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ABSTRACT

We present upper estimates for the number of negative eigenvalues of two-dimensional Schrédinger operators with potentials generated by
Ahlfors regular measures of arbitrary fractional dimension « € (0,2]. The estimates are given in terms of integrals of the potential with a
logarithmic weight and of its Llog L type Orlicz norms. In the case & = 1, our results are stronger than the known ones about Schrodinger
operators with potentials supported by Lipschitz curves.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0004481

I. INTRODUCTION

Given a non-negative function V ¢ Llloc(Rd), consider the Schrodinger operator on L2(R%),
Hy:=-A-V, V>0, (1)

where A := Zi;l 6‘9—;. This operator is defined by its quadratic form
k

Eyralu] = f]Rd\Vu(xﬂ2 dx — ‘[Rd V(x)|u(x)\2 dx,

Dom(&y ) = {u e WARY nL*(RY, V(x)dx)}.

Denote by N_(€y r«) the number of negative eigenvalues of Hy counted according to their multiplicity. An estimate for N_(€y ga) in the case
d > 3 is given by the celebrated Cwikel-Lieb-Rozenblum inequality,

N_(Ey ) < Cy fR V' dx @)
(see, e.g., Refs. 1-3 and the references therein). If V € L (R, then this estimate implies that
N_(Eyypa) = o(ﬂ/z) as A — +oo. 3)

The estimate is optimal in the sense that (3) implies that V € Ld/z(]Rd) [see, e.g., Ref. 4, (127)].
It is well known that (2) does not hold for d = 2. In this case, the Schrodinger operator has at least one negative eigenvalue for any
nonzero V > 0, and no estimate of the type
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N_(Eyr2) < const + /]RZ V(x)W(x)dx

can hold, provided that the weight function W is bounded in a neighborhood of at least one point (see Ref. 5). Most known upper estimates
for N_(Eyr:) involve terms of two types: integrals of V with a logarithmic weight and Llog L type (or Ly, p > 1) Orlicz norms of V (see
Refs. 5-10 and the references therein). The following inequality is an example of such estimates:

N_(Eygre) <1 +c0ns'[(/]Rz V(x)In(1 + |x|) dx + HV”B,RZ)> YV >0,

where || - | gr> denotes the Orlicz norm (8), (10). It was proved in Ref. 9, where it was also shown to be equivalent to the estimate conjectured
in Ref. 11 and weaker than the one obtained in Ref. 10 (see Ref. 9 for stronger estimates). Ideally, one would like to have an optimal estimate
of the type

N_(Eyre) <1+ E(V), (4)
where E is a combination of certain norms, E(AV) = O(A) as A - +o0, and, most importantly,
N_(&yre) = O() as A - +o0 (5)

implies that E(V) < co. Unfortunately, even the strongest known estimates for d = 2 are not optimal in this sense (see Ref. 9). Finding an
optimal estimate of type (4) seems to be a difficult problem. The estimates for N_(Ey r:) with V supported by the Lipschitz curves obtained in
Refs. 12 and 13 show that (5) may hold for singular potentials supported by lower-dimensional sets. We believe that a better understanding of
Schrodinger operators with such singular potentials (supported by fractal sets) might shed some additional light on the above problem. This
was the main motivation for the present work, although the results obtained here might be of some relevance to the study of fractal antennae,
apertures, screens, and transducers (see, e.g., Refs. 14-19 and the references therein), especially in the case of impedance (Robin) boundary
conditions (see Refs. 20-23).
In this paper, we deal with the operator

Hyy:=-A-Vu, V>0, (6)

on L*(R?), where V e L} (R% ) and y is a o-finite positive Radon measure on R? that is Ahlfors regular of dimension « € (0,2] [see (26)].
We provide a unified treatment of potentials locally integrable with respect to the Lebesgue measure on R* (« = 2), potentials supported by
curves (« = 1), and potentials supported by sets of fractional dimension « € (0, 1) U (1, 2). In the case a = 2, we get the same estimate as in
Ref. 9 (Theorem 6.1), which is stronger than most other known estimates that use isotropic norms. [Anisotropic norms like the ones used
in Ref. 9 (Sec. 7) and Ref. 24 are not available in the case a < 2 and hence are not treated here.] In the case « = 1, our Theorem 3.1 and
Corollary 3.2 are stronger than the results obtained in Refs. 12 and 13 as we are now able to cover Ahlfors regular curves rather than just
Lipschitz ones. In the case a € (0, 1) U (1, 2), our results seem to be completely new.

The proof of our main result, Theorem 3.1, follows the same blueprint as in Refs. 10 and 9, but dealing with measures supported by sets
of fractional dimension causes quite a few difficulties. Some of them are listed below.

(1) One of the key technical ingredients in Ref. 10 (and in Ref. 9) was a result saying that the Orlicz norm of the potential over a square of
the side length t > 0 with a fixed center is a continuous function of t. This is no longer true for potentials of the form Vy [see (6)] if the
measure y is supported by an a-dimensional set with « € (0, 1] and hence can charge the sides of the square. Lemma 2.13 allows one to
choose the directions of the sides of the square in such a way that this difficulty is avoided (see Lemma 2.15).

(2) The Birman-Laptev-Solomyak method (see Sec. IV) used in this paper (and in Refs. 10 and 9) splits the problem into radial and
non-radial parts. The former is essentially a one-dimensional problem and is usually easier to handle than the latter. If the measure y
is supported by an a-dimensional set with « € (0,2), then the radial operator corresponding to (6) is a one-dimensional Schrodinger
operator whose potential is a measure that may be supported by a set of a fractional dimension and may even have atoms if & € (0, 1].
Hence, one needs to extend to such operators appropriate estimates known for Schrodinger operators with potentials locally integrable
with respect to the one-dimensional Lebesgue measure.” This has been carried out in Ref. 26.

(3) The Birman-Laptev-Solomyak method allows one to obtain spectral estimates for the non-radial part of the problem mentioned above
by splitting R*\ {0} into homothetic annuli centered at 0, getting an estimate for one of those annuli, and then extending it by scaling to
all other ones. Getting an estimate for an annulus usually involves covering it by carefully chosen squares, and an additional difficulty
in the case of operator (6) is that one has to distinguish between squares that are centered in the support of the measure y and those that
are not. Obviously, this complication does not arise in the standard case where y is the two-dimensional Lebesgue measure. Extending
an estimate to all annuli by scaling is also not entirely trouble free for operator (6) as the measure y does not have to be homogeneous.
Scaling leads to a change of measure, and one needs explicit information on how the constants in the estimates depend on the underlying
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measure. More precisely, one needs to show that those constants depend only on ¢;/co and & from (26). Again, it is clear that this
complication does not arise in the case where y is the two-dimensional Lebesgue measure.

This paper is organized as follows: Auxiliary results on Orlicz spaces and measures are collected in Sec. II. The main results are stated in
Sec. I11. In Sec. IV, we describe the Birman-Laptev-Solomyak method and then apply it in Sec. V to the Proof of Theorem 3.1. Corollary 3.2
is proved in Sec. V1. The (non)optimality of our main estimate (32) is discussed in Sec. VII. We show that

N_(g,l VV’RZ) = O(/\) as A —» +oo

implies that the first sum in the right-hand side of (32) is finite. Unfortunately, this is not the case for the second sum. However, we show
that the Orlicz Llog L norm, the B norm [see (8)] to be more precise, cannot be substituted with a weaker Orlicz norm. Finally, we prove
in the Appendix some simple asymptotic results that are needed to justify the applicability of a suitable endpoint trace theorem (Ref. 27,
Theorem 11.8; see Theorem 5.1) in our setting (see the Proof of Lemma 5.2).

Il. AUXILIARY MATERIAL

We start by recalling some notions and results from the theory of Orlicz spaces [see, e.g. Refs. 28 (Chap. 8), 29, and 30]. Let (Q,Z, u) be a
measure space, and let ¥ : [0, +00) — [0, +00) be a non-decreasing function. The Orlicz class Ky (Q, u) is the set of all of measurable functions
f:Q — C(orR) such that

/Q W(|f () du(x) < oo. (7)

If¥(t) = #,1 < p < oo, this is just the LF(Q, y) space.

Definition 2.1. A continuous non-decreasing convex function ¥ : [0, +00) — [0, +00) is called an N-function if

limwzo and limm:oo
t—=0+ t—»oo

The function @ : [0,+00) — [0, +00) defined by
O(t) := sup (st — ¥(s))

>0

is called complementary to V.

Examples of complementary functions include

P q
T(t):i,l<p<m, c[)(t):tf’lJrl:l,
P ap q
A(s) = e =1 |s|, B(s) = (1+[s)In(1 +|s])  |s], seR. )

We will use the following notation a, := max{0,a}, a € R.
Lemma 2.2 (Ref. 9, Lemma 2.2). % slnys < B(s) < s+ 2slnys, Vs > 0.

Definition 2.3. An N-function \V is said to satisfy the global A;-condition if there exists a positive constant k such that for every t > 0,
Y(2t) < k¥(t). )

Similarly, ¥ is said to satisfy the A;-condition near infinity if there exists to > 0 such that (9) holds for all t > to.

Definition 2.4. A pair (¥, Q) is called A-regular if either ¥ satisfies a global A,-condition or ¥ satisfies the A,-condition near infinity and
u(Q) < oo.

Lemma 2.5 (Ref. 28, Lemma 8.8). Ky (Q, y) is a vector space if and only if (¥, Q) is A-regular.

Definition 2.6. The Orlicz space Ly(Q,y) is the linear span of the Orlicz class Ky (Q, y), that is, the smallest vector space containing
Ky (Q, p).
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Let ® and ¥ be mutually complementary N-functions, and let Lo (€2, ) and Ly (€, 4) be the corresponding Orlicz spaces. We will use the

following norms on Ly(Q, 4):

b= 1w = supf | [ fode] [ @(hi< 1} (10)
and
) Ciilesos [(U1
[ levw = 1 lev.ap = infy x>0 f WY =5 fdu< 1y (1n
These two norms are equivalent,
[ flovw < [ flww <20 fllovw s VS € Lu(Q) (12)
[see, e.g., Ref. 29, (9.24)].
Note that
/Q\F(Lﬂ)d‘u <Cp, Co>21 = HfH(\yw < Coko (13)
0
(see Ref. 9). Indeed, since ¥ is convex and increasing on [0, +c0) and ¥(0) = 0, we get for any x > Coxo,
/] |/l 1 1l
‘P—dsf‘l’—ds—f‘lf—dgl. 14
L ( K # Q C()Ko # C() Q Ko # ( )
It follows from (13) with ko = 1 that
florg < max{1, [ #(17du}. (15)
We will need the following equivalent norm on Ly (€, y) with p(€)) < oo, which was introduced in Ref. 10:
17155 = 17150 = sunf | [ fedu: [ @ <), (16)
Proposition 2.7 (Ref. 30, Theorem 9.3). For any f € Ly(Q, u) and g € Lo(Q, ),
| [ fodu| < 1flwonlglons. (17)
In particular, fg € L'(Q, p).
The above is called the Holder inequality for Orlicz spaces. The following is referred to as the strengthened Hélder inequality:
| [ fedn| < 1 flevan lelans (19)
forall f € Ly(Q,p) and g € Lo(Q, p) [see Ref. 29, (9.27)].
Lemma 2.8 (Ref. 10, Lemma 3). For any finite collection of pairwise disjoint subsets Q. of €,
Y158 < 150, (19)
k
Let
115 = sow | [ rodu: [ @lighau< @}, 750 0)
J. Math. Phys. 61, 051509 (2020); doi: 10.1063/5.0004481 61, 051509-4
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Lemma 2.9. For any 11,72 > 0,

. T
minf1, 2 F1G07 < 171GR5 < max{ 1 2 }A1507 @y

Proof. Let
X = {(p : fﬂd)(\q)Ddy < le(Q)}, X; = {(p : [Qd)(|<p|)dpt < TzH(Q)}.

Suppose that 7, < 7,. Then, it is clear that | £ &2 < | f|©2™. Now, since ® is convex and ®(0) = 0,

W,Q,u ¥,.Quu

peX, = %(peXl [cf. (14)].

E — E (av),1
S rodu| < sup [ (2o )a = s

Hence,

< sup

IF19ag = sup
$eXy

On the other hand, suppose that 7; > 7,. Then,

(av), (av), (av),
LFIEEE < A1 < gl
Hence,
( (av),
min{ 1, 2 FIS07 < 1107
and

(av), ) (av),
1£16%7 < max{1, 2 hirIgR.

As a result of the above lemma, we have the following:

Corollary 2.10 (Ref. 9, Lemma 2.1).

min{Lu( )} | flvou < | f155, < max{Lu(@)} |fv.au

Let (Q1,Z1) and (Q32,X,) be a pair of measurable spaces and & : (Q1,%1) — (Q2,X,) be an isomorphism, i.e., let £ be a bijection such that

both & and ffl are measurable. Let y be a finite measure on (Q,,,) and V : (23,Z;) — C be a measurable function. Then, Vi=Volisa
measurable function on (Q,%1) and i := p o,

@(E) = u(§(E)), EeXy

is a measure on (1, 21). For any ¢ > 0 and any mutually complementary N-functions ® and ¥, one gets using (16) and the change of variable
formula (see, e.g., Ref. 31, Lemma 5.0.1)

VI, = sop{| [ vEds| [ @UrDdu < )

~sup{ 2| [ Tgdtan| + [ ol deeiy < cacan)
= % 171550, (22)
Hence, by Corollary 2.10,
1Vl < ey |V 150 = i iy | W (3)

Lemma 2.11.
—1
| flLaw < ¥ OIFIE0,

Proof. Clearly, one only needs to consider the case 0 < 4(Q) < oo. Let y; := ﬁ . Then, 1 (Q) = 1, and using (17), Refs. 29 (9.11), and

(22) [with ¢ = [ﬁ, (Q1,21) = (2, %2) = (Q, F), and &(x) = x], one gets

J. Math. Phys. 61, 051509 (2020); doi: 10.1063/5.0004481 61, 051509-5
Published under license by AIP Publishing


https://scitation.org/journal/jmp

Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

el duo = w(@) [ £Cldin () < @)l 1.0

= W10, Y O =p@I flgg L ¥ ) = 1150, ).
e

Lemma 2.12 (Ref. 9, Lemma 2.5). Let u(Q) > 1. Then,

av, 7
1£1§0 < 1180y +1n( 5 4() 111,00

Lemma 2.13. Let u be a o-finite Borel measure on R? such that u({x}) = 0, Vx € R%. Let
¥ :={0€[0,7) : Flgsuchthatu(ly) >0}, (24)
where lg is a line in R? in the direction of the vector (cos 6, sin ). Then, X is at most countable.

Proof. Let
En :={6€[0,7) : Jlgsuchthatpu(lgnB(O,N)) >0},

where B(0, N) is the ball of radius N € N centered at 0. Then,

It is now enough to show that Xy is at most countable for VN € N. Suppose that Zy is uncountable. Then, there exists a § > 0 such that
Zns = {0€[0,7) : Tlpsuchthatu(ly nB(0O,N)) > 5}

is infinite. Otherwise, Xy = UN PN would have been finite or countable. Now, take distinct 0y, .., 6, ...,€ Zys. Then,
ne. n

u(lg, nB(O,N)) >0, VkeN.

Since lgf N lg,, j # k contains at most one point, then
‘u( V] (le n lgk)) =0.
jeko

Let }
lgk = lek\_U (lg’ N lek).
jEk

Then, Ig n1lg, =@, j + kand Iy, n B(0,N) c B(0,N). So,

> u(lg, N B(O,N)) = y( u (Ig, N B(O, N))) < u(B(0,N)) < oo.
kel keN

However, )
u(lg N B(O,N)) = u(lp, 0 B(O,N)) >,

which implies

> u(lo, N BO,N)) 2 > 8 = oo,

keN keN

This contradiction means that Xy is at most countable for each N € N. Hence, X is at most countable. O

Corollary 2.14. There exists 0y € [0, 71/2) such that 0y ¢ X and 0 + 5 ¢ Z.

Proof. The set
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is at most countable. This implies that there exists

8 < [0, n/z)\(z uE- g))

Thus, 9(), 90 + g ¢ 2.

|

Let Q be an arbitrary unit square with its sides in the directions determined by 6 and 6 + 5 in Corollary 2.14. For a given x € Q and

t > 0, let Q«(t) be the closed square centered at x with sides of length ¢ parallel to those of Q.

Published under license by AIP Publishing

Lemma 2.15 (cf. Lemma 4 in Ref. 10). Suppose that ¥ satisfies the As-condition [see (9)]. Then, for every f € Lw(Q, ), the function
t—s J(t):= ||f||$,vQ)x(t),H is continuous and J(0+) = 0.
Proof. Lett >ty > 0. Take any measurable function g on Q.(t) such that
[ (gl du < uQute)
Q1)
and consider hg := pg, where p = ’L ((%‘ (tf) < 1. Then,
f ®(|hol) du = f D(|pgl) du < f D(|pg]) du
Qu(to) Qul(ty Qu(f)
=p | @llgh diu < pulQu(t) = u(Qult0).
Hence,
0 < 115000 ~ 1190000
~supf| [ fed: [ olighdu< o))
—supf| [ s [ @Gh d < Qoo
<swpf| [ sed]: [ olghdu< v
- sup{p’f fng’ : f q)(|g|)dH§M(Qx(t))}
«(fo) Qu(f)
<su o[ [ sed: [ gt du <o)
p{ o0 8 7P o 8| S DU it < p
< sup{ / fgd‘u‘ [ g du< y(Qx(t))}
Q:(H)\Qx(to) Qi)
+(1-p) sup{’f ) )fgdy’ : fQ (t)(D(|g(x)|) du < M(Qx(t))}.
For every interval I ¢ Q parallel to the sides of Q, u(I) = 0. Then, p(Qx(£)\Qx(t9)) —> u(0Qx(to)) = 0 as t — tq.
Using the Holder inequality [see (18)], we get
up{U fe dﬂ‘ : f (lgx))) du < H(Qx(t))}
1 ()\Q:(t0) Q(t)
< sup HfH(\I’,QX(t)\Qx(tQ),y) 18]lo.0.0nQu 0
Jou®UgD du<pu(Qu()
< [ fl w02 max{l p(Q:(6)}
[see (12) and (15)]. Since ¥ satisfies the A, condition, it follows from Ref. 29, Theorems 9.4 and 10.3 that
lim £l w,q.n0u00) = O
J. Math. Phys. 61, 051509 (2020); doi: 10.1063/5.0004481 61, 051509-7
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Furthermore,

_HQ) | H(Q0\Qu()
#(Q:(0) u(Qu(D)

—> last—t.

Hence,

(1~ pysup| [ fad| [, 0lstodus M)} — 0

ast — to. The case to > t > 0 is proved similarly.
Finally, the equality J(0+) = 0 follows from Ref. 29 (Theorems 9.4 and 10.3). O

We will use the following pair of mutually complementary N-functions:

A@s)=e—1-1s, B(s)=@+|sIn(1+|s)) - |s|, seR. (25)

Definition 2.16. Let y be a positive Radon measure on R*. We say the measure y is Ahlfors regular of dimension « € (0,2] if there exist
positive constants ¢y and ¢, such that
cor” < u(B(x,1) < ar” (26)

forall 0 < r < diam(supp u) and all x € supp y, where B(x, r) is a ball of radius r centered at x and the constants ¢y and c| are independent of the
balls.

If the measure y is a-dimensional Ahlfors regular, then it is equivalent to the a-dimensional Hausdorff measure (see, e.g., Ref. 32,
Lemma 1.2). If suppy is unbounded, (26) is satisfied for all # > 0. For more details and examples of unbounded Ahlfors regular sets, see, for
example, Refs. 32-34.

Suppose that ¢ is the usual one-dimensional Lebesgue measure on a horizontal or a vertical line. Then, (26) holds with « = 1. This implies
u(I) # 0 for every nonempty subinterval I of that line, hence the need of Lemma 2.13 and Corollary 2.14 for the validity of Lemma 2.15 in this
case.

Throughout this paper, we consider integrals and Orlicz norms with respect to y over closed rather than open sets. This is because the y
measure of the boundary of a set may well be positive.

lll. THE MAIN RESULT
Let # be a Hilbert space and let q be a Hermitian form with a domain Dom (q) € H. Set

N_(q) :=sup{dim £ |q[u] <0, Vu e £L\{0}}, (27)

where £ denotes a linear subspace of Dom(q). The number N_(q) is called the Morse index of q. If q is the quadratic form of a self-adjoint
operator A with no essential spectrum in (—oo, 0), then by the variational principle, N_(q) is the number of negative eigenvalues of A repeated
according to their multiplicity (see, e.g., Ref. 35, S1.3 or Ref. 36, Theorem 10.2.3).

Assume without loss of generality that 0 € supp y and diam(supp p) > 1. Let

n— n _ _oll _plnl-
Jo=[& &) n>0, Jo=[ehel, Ju=[e2 e ], n<o

and
Gy o= [ SRV i, n20, Goi= [ V). (28)

xlefo

If supp p is bounded, there exists m € N such that

(26—1) * < diam(supp p) < (ZC—I);

Co Co

Then, there exists # such that

_1 m
(ZC—I) “<n<1 and diam(suppp) = n(ZC—l) - (29)
Co Co
If supp y is unbounded, we just take # = 1. Then, we set
2 1 "a;l C1 a
Q= {xeR : 11(2—) £|x|§f1(2—) },neZ (30)
Co Co
J. Math. Phys. 61, 051509 (2020); doi: 10.1063/5.0004481 61, 051509-8
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and
D, = || V| & 31)
n B.Qup

[see (25)].
Define operator (6) by its quadratic form

Evppe[w] = fR Ve dx - fR V) du),
Dom(Ey,g:) = W5 (R?) n L*(R?, Vdy).

Let N_(Ey,g:) denote the number of negative eigenvalues of (6) counted according to their multiplicities, i.e., the Morse index of £y, g:
defined by (27). Then, we have the following result.

Theorem 3.1. Let y be a positive Radon measure on R? that is Ahlfors regular and V > 0. Then, there exist constants A > 0 and ¢ > 0 such
that
N_(Eyur2) <1+4 Y. VGui+A ) D (32)

G,>1/4 D,>c

Corollary 3.2. Under the conditions of the above theorem, there exists a constant B > 0 such that
N_(Eypre) <1+ B(./]Rz V(x) In(1 + |x]) du(x) + ”V”B,Rz,”). (33)

The proofs of the theorem and the corollary are given in Secs. V and VT, respectively.

IV. THE BIRMAN-LAPTEV-SOLOMYAK METHOD

Our description of the Birman-Solomyak method of estimating N_(Ev) follows.
Let (r, 8) denote the polar coordinates in R%LreR,, H¢ [-7, 7], and

9,10,25,37

wi(r) = % [ :w(r, 0)d0, w(r,0) := w(r, 6) — wr (1), (34)

where w € C(R*\{0}). Then,
wp(r,0)d0 =0, Vr>0, (35)

-7
and it is easy to see that
fszRUN dy=0, Yw,ve C?(Rz\{O}).

Hence, w — Pw := wp extends to an orthogonal projection P : Lz(RZ) - Lz(RZ).
Using the representation of the gradient in polar coordinates, one gets

B Owg duy 1 dwg BvN)
/RzWRWN dy = RZ( or or ' 08 08

owg Ovpnr / ( ow ) ( ov ) s
= _ ow o v .
R2 Or Or &y re\ or Jr\ or ) n dy=0, Yw,veCy (]R \{0})

Hence, P: W, (Rz) - W, (Rz) is also an orthogonal projection.

Since
2 2 2
d :/ d +f dx,
[vul dx= [ [vug dx+ [ [vuyl dx

/}R2V|w|2 du(x) 32‘/RZV\wR|2 d/,t(x)+2f]RZV|wN|2 du(x),

we have
N_(Evur:) < N-(ERavy) + N-(En2vy)s (36)

where £g v, and Epr,y, are the restrictions of the form &y, g2 to PW5(R?) and (I - P)W;(R?), respectively. Therefore, to estimate
N_ (SV%Rz ), it is sufficient to find estimates for N_ (573,2\/,4) and N_ (SN,ZV;A)'
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On the space PW, (R?), a simple exponential change of variables reduces the problem to a one-dimensional Schrodinger operator, which
provides an estimate for N_ (572,2Vy.) in terms of weighted L' norms of V [see (41) and (42)]. Theorem 7.1 shows that this estimate is optimal
in a sense [see also (86)].

On the space (I - P) Wi (R?), one gets an estimate for N—(gj\/,zw) in terms of Orlicz norms of V [see (78) and (31)]. The variational
principle (see, e.g., Ref. 26, Lemma 3.2) implies that

Nf(gj\/,zw) < %Nf(gj\/,zw,on)’ (37)

where Qj, are the annuli defined in (30),

ENavua, [w] = an|Vw(x)|2 dx — Zan V(x)|w(x)|2 du(x),
Dom (Exaviuq,) = {w € (I = PYW(Qu) N L*(Qu, Vi) }.
The main reason for introducing the space (I - P)Wj(R?) is that
o W dx =0, Yuwe(l- PYW3(Qn) (38)

[cf. (35)], which allows one to use the Poincaré inequality and ensures that not all terms in the right-hand side of (37) are necessarily greater
or equal to 1.

n—-1

a

The Ahlfors condition (26) allows one to obtain estimates for N— (& /\/',2V;4,Qn) from those for N_ (6 N,va,Ql) by scaling x — x(zg)
So, it is sufficient to find an estimate for N_(€ N2V, )

V. PROOF OF THEOREM 3.1

We need to find an estimate for the right-hand side of (36). We start with the first term. Let I be an arbitrary interval in R,. Define a
measure on R, by

v(I) := V(x) du(x). (39)

|xlel
Then [see (34)],
[ er@PVEdue) = [ lwe)ldvio).

Letw € PWZI(RZ), r=é,u(t) = wx) = wp(r) [see (34)]. Then,

Az|Vw(x)|2dx - znfR\u’(t)th

and
[ v@lw@Pdu = [ fwp@Pdvin = [ g due)
R2 R, R
- f ()2 du(e).
R
Let ) )
G, = —/|t| dv(e'), n#0, Gyi=— [ dv(e), (40)
2 J1, 2 Ji,
where
L=[2""2", n>0,Ip:=[-1,1], I, := [-2", -2""], n < 0.
Then,
N_(Erp) <1+4761 Y. /G, (41)
G,>0.046
where
£ ::/'tzdt—f DI dv(e"),
rRav[v] = [ 0O @ ()
Dom(€R,,) = W1 (R) n LA (R, dv)
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(see Ref. 26). It follows from (28), (39), and (40) that G, = 2nG,, and thus, (41) implies
N-(Erpvy) <1+4 Y. /G (42)

G,>1/4

Now, it remains to find an estimate for the second term in the right-hand side of (36) [see (78)]. We begin by stating some auxiliary
results.
Let ¢ be a nonnegative increasing function on [0, +c0) such that tg(t ') decreases and tends to zero as t —» oo. Furthermore, suppose

+00
f to(t)dt < cuo(u) (43)
for all u > 0, where
1
= - 44
o(v) v(p( s ) (44)
and c is a positive constant.

Theorem 5.1 (Ref. 27, Theorem 11.8). Let ¥ and @ be mutually complementary N-functions and let y be a positive Radon measure on
R2. Let ¢ be the inverse function of t — tp! (til), and suppose it satisfies the above conditions. Then, the best, possibly infinite, constant A in

Jw? ey < Arlw]i ey, Yw € Wa(R?) 0 C(R?) (45)
is equivalent to

_ 1 1
B = 1 Blx, )0 ' ——— ] : xeR* 0 — 1 46
1 SuP{| og rlu(B(x,)) (,u(B(x,r))) P <r< 2} (46)
where B(x, ) is a ball of radius r centered at x.

Let G c R? be a bounded set with Lipschitz boundary. Then, there exists a bounded linear operator
T : W2(G) — W2(R?) (47)
such that
(Tew)|g = w, Yw e W;(G),
Tow € W5 (R*) n C(R?), Yw e W3(G)n C(G)
(see Ref. 38, Chap. VI, Sec. 3).

Lemma 5.2 (cf. Ref. 27, Corollary 11.8/2). Consider the complementary N-functions B(t) = (1 +t)In(1 +¢) — t and A(t)=¢ —1—t. Let
G c R? be a bounded set with Lipschitz boundary. If a positive Radon measure y on G satisfies the following estimate for some a > 0

p(B(x,1) <", YxeG and Vre (0, %), (48)

then the inequality
[0 g < Al Tel’ Wi, Yw € W2(G)n C(G)

holds with a constant A, [see (45)] depending only on a.

Proof. First, let us check that the conditions of Theorem 5.1 are satisfied. Let o(t) := thl(%) and % = B(s). Then, o(t) = % Since

%(@) = —s% In(1 +5s) + % > 0 for s > 0, the fraction ﬁs) is a decreasing function of s. It is also clear that ﬁs) — 0 as s —> oo. Hence, o(t) is
an increasing function of ¢ and o(t) — 0 as t — 0+. Furthermore,
11
o(t) = tB 1(;) =261 +0(1)) as t —> oo (49)
and ) )
Q(t):ts*l(f) =—(1+o(1)) ast — 0 (50)
t In 2

t

[see (A1) and (A4) in the Appendix].
Let ¢(7) := Qil(T). Then, ¢ is an increasing function. Let x = Q71 ( % ) Then, x is a decreasing function of ¢, and t = @. Hence,
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1 1 1) X 1
to(t ™) =t ) = =
Pl =1e (t o) B(L)
is a decreasing function of £.
For small values of 7,
o(t) =T1€ ~ W (51)

[see (A5) and (A8)]. Hence,
—t 0(1)
e —>0ast—> o0

tp(t ) =e

/+°°ta(t) dt = fﬂotz(p(%)dt: f+°°te"eo(1) dt

+oo
< eO(l)f te ' dr = eo(l)(u +1)e" < 2e%W e <
u

and [see (44)]

oQ1), 2
< PWy

1
<p(7) = eO(l)ua(u) as U — +oo
u

[see (51)].
For large values of 7,
T

2
o(1) = 3 (1+0(1))

[see (49)]. Hence,
to(t) = tz(p(%) = %(1 +0(1)) as t — 0+,

1 +o0o
uo(u) — 3 and f to(t) dt — constant as u — 0 +.
u

Thus, ¢(7) satisfies condition (43) for all values of u.
Extend y to R? by u(E) = 0 for E = R*\G. It is easy to see that then (48) holds for every x € R?, and one has the following estimate for the
constant By in (46):

1

B; = sup{|ln rlu(B(x, r))Bfl(m) 0<r< %}

|1n 7|

Cw [Inr|  const
oty 110 (B )

|Inre| ~  «

(1+0(1)) < constsup

[see (50) and (48)]. Thus, one can take A; ~ é in (45). It follows from Theorem 5.1 that
2 2 2 2 2
lw'l 4, = [(Tew) | ARz < At Tow[wirey < At Te[™ [wli g

for all w € W5(G) n C(G). O
We will use the following notation:

WE = |fl‘wa(x) dx, (52)

where E ¢ R? is a set of a finite Lebesgue measure |E|.

Lemma 5.3. Let G c R? be a bounded set with Lipschitz boundary and p be a positive Radon measure satisfying (48). Then, there exists a
constant A2(G) > 0 such that for any V € Lg(G, u), V > 0,

fEVIw(x)Izdﬂ(x) <A 6)|Vigg, fG |Vw|*dx (53)
for all w € W3(G) n C(G) with wg = 0. One can take
A2(G) = Ay | T6|*(1 + Ca), (54)
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where Ay is the constant from Lemma 5.2 and Cg is the optimal constant in the Poincaré inequality for G. In particular, in the case when G = Q
is a unit square with sides chosen in any direction, one can take

Ay = A(Q) = A To|*(1+772), (55)
which depends only on a.

Proof. The proof of (53) and (54) follows from the Hélder inequality for Orlicz spaces [see Eq. 17], Lemma 5.2, and the Poincaré
inequality (see, e.g., Ref. 39, Chap. IV, Sec. 7, Subsec. 2, Proposition 2). Formula (55) follows from the fact that the best constant in the
Poincaré inequality equals 1/1,, where 1, is the smallest positive eigenvalue of the Neumann Laplacian (see Ref. 39, Chap. IV, Sec. 7 and
Sec. 7, Subsec. 2, Corollary 3]), and that the latter equals 7° for the unit square Q [see, e.g., Ref. 40, Chap. VIII, Sec. 2, Subsec. 8, (2.398)]. [

Lemma 5.4. Suppose y satisfies (26). Let Q) be a square centered in the support of y with sides chosen in any direction. Then, there exists a
square Qo  Q with the same center such that for any V € Lg(Q, ), V > 0, the following estimate holds:

LvoluoPauo < e vigd, [ vuoldy (56)

forallw e Wi(Q)n C(ﬁ) with wq, = 0 [see (52)]. Here, A; is the same constant as in (55).

Proof. Let R be the side length of Q. It is sufficient to prove (56) in the case X diam(supp ). Indeed, if > diam(supp u), then there

exists a square 0; with the same center as Q and with the side length R; such that R1 <R, & < diam(supp ), and Q1 nsuppp = QN supp p.
Then, (56) would follow from a similar estimate for 1 since

Ly dur) = [ Vlw)Pdut) and [VIgE = IVIgS -

Below, we show that in the case 3 R < diam(supp p), (56) holds with Qo =
There exist an orthogonal matrlx U € R¥? and a vector xo € R? such that Q = £(Q), where & is the similarity transformation &(y)
=RUy+x0,y€ R% Let V:= Vofandj fi := po & Take any x € Q N supp 1, i.e., any x € Q such that &(x) € supp . Since &(B(x, 1)) = B(é(x), Rr)
for any r > 0, (26) implies
co(Rr)® < i(B(x, 1)) = u(&(B(x, 7)) = u(B({(x),Rr)) < c1(R)* (57)

for any positive r < 4 diam(supp y). It is clear that the latter restriction is not needed for the upper estimate in (57), since u(B(&(x), Rr)) does
not change as r increases beyond % diam(supp p). If x € Q\supp {, then, obviously,

f(B(x,7)) =0, Vr<dist(x,supp jt).
If r > dist(x, supp j1), then there exists x| € supp ji such that |x — x;| < r. Hence, B(x, r) ¢ B(x,2r), and it follows from (57) that
f(B(x,7)) < i(B(x1,2r)) < c1 (2R)“r".
Let
1
~a@R)*

Then, Lemma 5.3 applies to the measure cji. Using (23) and the equality

[Q IV (w 0 &)(x) P = [Q IVw(y)dy,

we get
1
f§v<y>|w(y>|2d;4<y) - f6v<£(x))\w(&(x))ﬁd(cu(f(x)))
=L Yo D00
- faV(x)'(“’ £)(0)Pd(c(x))
< %AzHVH - f IV (w o O)(x)dx
1 c (av)
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However,
l—max{l 1}—max{l 61(2R)a}
min{l,c;}(a)} ’cﬂ(a) ’ .‘4(5)
< maxq 1, Cl(zf)a =y (59)
a(3) ‘

In the inequality above, we have used (26) and the fact that Q contains a disk of radius £ centered in the support of . Now, (56) follows from
(58) and (59). O

Remark 5.5. Estimate (56) may fail if Q) is not centered in the support of u (see Ref. 41, Example 3.2.11).

Let G c R* be a bounded set with Lipschitz boundary such that ‘u(é) > 0. Let Gy be the smallest closed square containing G with sides
chosen in the directions 6y and 6y + g from Corollary 2.14. Since y(@) > 0, there exist x € supp y such that x € G < Gy. Let G; be the closed
square centered at x with sides chosen in the same directions as for Gy and the side length twice that of Go. Then, Gy > Gy. Finally, let G* be
the closed square with the same center and the same directions of sides as Gy and with the side length 3 times that of Gy. Then,

ESGQCG1 CG*. (60)

Since G; is centered in supp y, Lemma 5.4 can be applied to it. On the other hand, an advantage of G* is that it does not depend on the choice
of x € supp y and is uniquely defined by G once the direction 0 has been chosen. Hence, one can define the following quantity:

Furthermore, let
Vi) = {V(x), ifxeG

0 ifx¢G.
Then,
(av) (av) (av),k0(G (av)
[VaIgD, < 1V-182, = V1925 < r(@[ Ve, (61)

(see Lemma 2.9).
Using the Poincaré inequality (see, e.g., Ref. 39, Chap. IV, Sec. 7, Subsec. 2, Proposition 2), one gets the following estimate for operator
47):

2 2 2
[ Tew]| wiGy) < | TGWHWZI(G*) < HTGwHWZI(RZ)

< | Tsl*wlye < 1 Tel*(1 + CG)fGIVw(x)I2 dx (62)

for all w € W1(G) with wg = 0.

Lemma 5.6. Let y be a positive Radon measure on R? that is Ahlfors a-regular, and let G c R* be a bounded set with Lipschitz boundary
such that u(G) > 0. Choose and fix a direction satisfying Corollary 2.14. Furthermore, let Q.(r) be the square with sides of length r > 0 in the

chosen direction centered at x € supp u 0 G. Then, for any V € Lg(G, ), V > 0 and any n € N, there exists a finite cover of supp p N G by squares
Q. (1) 15, > 0,k =1,2,...,n9 such that ny < n and
Ve Pdu) < A V152 [ [vwel dx (63)
G Ot JG
forallw e Wzl(G) N C(G) with (TGw)ka(rxk> =0,k=1,...,n9and wg = 0, where

C
As = cac—ln Te| (1 + Co)xo(G) (64)
0

and the constant Cy depends only on a.
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Proof. Let N € N beabound (see, e.g., Ref. 42, Theorem 2.7) in the Besicovitch covering lemma (see, e.g., Ref. 43, Chap. 1, Theorem 1.1]).
If n < ko(G)N, take ng = 1 and let Qy, (ry,) be the square Qp from Lemma 5.4 with Q = G;. Then, it follows from (56), (61), and (62) that for

all w € W3 (G) n C(G) with (TGw)Qxl (r) =0 and wg =0,

ﬁ VE)lw)P dut) = f Ve (0| Tew()| du(x)
G G,
< 24NV, [ 19 Tow)e d

<A2—4 x0(G)Nn™" |V, ||gvé* / |V (Tew)(x)|* dx

<A2—4 xo(G)Nn~ Ko(G)”VH(aV) HTGH (1+Cc)f|Vw(x)| dx

VI, [Ivuer dx

where B, —Az 4"‘HTG\| (1 + Cg)xo(G)*N.

(65)

Now, assume that # > xo(G)N. Lemma 2.15 implies that for any x € supp u N G, there is a closed square Q.(r) centered at x such that

1 )
Vi

IVl .

BQurop = = ko(G)Nn~

Since xo(G)Nn™*

covering lemma, E has a countable or a finite subcover &’ that can be split into N subsets 2’,j = 1,. . .,

in each subset are pairwise disjoint. Applying Lemma 2.8 and (61), one gets

(av) = )
Ko(G)Nn ™" | V] 52 jard8i= 57 |V Bt < 1Vl
Qu(ry)eE]
< xo(G) HV||(8V)

Hence, card E; < nN~! and

N

ng:=cardE = )" card 8 < n.

=1

Again, using (56), (62), and (66), one gets for all w € W3 (G) n C(G) with (TGw)ka(rxk) =0,k=1,..

V() |w(x)|* du(x)

[,V(x>|w<x)|2du<x): [
supp uNG
Cl (av) f
<A,—4 .
P ;HV ”B,ka(rxk),y

_ Cl .« -1 (av) f
=A,—4 N
2 xo(G)Nn ||VHBGHZ

Ve 0)|(Tow)(x)[* du(x)
|V(T(;w)(x)|2dx

\V(Tcw)(x)|2 dx

xk Xk

N

[ —_
= A= 4 (GNn V] §2 S
c = lek(rx )ea!

<A2—4 KO(G)Nn_1|VH(§Vé#Z/ V(Tow) ()| dx

c - v
gA214aKO(G)Nzn I TslPa+Cal VgD, fG IVw()| dx

‘1|\V||<“>  [I7weP dx

(66)

< 1, itis not difficult to see that Q.(rx) € G*. Consider the covering & = {Qx(rx)} of supp y N G. According to the Besicovitch

N in such a way that the closed squares

)
B.G*u

,npand wg =0

f V(Tew)®)P dx
Qq (rxk
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where C; := A2%4”‘H TcH2(1 + Cg)ko(G)N?. Tt is now left to take

As = max{By, Ci } = A4"N|Tq|*(1 + cc)z—lxo(c) max{xo(G), N}. (67)
0

Lemma 5.7. Let y and G be as in Lemma 5.6. Then,
2 (av) 2
Ve duc) < A vIgD, [ [vuol dx (68)

for allw € W5 (G) n C(G) with wg = 0, where

B7'(1)
Gl

c
Ay =2|Tg| (1 + CG)(AZC—14“ + )KO(G). (69)
0
Proof. It follows from (62) that

2

2 1 1
(Towa =5 [ Towords] < 1ol

1

< = Tal*(1+ Co) [ [’ dx.
|G G

Using Lemma 2.11, one gets, similar to (65),
Vet duo = | V@ Tow(o) duo
<2 fG V- @ITeu() - (Tow)g, | dut)

v2 [ Ve (Tow)g, | dut)
<amSavagl, [ [9(Tew) @ dx
+2B71 ()| Vi Hgfgwﬁ

< AvIgD, [I1vuweal ds,

2 2
ITs| (1+CG)fG|Vw(x)| dx

where Ay is given by (69). O

Remark 5.8. 1f y satisfies (26), then the measure i u satisfies (48). Applying Lemma 5.3 to % p and using (23) (with ¢ = i, 0 =0,=0G,
and &(x) = x), one gets a version of (68) with the following constant:

_ A1 T6|*(1 +Co)
min{l, % y(@)}
in place of A4. The terms in (69) and in (64) that depend on the measure y are %{‘] and xo(G). The latter can often be estimated above by a

quantity that depends only on ZT‘) and « (see Examples 5.9 and 5.10). On the other hand, (70) contains the term % y(@). Although (70) would
also work for us [see (72)], we prefer to use (69) as it matches (64) better than (70).

W (70)

Example 5.9. Let Q) be a square centered in the support of 4 with sides of length R chosen in any direction. Then, the side length of Q*
does not exceed 3v/2 R, and
«

wQ*) < cl(ax/iR)

If § < diam(supp p), then
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Example 5.10. Let G be a circular annulus centered at a point x in the support of y with the radii r and R such that

R > (ZC ); and R < diam(supp p).
r Co

Then, the side length of the square G* equals 6R, and

‘u(@) = (B(x, R)) — u(B(x,1)) > coR* —c1 7"
1
>COR —CIE%R :ZR

w(G™) < c1(6R)".

Hence,

Note also that
1 1

= a
min{l,%‘u(é)} < min{l Lo R"‘} —maX{I,Z Co R }

> 2¢

(71)

(72)

As mentioned above, let u be a positive Radon measure on R? that is Ahlfors a-regular and let G ¢ R* be a bounded set with Lipschitz

boundary such that ‘u(é) > 0. Let
Exvualw] = fG V(o) dx - 2 fa V) |w (o) Pdu(),

Dom (&vy,6) = {w e Wr(G)n Lz(é, de)| we = O}.

Lemma 5.11 (cf. Ref. 9, Lemma 7.7).
N-(Evuc) < A5HV||(“” +2, YV >0,

where As := 2A3 and Az is the constant in Lemma 5.6.

(73)

(74)

Proof. Let n= [As [ V||(§%M] +1 in Lemma 5.6, where [a] denotes the largest integer not greater than a. Take any linear subspace

L c Dom (&v,,6) such that
dim £ > [ 45| V][5 } +2.

Since no < n, there exists w € £\{0} such that wq, () =0,k =1,...,n, and wg = 0. Then,

Emualw] = [ [VuPdr -2 [ Ve duco)
A5V
> fG\Vw(x)|2dx— [

BGu f\Vw x)|*dx

AV, +1

> f\Vw(x)|2dx—f\Vw(x)| dx = 0.
G G

Hence,
N-(Eavc) < [As|VIGR | +2 < AsIVIES +

Lemma 5.12.
N_(E2vu6) < As ||VH<“”) , YV >0,

where Ag := 2A3 + 4A4, and Az and A4 are the constants in (64) and (69), respectively.

(75)
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Proof. By (68),
(av) 2
2 f V) Pdu(x) < 244 V] 82 fc V() Pdx

for all w € Wi(G) n C(E) with wg =

If | V”(av) then N_ (€2V,4 ¢)=0.1f | V||(g‘%” > then Lemma 5.11 implies

—2A’ 2A’

N-(Exvue) < As| Vg +2 < As| V]2 »
where Ag = As + 4A4 = 2A5 + 4A4. O
Assume that 0 € supp y. Let Z, := Z if supp y is unbounded and Z,, := Z N (-0, m] if supp y is bounded [see (29)].
Lemma 5.13. There exists a constant Ag > 0 such that

N-(Enravua,) < AslVIgg, 0 YV 20, VneZ, (76)

[see (73) and (30)].

Proof. We start with the case n = 1. It follows from Lemma 5.12 and Example 5.10 that

N-(Enavua) < Asl VgD, YV 20, (77)

with
Cl a 2
As —2Ca HT@ | (1+CQ1)(2?6 )
0

« B
+8] To, ||2(1+CQ1)(A254 B ))2i1

6zx
‘G1| Co

_SC‘X 20‘( ) HTQI ” (1+CQ1)

-1
+16] To, |*(1 + CQl)(AZC—lzla LB )il
Co

|Gi

As far as the dependence on the measure y is concerned, Ag depends only on the ratio ET])

Let £: Q) — Qy be given by &(x) := x(z%)?. Let V:= Vol fi:=po& and b := w o & Since &(B(x, 7)) = B(f(x),(Z%) “
r > 0, ji satisfies the following analog of (26) [cf. (57)]:

[
SN—

for any
Gor" < j(B(x, 1)) < &r”
. - . ﬂn—1~._ Qn—l u_ 6
for all 0 < r < diam(supp ), where & := ¢ ZCO ,C1 =0 260 ,and 2= Now,

f [Vw(y)dy -2 f V)lw(y)duly)
Q, Qu

= le|Vu")(x)|2dx—2le V()| (x)|* dia(x)

Nﬁ(EN»ZV,“xQn) = Nf(gN,ZVPnQ]) < Ag ” V”(gjghp > VV 2 0.

It follows from (22) with ¢ = 1 that | VH(z;V()gl i l V||(Ba‘g " Thus,

It follows from (77) that

N-(Enavua,) < AsIVIEQ, . YV 0.

n—1

Hence, the scaling x — x<2%) “ allows one to reduce the case of any n € Z, to the case n = 1. O

We are now in position to derive an estimate for the second term in the right-hand side of (36) from the variational principle (see, e.g.,
Ref. 26, Lemma 3.2). Note that supp ¢\{0} € U,ez, Qu and u({0}) = 0, and that (38) implies
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wlq, € Dom(Evyq,), Yw € Dom(Epay,)-
Hence, the above lemma implies, for any ¢ < is,

N—(EN,ZVM) < Ag Z D, YV >0
D,>c

[see (31)]. Thus, Theorem 3.1 follows from (36), (42), and (78).

VI. PROOF OF COROLLARY 3.2

It is easy to see that

S VGi< Y 2Gi<2) G

G,>1/4 G,>1/4 neZ

Let Q_; be the closed disc B(0,e~!) and f8 € (0, «). Then, using (18), (26), and Fubini’s theorem, one gets

>Gi<2 [ V@il dut) <2|Viga . 0] e
|x|<1/e

n<0

In L, 1
A A(BIn <) duto < [ & duto < [| L

|x]<1/ lx
- /lx‘gl(ﬂﬁllr‘ﬁ"ldﬁ l)dy(x)
=F ./0 s |x\grd“(x)dr+ A\ﬁldﬂ(x)

- ﬁfolr_ﬁ_lﬂ(B(O, r)) dr +u(B(0,1)) < f’)[olf_ﬁ_lclr“dw “

=C1((x€ﬁ+1)261 (Xfﬂ ::A9.

(78)

(79)

{We have ¥,«0Gp <2 [ lx|<i/e -+ + Tather than 3 ,<0Gn = / lxj<t/e - - in the first inequality above because G, are integrals over domains with

intersections that may have positive measure y [see (28)],
€ Rl e} G R €32)) = o [ € R =),
which may be positive. A similar situation occurs in (84) and in the Proof of Lemma 6.1.} Hence,
I lan o < 5 max(L,As) = A

[see (13)] and
Y. Gn <2410|V]ga_, 4 < 2410 V]BRe

n<0
Furthermore,
Go = f V(x) du(x)
e~l<|x|<e
1
< e f eI+ )
1
< ren fR V) In(L +[x) du(x)
and

S G, <2 [x V@Il du() <2 /R V) In(1 + fxf) du().

n>0 |
It follows from (79)-(82) that
Z VGy < A“(fRz V() In(1 + |x]) du(x) + | V”B’]Rz,y),

G,>1/4

(80)

(81)

(82)

(83)
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where

1
A =2 2A10,
11 max{ 10 In (1 _1) }

Let ©g be the closed unit disc B(0, 1). It follows from Lemma 2.8 and Corollary 2.10 that

ZD" = ZDZk + ZDZk—I < ZHVH([;V(;Q,y

n<0 k<0 k<0
< 2max{1, u(Q0) } | V5o, < 2max{1, u(Q0) }| Vg Rz -

We need the following lemma to estimate Y, Dy.
Lemma 6.1 (cf. Ref. 9, Lemma 8.1). There exists A2 > 0 such that
> V5. < An(IVlammons+ [ Ve In@-+Inlx) duco)
n=1 x|2
forany V> 0.

Proof. Suppose first that ||V 2 =1 and let
PP (BJR2\B(0,1),4)

e ::/QB(V(x))dy(x), kn = |VIBoum neN.
Then,

kn < |VIBRABOYW = b
wa:w Bdeng/ B(V(x)) du(x) = 2,
=3 [ BV <2 [ BV duto)

and it follows from Lemma 2.2 that

1:/@6(%:)):1;4(x)sfn(¥ +2VK(") V(x))d ()

n Yl

1 2
so /Q (V) + 2V . VEOMu() + 1n L Vlaw

4
< —(1+z ln—)uanM
Kn

Hence,
1
Kn < 4oty + (1 +21In ;)||V||L1(Qn,#)
n

and

Z”VHBQW<22M—2 Y oKknt2 Y K

Kk, <1/n? Ky >1/n?

[ <] 1 oo
<2y’ 3t 8 an +2Z (1+41n )|V
n=1

n=1 n=1

2
T

—+16+2 1+4ln”)f' .
(%)

% +16 + 2A13f V(x)In(2 + In |x]) du(x)

1z(|| VBR2\BO, 1) + /\|>1 V(x) In(2 + In |x|) d‘u(x))

[see (12)]. The case of a general V is reduced to | V|| zr2\o,1),9 = 1 by the scaling V = ¢V, ¢ > 0.
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Using Lemmas 2.12 and 6.1 (see also Corollary 2.10), one gets

5 Pu= 5 IVIga.q

n>1

< S 1V lngu+ > max{oin(] uan)} [ vioduco
<3 Vlsa.+ 3 max{oin( 3 (22))} [ v due

)

V0.0t Ay n [q oy VO

= c

”VHBQ”A”ZfH )% <lii<(22)
<0

A16( IV 850,00 + fl VI Inf<) duc)
X[ >

+ﬁ‘21v(x)ln(l +|x|)d;4(x))

u&g ||

n

u&g

s V(x) In(1 + |x]) du(x)

IN

< A17(HV”B,R2,M + ./RZ V(x)In(1 + |x|) dy(x)), YV >0.

Hence, it follows from (84) that
S D, < Alg(HVHBRz f V() In(1 + \x|)d‘u(x)) (85)

neZ

Estimate (33) now follows from Theorem 3.1 and (83), (85).

VII. CONCLUDING REMARKS

For a sequence of numbers (a,),cz, let
I @n)nez Il 2= sup (scardm  fa| > 5}).
>0

It is easy to see that

I @n)nez 00 <l @n)nezlli = D |an|-
neZ

In addition,

> Vanl < — H(an nezzll100 (86)

ax|>c

and
Y VYlanl = 0) as y — 400 = |[(an)nez 1,00 < 00 (87)

Ylan|>c

[see Ref. 9, (49), (77), and (78)].

Theorem 7.1. Let V 2 0. If N-(&,y,r2) = O(y) as y —> +oo, then | (G)pez |l 1,00 < o0.

Proof. This follows by replacing the Lebesgue measure with g in the proofs of Ref. 9, Theorems 9.1 and 9.2. O

The above theorem and (86) show that the term 3 ¢ ;/4/Gn in (32) is optimal in a sense. Although the same cannot be said about the
term Y.p .. Dy, the following theorem shows that it is optimal in the class of Orlicz norms. More precisely, no estimate of the type

N_(Eyyre) < const + fRz V(%) W(x) du(x) + const|| V] g2, (88)

can hold with a norm || Vg2, weaker than | V| g, provided that the weight function W is bounded in a neighborhood of at least one
point in the support of p.

Theorem 7.2 (cf. Ref. 9, Theorem 9.4). Let W > 0 be bounded in a neighborhood of at least one point in the support of y, and let ¥ be an
N-function such that
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¥(s) _

—— =0.
e Bs)

Then, there exists a compactly supported V > 0 such that
[ VOWE du) + | Vg < o0

and N—(‘(;V#,RZ) = 00,

scitation.org/journal/jmp

Proof. Shifting the independent variable if necessary, we can assume that 0 € supp 4 and W is bounded in a neighborhood of 0. Let 7y > 0

be such that W is bounded in the open ball B(0, o).

Let W)
B(s) := Stl; %

Then, f8 is a non-increasing function, 3(s) - 0 as s — oo, and ¥(s) < B(s)B(s). Since ¥ is an N-function, ¥(s)/s — oo as s - oo (see Sec. II).
Hence, there exists so > e« > 1 such that W(s) > sand B(s) < 1 for s > s5. Choose py. € (0,1/so) in such a way that

k=1 \Px

It follows from (26) that Vr > 0, the disk B(0, r) contains points of the support of u different from 0. Let AW e supp ¢ \{0} be such that

2
\x(1)| < min{g ro,Zpl}.

One can choose x¥, k € N inductively as follows: suppose x"

1
|x*Y] < min{§|x(k)|, 2pk+1}.

Since |x(k“)| < %|x(k) |, it is easy to see that the open disks B(x(k), %\x

1x < px> k € N. For a constant A9 > 0 to be specified later, let

foin Ajg e
, Inl ko
Tk
* 2
to xe€B(x",ri), keN,
Vi) =4 ¢ (".1i)
0, otherwise.

Since the function r — r* In % has maximum equal to é, one can choose A9 > 0 such that Ajgae > 1 and

A _ Ay — 1

= 2 = > —=>—=>s5>e
Inl r®lnt v pt
I k 7) k k

Then,
[ ¥ dut) = 3 w0u(B, D) < 3 war
k=1 k=1

< cli Bt B(ty) < cli Bt (1 + ) In(1 + 1)

k=1 k=1
oo oo A 9 A 9
<4a ) Bt Int = 4a Y Plty) —r In ———
=1 s lna " lna
i 1 1 Aa
<40A — |—In——
w S
bt 1 s 1
<consty Bl — | < const) Bl — | < 0.
k=1 \Tk k=1 \Pk

,...»x® € supp 4\ {0} have been chosen. Take x

*1) ¢ supp u\ {0} such that

®), k € N, lie in B(0, o) and are pairwise disjoint. Let r := %|x(k) |. Then,
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Thus, | V] gz, < oo [see (15) and (12)]. Since #x > % > s§, one has #; < V() and
k

[ V@ du < [ ¥e) du) < oo

Since W is bounded in B(0, r),
fR VW) du(x) < oo,

Let
1, lx - x®| < 1
In(re/]x - P D 2 ®
wi(x) = ——————=, <|x - <
k In(1/ry) e <|x—x"| <rg
0, Ix = x®| > r,

(cf. Ref. 5). Then,
2

2 —
fRzW“’k(")‘ e = In(1/re)"

Furthermore,

[ Vel du) > [ FINCLTCE u(B(=, 7))

A

2
> i’k(,‘ofka = Colil.
n

Tk

Hence, for any Ao > 25—:,
Eyure[wi] <0, VkeN,

and N_(Ey, r2) = oo. O
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APPENDIX: PROOFS OF (49), (50), AND (51)
Let B(s) = (1+s)In(1+s)—s= %, thens= B! (%) For small values of s (large values of t), using

2 3
s s 4
In(1 =s——+—+0
n(l+s)=s St3 Y (s)
we have R
1
(1+s)ln(1+s)—s:%+0(s3):?

One can write this in the form
2

%+szg(5): , g0)=0,

~ | = =

&2
E(l +2g(s)) =

s(1+h(s)) = \/g h(0) =0,

where g and h are C* smooth functions in a neighborhood of 0. Let f(s) = s(1 + h(s)). Then, f(0) = 0, f'(0) = 1, and (ffl)'(O) =1, which
means that both f and f~" are invertible in a neighborhood of 0, and

()t

>
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Thus,

5 (1) =20 oy s o

tB”(%) =211 + 0(1)) as t — oo. (A1)

and

For large values of s (small values of t),letp=1+sand r = %, then

plnp-p+1=r

Let p = ¢°, then
z&—r—e+1=0. (A2)

This implies
(z-Def=r-1,

_ -1
(z-1De ' = -2

Letw:i=z-1 wv:= %.Then,

we®” = v. (A3)

The solution of (A3) is given by

2
wzlnv—lnlnv+h;lnv +O((lnlnv) )

nuv Inv
[see (2.4.10) and the formula following (2.4.3) in Ref. 44]. So,

r—1 r—1 lnln%

z=1+In -
e ¢ In-

Since
1
In(r-1)=Inr+ O(*),
r
1
In(n(r-1)-1)=Inlnr+ O(—),
Inr
we get
z=Inr-Inlnr+ InlInr +O(L)
Inr Inr
Inlnl
:lnl—lnlnl+ 1t+0%.
t t l 11’1 T
This implies
Inlnt
p=¢= 11 1+ 1t+Oi1 .
t ln 1 ln i ln i
Hence,
Inlni
tB_l(l)—%l+ L+ 1 ,
t In ; In In -
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implying
11 1
tBl(,):—l(1+o(1)) as t — 0. (A4)
t In n
Let 1
T:i= tB_l(?), (A5)
Then,
1 1 1
lnt: +o( ). (A6)
T
From 1
1 Inln ; 1
= — . .0 —1).
In - In T In n
we get
In ln% 1
ol
In= (A7)
T
Now, (A6) implies
Lo
lnl B R e O( 1+;(1))
t T
1+(1+0(1))rInl+0(1)
. .
Substituting this into (A7), one gets
[ LI 200
L1 e e T o)
n- =
t T
1
=—-—In7+0(1).
T
Hence,
1
t=1e 7%V as 7> 0. (A8)
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