent control group design was applied. Specifically, the
embedded exploratory sequential mixed methods research design was adopted. Phase 1 focused on
a qualitative classroom observation to investigate the teaching approaches used by the teachers in
all the eight secondary schools and assess the baseline characteristics of each school. The main
objective was to use the preintervention classroom observation to control for some intervening
variables that may directly or indirectly influence students’ achievement in LP other than the
heuristic problem-solving instructional approach. The qualitative data also revealed confounding
variables that needed to be controlled. In Phase 2, a pretest was administered followed by treatment,
and finally a posttest. Phase 3 included testing the hypothesis and the interpretation of results based
on both qualitative and quantitative data. Using the stated approach and design helped to compare
and contrast the students’ average scores for the pretest and the posttest between the treatment group
and the comparison group in the two regions of central Uganda and eastern Uganda respectively.
Data were collected between October 2020 and February 2021.

Data Collection

The classroom observation scale, the pretest, and the posttest LP achievement tests were the three
instruments used for data collection.

Classroom Observation

To compare and contrast the learning approaches in all the eight sampled schools, the classroom
observation scale (Shafer, Wagner, and Davis 1997) was adopted. The tool was validated by six
expert mathematics educators (two senior secondary teachers of mathematics, two teacher-
trainers at National Teachers’ Colleges, and two lecturers for mathematics education). The
experts were selected based on their vast experience in learning and examining mathematics. The
observation tool was found to be valid, relevant, and suitable. Before data collection, the tool was
pilot tested, approved, and found reliable (o = 0.82). Classroom observation in all eight secondary
schools was done between October 2020 and February 2021.
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Each intact class was observed three times by the principal researcher. Subsequent classroom
observations were done by eight research assistants twice a month to consistently assess the nature
of learning LP in the selected schools. The observed lessons and classroom activities were
recorded using the validated monitoring tool. The pre-intervention observation of the entire
learning process indicated that different baseline characteristics, for instance, location of the
school (central or eastern), school status (day or boarding), school ownership (private or public),
and students’ previous academic abilities (low, average, and high) influenced the students’
learning environment and achievement in LP.

The Pretest and the Posttest

The pretest and the posttest LP achievement tests were isomorphic equivalents. To achieve this,
LP tests were rephrased to reflect the same Ugandan mathematics curriculum content. The main
objective of the pretest was to find out students’ prior conceptual knowledge, procedural
knowledge, and skills of LP problems. The posttest was rephrased to measure students’ problem-
solving abilities after the pretest. Intervention was based on the heuristic methods of solving LP
tasks learned and practiced. Both the pretest and posttest items were based on the content from
the Ugandan lower secondary school mathematics curriculum designed and approved by the
NCDC. To maintain students’ levels of cognitive demand, the content for LP from the
mathematics teaching syllabus was merged with that of the UNEB syllabus. By combining the
content in the two syllabi, it was anticipated that students’ conceptual understanding of LP
concepts, application of the acquired knowledge and skills to novel and non-routine real-life
problems, and confidence in answering related questions would be enhanced.

Six principles (model construction principle, reality principle, self-assessment principle,
construct documentation principle, construct shareability and reusability principle, and effective
prototype principle) were followed to develop and formulate LP mathematics word achievement
tests (Kilpatrick, Swafford, and Findell 2001; Lesh et al. 2000), as thought-revealing and model-
eliciting activities. The same procedure was used for designing LP classroom learning activities to
suit the heuristic problem-solving approach. The diagnostic test items for pretest and posttest were
also validated by mathematics experts (two senior secondary teachers of mathematics, two teacher-
trainers at National Teachers’ Colleges, and two lecturers for mathematics education) before they
were pilot tested outside the study sample (n = 40). Piloting the tests helped to make adjustments in
questions to suit students’ academic level, language structure, and duration. Validity (face and
content) and reliability (test-retest = ICC = 0.83, 95% CI: 0.67-0.94) of the tests were pilot tested
and the tests were found to be suitable, reliable, and acceptable. Juras (2016), Koo and Li (2016),
and Oosterwijk, van der Ark, and Sijtsma (2019) recommend stating both the values of reliability
and estimation precision. All the teachers assigned to the experimental group were trained on the
appropriateness of implementing the problem-solving heuristic approach in their respective
classrooms while those in the comparison group taught conventionally.

Administration of Pretest and Posttest

Of the 608 students, 285 from the experimental group and 317 from the comparison group sat LP
achievement tests (pretest and posttest). Students spent approximately one hour completing LP
tasks in each test. The two diagnostic tests were administered between October 2020 and February
2021. Students’ participation in answering the tests was completely voluntary. A team of
experienced mathematics teachers (as experts) scored the students’ assessment scripts using a
harmonized and uniform marking guide. To avoid bias during the marking exercise, no expert
marked the entire students’ script. However, a “conveyor belt system” adopted from UNEB where
every expert marked one question only and passed the students’ answer script to the next expert
was adopted and applied during the entire marking exercise. Any inconsistencies that arose from
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the marking exercise were addressed by a senior independent expert by sampling 10 percent of
the students’ marked scripts for moderation. Students” marks were converted to 100 percent and
recorded in SPSS software for further statistical treatment. The posttest was aimed at assessing
students’ achievement in LP between comparison and experimental groups, after an intervention.

Data Analysis

The data recorded in SPSS (Version 26) was exported to STATA software (Version 13) to perform
propensity score matching (PSM) analysis due to the researchers’ limited analytical skills in using
SPSS to compute PSM. The PSM method was applied to balance non-equivalent groups and to
control for selection bias on a set of baseline characteristics (Rosenbaum and Rubin 2007). This was
due to the non-random assignment of subjects to the treatment group. The purpose of PSM was to
adjust for pre-treatment observable differences between treatment and comparison groups, mimic
experimental designs, and subsequently estimate the treatment effect. Propensity score (PS) is the
conditional probability of subjects being assigned to the treatment group as a function of baseline
characteristics (Fan and Nowell 2015; Lane and SherRhonda 2015; Rosenbaum and Rubin 2007).

The common support across propensity score distributions was used to match subjects in
experimental and comparison groups. The graphical visualization was used to validate the quality
of the match before and after matching (see Figures 1-4). Figure 1 shows PSM estimates based
on the common support area overlapped under the propensity scores between the experimental
(blue bars) and comparison (red bars) groups, while green indicates off support. Figure 2 shows
propensity scores on matched covariates, while Figures 3 and 4 show matched PS for
experimental and treatment groups respectively. It was observed that most subjects in the
experimental group had higher PS than those in the control group (Figures 3 and 4).

There was, however, evidence of a high level of common support. Of the 608 observations,
only six did not align with the treatment category. Thus, they were dropped to create a balance
between groups. The subsequent analyses were then based on 602 observations; 317 students
were from the comparison group while 285 were from the experimental group, representing 52.66
and 47.34 percent respectively. By default, PSM analysis computes the average treatment effect
on the treated (ATT) to compare the mean scores of students in the experimental and comparison
groups. This estimate may not be accurate due to some teachers who might have defied (while
others complied with) the request to implement the heuristic problem-solving approach after
training (before intervention). Thus, using this estimate based on PSM analysis is not sufficient
and could provide a wrong estimate attributed to the net effect due to the treatment administered
during an intervention. Yet, it was premised that the estimated treatment effect would be unbiased
and representative of the original sample. A more robust estimand called Difference in Difference
(DID) was used to analyze the matched observations and hence estimate the treatment effect.

o 2 .4 .6 8 T T T T T
Propensity Score o 2 .4 6 -8
Propensity Score
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B Untreated I Treated: On support
I Treated: Off support

Figure 1: Showing Unmatched Propensity Scores Figure 2: Showing Matched Propensity Scores
Source: Wakhata, Mutarutinya, and Balimuttajjo Source: Wakhata, Mutarutinya, and Balimuttajjo
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Experimental Comparison

Figure 3: Matched Propensity Scores for Figure 4: Matched Propensity Scores for
Experimental Group Comparison Group
Source: Wakhata, Mutarutinya, and Balimuttajjo Source: Wakhata, Mutarutinya, and Balimuttajjo
Findings

Qualitative Findings through Classroom Observation

The findings point to the best learning practices concerning the effective application of the heuristic
problem-solving approach. Although it was predicted that the learning in all the four experimental
schools was uniform, different background characteristics influenced the learning environment. The
heuristic problem-solving was adopted by all teachers from the experimental group although there
were differences in its implementation. A uniform classroom observation scale was used to assess
the learning across all the sampled schools. The research assistants conferenced with the specific
mathematics teachers immediately after the lessons ended. This interaction was necessary for
pointing out the strengths and weaknesses observed during the learning process, and together, the
research assistants and the mathematics teachers suggested areas of lesson improvement.
Specifically, comments were based on lesson preparation and organization, lesson presentation, the
interaction between teachers and students, teachers’ subject content knowledge and relevance,
teachers’ pedagogical knowledge, classroom management, and lesson assessment and evaluation.

Classroom observation and students’ paper-and-pen responses provided opportunities for
understanding patterns, their mathematical conjectures, and how they applied prior knowledge to
find solutions to LP word problems. Students from the experimental group correctly applied and
connected prior algebraic concepts of equations and inequalities in solving LP problems. The correct
procedures were applied to find solutions to other general novel and non-routine LP problems. The
HPSS fostered students’ engagement, application of procedural knowledge, and conceptual
knowledge during problem-solving and classroom instruction. The application of mathematics in
students’ daily lives was greatly emphasized to link the classroom application of LP to students’
real-world scenarios. The varied solution sketches and alternative strategies provided clues for
justifying, explaining, and supporting students’ mathematical conceptual ideas and thinking.
Consequently, students’ responses were used as a springboard for making their conceptual
generalizations, and for teachers’ flexibility and variation of classroom instruction.

Generally, students from the treatment group exhibited active participation during problem-
solving compared to their peers from the comparison group. It was also observed that students were
free to engage in active discussions between teachers and amongst themselves (in small groups),
and were able to apply the problem-solving strategies in solving related non-routine LP problems.
This promoted collaborative learning for students’ deeper and broader conceptual understanding.
Individual students were also able to select, reflect, and justify solution strategies. Students’
academic individual differences were effectively harmonized through group work. This
consequently and further enhanced their academic and social relationships as they continued to solve
LP and related mathematical challenging problems. Indeed, during an interaction with sampled
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students to find out specific learning outcomes and the effect of the heuristic problem solving
approach on students’ achievement, one of the students noted that the problem-solving heuristic
approach was more engaging. She echoed that sharing basic LP concepts amongst ourselves and
later seeking clarifications from our mathematics teachers demystified the myth that LP word tasks
are difficult to comprehend and pass. This particular student’s posttest score had doubled (80%)
relative to her pretest score (41%). This interview transcript supports quantitative findings.

Quantitative Findings through Propensity Score Matching and Difference in Difference

A Probit regression model was run (Table 5) to compute and compare the probability of each
covariate for all subjects that received treatment to create a balance between treatment and
comparison groups. The nearest neighborhood (NN) matching was used to create a balanced
propensity score match between the two groups. Specifically, we used one-to-one matching. The
numerical inspection of matched propensity scores was then used to compare the balance within
covariates. Cohen’s d, a robust numerical approach for estimating the effect size based on the
mean comparison between the treated and the untreated subjects was used to compare
standardized propensity score means (d = 0.65, Cl [0.53, 0.76]). The effect size was found to be
large enough to make substantial inferences based on recommendations from Cohen (1988) and
Field (2009). The ratio of the variances between the treatment and the comparison groups on each
covariate was also computed and was found to be approximately 1, which conforms to (Ho et al.
2007) recommendations. The visual inspection of the treated and comparison groups was done
using quantile-quantile (QQ) plots and kernel density plots, which indicated a better balance and
a satisfactory match between experimental and comparison groups. The graphical inspection
further showed that the results were fairly normally distributed.

Table 1: The Mean Estimates of Pretest and Posttest Scores

Mean Std. Err. [95%_Conf] [Interval]
Pretest 4421 0.76 42.73 45.70
Posttest 56.11 0.74 54.66 57.56

Source: Wakhata, Mutarutinya, and Balimuttajjo

Table 2: Student’s Summary Statistics for Experimental and Comparison Groups

Mean SD
Comparison Group
Pretest 42.79 18.59
Posttest 47.12 16.58
Experimental Group
Pretest 45.76 18.61
Posttest 65.91 14.45
Source: Wakhata, Mutarutinya, and Balimuttajjo
Table 3: Showing Paired Sample t-Test
Observations Mean 1 Mean 2 diff Std. Err.
Pretest—Posttest 291 45.763 65.91 -20.148 .895

Source: Wakhata, Mutarutinya, and Balimuttajjo

Evidence from Tables 1-3 show that students in the experimental group outperformed their
peers in the comparison group before the matching. By gender, male students performed slightly
better than their female counterparts (45.02, 58.13 vs 43.58, 54.54) in both pretest and posttest,
respectively. Whereas there was a slight improvement in students’ scores after an intervention,
students studying from Central Uganda (44.89 vs 57.97) performed better than those studying in
Eastern Uganda (43.48 vs 54.08) in pretest and posttest. On the other hand, students in boarding
schools (47.54 vs 58.06) outperformed their peers in day schools (40.08 vs 53.69). By school
ownership, students in private schools (46.18 vs 60.6) performed better than those in public schools
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(42.61 vs 52.45). Generally, there was a slight improvement in the students’ percentage scores in
both tests by 4 and 20 percent for comparison and treatment groups respectively. It is, therefore,
likely that the treatment administered had an impact on students’ achievement in LP by 20 percent.
A paired sample t-test shows that the results were statistically significant (t(607) = 18.41, p = .000),
Moreover, the mean difference (d = 0.65) was large enough (Cohen 1988; Field 2009) to conclude
that the heuristic problem-solving approach explained differences in students’ achievement in LP.

No conclusion could be drawn based on the above analysis as multiple factors could have
accounted for students’ achievement in LP, and not necessarily the intervention that involved the
application of the active learning through the heuristic problem-solving approach. By controlling
for these confounding variables (gender, location of the school, school status, school ownership,
and prior students’ academic ability), the net effect and the magnitude of the teaching approach
were further investigated. However, the slightly noticeable change in students’ average scores
from the experimental group probably suggested that the heuristic problem-solving approach
could have influenced the students’ achievement in LP. To confirm or reject the stated claim, the
PSM analysis was used.

Table 4; Treatment-Effects Estimation

Posttest Coef. Std. Err. t-Value p-Value [95% Conf] [Interval] Sig.
rivs0.Group 12.546 1.095 11.46 0 104 14.692 ekl
Mean dependent var | 56.112 | SD dependent var | 18.199

Note: *** p < 0.01 (rl: Treatment group, r0: Comparison group)
Source: Wakhata, Mutarutinya, and Balimuttajjo

Table 5: Showing Probit Regression Predicting the Independent Variables

Group Coef. Std. Err. z p>z [95%Conf.] [Interval]
Pretest —0.033 0.005 —6.080 0.000 —0.043 —0.022
Gender 0.111 0.110 1.010 0.313 —0.105 0.327
Age 0.018 0.057 0.320 0.747 —0.093 0.130
School location 0.205 0.109 1.880 0.061 —0.009 0.419
School status 0.392 0.112 3.500 0.000 0.172 0.611
School ownership 0.092 0.111 0.820 0.411 —0.127 0.310
Students’ ability 1.460 0.166 8.810 0.000 1.135 1.784
cons —0.186 1.037 —0.180 0.858 —2.217 1.846
Variable Sample Treated Controls Difference S.E. T-stat
Posttest unmatched 65.911 47.117 18.794 1.266 14.840
ATT 65.589 54.439 11.151 2.521 4.420
Assignment Off Support On Support Total
Untreated 0 317 317
Treated 6 285 291
Total 6 602 608

Source: Wakhata, Mutarutinya, and Balimuttajjo

Table 4 shows the estimated treatment effect of the heuristic problem-solving approach on
the students’ achievement in LP after adjusting for baseline characteristics. Before matching and
using the pretest and posttest scores (Table 4), the average treatment effect on the treated (ATT)
subjects was 12.55. However, it was still unclear whether or not the difference was due to an
intervention. After running a Probit regression model, by default, the average treatment effect on
the treated (ATET) was 11.15 (Table 5). It could not be confirmed at this point because PSM is
used for matching similar covariates between the treatment and comparison groups. After
matching, the potential outcome (PO) of the average scores for the treated and untreated groups
were 63 and 50 percent respectively. Using the average treatment effect (ATE), the average scores
for students in the treated group was 13 percent more than those in the untreated group. The
average treatment effect on the treated (ATET) was 12.45 for the treatment group more than that
of the comparison group. It was observed that the ATET after PSM is slightly higher than that
before PSM (12.45 vs 11.15).
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It is worth noting that a mere comparison of the pretest and posttest average differences for
the treatment and comparison groups could not have controlled other background factors that
trended between pretest and posttest. These factors could have accounted for changes in the
students’ achievement in LP and not necessarily due to the heuristic problem-solving approach.
Notably, posttest neighborhoods for experimental and comparison groups may have had all kinds
of differences as well and could not sufficiently explain whether or not the differences were due
to the treatment. Although the values of ATT (12.55 and 11.15) were significant, the DID
estimand (DID = 15.40, Table 6) supported qualitative results together with values of ATT to
reject the HO. In conclusion, there exists a substantial evidence that active learning through the
heuristic problem-solving approach had a significant impact on the 11th grade students’ learning
outcomes of LP in the selected Ugandan secondary schools. Thus, the heuristic problem-solving
approach increased the students’ average scores by 15.40 percent (Table 6).

Table 6: The Average Difference in Difference (DID) Estimand

Group Posttest | Pretest | (Posttest) — (Pretest) | The Difference in Difference (DID)
Comparison 47.12 42.79 4.32 15.40
Experimental 65.59 45.86 19.73

Source: Wakhata, Mutarutinya, and Balimuttajjo
Discussion

This research examined the effect of active learning through the heuristic problem-solving
approach on students’ achievement in LP. A large body of research shows that inequalities and
LP are intertwined in the creation of effective and efficient optimization strategies in Science,
Technology, Engineering, and Mathematics (STEM) (Tsamir and Almog 2001). Therefore,
appropriate learning approaches should be adopted/adapted to overcome students’ challenges in
algebra and LP in particular and consequently foster students’ abilities. Specifically, equations
and inequalities that are a basic requirement for students’ understanding of LP should be
adequately introduced and taught. If LP is not correctly introduced to secondary school students,
the content and concepts may appear abstract with inherent difficulties. This may arise due to the
incorrect application of basic algebraic concepts of equations and inequalities on the students’
side and the instructional approaches applied by the teachers.

Based on the research findings, and after controlling for the background characteristics, the
students from the treatment group performed significantly better than their peers from the
comparison group by 15.40 percent (Table 6). Irrespective of the class size, this approach (if
applied effectively) can be adopted in smaller cooperative learning groups to cater for students’
academic differences and holistic learning (see Mukuka, Balimuttajjo, and Mutarutinya 2020). It
was also observed that although there were no significant differences in students’ average scores
by gender, the majority of female students made several misconceptions and errors arising from
inadequate knowledge of basic application of algebraic and symbolic representations. Students
from boarding schools outperformed their peers from day schools. Moreover, it was observed that
students from central Uganda (Mukono district) outperformed their colleagues from eastern
Uganda (Mbale district). This trend had consistently been observed in the previous national
examinations at UCE (UNEB 2016, 2018, 2019). Teachers from the experimental and comparison
groups attributed this trend in performance to early syllabus coverage, motivation, and students’
prior academic abilities at the time of admission to the eighth-grade (locally called senior one).

The findings in this study strongly suggest that the heuristic problem-solving approach had
a significant effect on students’ achievement in LP. The initial conventional approaches applied
to the comparison group exhibited students’ difficulties in comprehending specific mathematical
theoretical principles as they learned. Some students who had developed a negative attitude
toward LP rejuvenated and greatly improved their posttest scores when teachers from the
experimental group adopted the heuristic problem-solving learning approach. Thus, the
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application of the heuristic problem-solving approach enhanced students’ cognitive and affective
domains in basic algebraic content that later facilitated and enhanced their mathematical
conceptual understanding, procedural fluency, and competency in mathematics and related LP
tasks. According to Julius, Abdullah, and Suhairom (2018), students’ success in mathematics
word problems is hampered by their lack of prior conceptual understanding combined with a
negative attitude toward solving basic algebraic questions.

Kenney et al. (2020) and Khoshaim (2020) noted that mathematics word problems are
challenging for most students to comprehend. The challenges faced by students in LP, “the
cousin” of mathematics word problems are, therefore, not by chance. Based on the above studies
and other empirical findings, this study highly recommends teachers to adopt the heuristic
problem-solving approach to enhance students’ critical thinking skills, conceptual understanding,
procedural fluency, strategic competence, adaptive reasoning, and productive disposition when
solving mathematics tasks and LP in particular.

Previous research has shown that LP word problems and/or related topics are not only
difficult for students to understand, but also difficult to teach (Awofala 2014; Kenney et al. 2020;
Molina et al. 2017; Verikios and Farmaki 2010; Goulet-Lyle, Voyer, and Verschaffel 2020;
Verschaffel et al. 2020; Pongsakdi et al. 2019, 2020). Different variables account for students’
challenges in learning mathematics word problems. The interviews conducted with some students
from the comparison group revealed students’ inability to effectively comprehend mathematics
word problems which leads to alterations in procedural comprehension and competency. It was
observed that part of the learning challenges stem from students’ academic background, prior
conceptual understanding, and students’ attitudes toward mathematics. This study’s findings are
in agreement with those of Ahmad, Tarmizi, and Nawawi (2010), and Kenney et al. (2020). Thus,
teachers should use instructional approaches that integrate students’ learning difficulties to
overcome the aforementioned challenges. The qualitative interview results with some students
and teachers from the experimental group also revealed that the heuristic problem-solving
approach positively impacted students’ achievement in LP.

To overcome learning challenges, teachers can effectively teach, guide, and counsel students
to build a positive attitude toward mathematics. Expert teachers may be allowed to share their
insights about the best strategies and approaches for increasing and fostering students’
mathematical abilities through seminars and workshops. Regardless of gender disparities, school
location, school status, or other background characteristics, teachers should collectively guide
students to set and realize their goals in mathematical problem-solving beyond classroom
activities. How and when functions, equations, and inequalities should be presented is a major
concern during classroom instruction. Which learning approach should be used first, and how
should concepts be presented? The graphical method of solving LP problems was mainly stressed
in this study. However, if the essential concepts are misunderstood, students may be unable to
effectively answer a particular LP problem. Teachers should, therefore, review and cover the
basic algebraic concepts that may aid or hinder students’ grasp and subsequent learning of LP.

Finally, because the goal of this study was to test the research hypothesis of the effect of the
heuristic problem-solving approach on students’ achievement in LP, it was more quantitative with
some supportive qualitative findings. The interview transcripts were not thoroughly scrutinized
to elicit students’ difficulties in learning LP. To make inferences, we mostly relied on the
students’ pretest and posttest scores. However, it may have been required to present students’
vignettes with evidence of students’ specific preconceptions, misconceptions, and errors made to
gain a deeper and broader grasp and insight of their LP abilities. As a result, the qualitative
findings could be interpreted in a variety of ways. This is something we fully acknowledge, and
we look forward to hearing from future researchers.
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Conclusion

This study sought to examine whether or not there was a statistically significant change in
students’ average scores in LP problems after being exposed to and taught using the heuristic
problem-solving instructional approach. PSM method was used to account for selection bias after
matching experimental to the comparison group. The results of this study showed that the null
hypothesis was rejected in favor of the alternative hypothesis. The posttest average scores of
students from the experimental group were significantly higher than those in the comparison
group. We can deduce that the heuristic problem-solving approach received by students in the
experimental group made a significant change in students’ average marks. This, therefore,
revealed the effectiveness of the intervention approach in terms of students’ conceptual
understanding, procedural fluency, strategic competence, adaptive reasoning, and productive
disposition. It was further observed that most students from the experimental group demonstrated
proficiency in problem-solving in terms of their ability in solving LP tasks. The problem-solving
heuristic learning approach can, therefore, be adopted during the learning of mathematics in
secondary schools and beyond to help students enhance their conceptual proficiency.

While this study demonstrates the effect of problem-solving heuristics and complements previous
empirical findings, there are some limitations. First, the study relied on observational data meaning
that the unobserved covariates (e.g., students” motivation, teachers’ motivation, teachers’ experience,
teachers’ pedagogical content knowledge, learning materials, students’ cognitive levels, etc.,) that may
have influenced students’ achievement in LP were not considered. Second, the schools were
purposively sampled and were not a random sample of secondary schools in Uganda. The findings
may not explicitly explain a representative students’ population in Uganda. Therefore, caution must
be exercised when generalizing our findings. We recommend further studies in analyzing students’
national examination answer scripts on LP problems, and in different contexts and settings, based on
the schools’ baseline characteristics. To do this, there is a need to train all teachers through continuous
professional development courses to collectively and effectively implement the problem-solving
heuristic approach and consequently evaluate its effect on students’ mathematical proficiency.
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